
Preface

These notes are devoted to a systematic and unified development of a new generalized
fractional calculus, closely related to special functions of a rather general nature. Gene-
ralized operators of integration and differentiation of arbitrary (not necessarily integer)
multiorders δ = (δ1 ≥ 0, ..., δm ≥ 0), m ≥ 1, are introduced by means of kernel-functions,
being G

m,0
m,m- and H

m,0
m,m-functions. Due to this peculiar choice of Meijer’s G-functions

(Fox’s H-functions) in the single integral representations of the operators that are intro-
duced here, a decomposition into commuting Erdélyi-Kober fractional operators holds,
under suitable conditions. Thus, complicated multiple integrals or differintegral expres-
sions can be represented alternatively by means of single integrals involving generalized
hypergeometric functions. The beauty and succinctness of the notations and proper-
ties of the latter functions allow the development of a full chain of operational rules,
mapping properties and convolutional structure of the generalized (m-tuple) fractional
integrals as well as an appropriate explicit definition of the corresponding generalized
derivatives. On the other hand, the frequent appearance of compositions of classical
Riemann-Liouville and Erdélyi-Kober fractional operators in various problems of applied
analysis is the key to the great number of applications and known special cases of our gen-
eralized fractional differintegrals (i.e. generalized operators of integration, differentiation
or integro-differentiation), some of which are established in the present notes.

In the Introduction we give some historical background and present some of the main
points of the theory presented here, from the author’s point of view. Chapter 1 deals
with the basic definitions of the generalized (multiple) Erdélyi-Kober fractional inte-
grals and derivatives, their properties and various special cases. In Chapter 2 we go
deeper into some less known aspects and details concerning the classical Erdélyi-Kober
operators. Chapter 3 is specially devoted to the important class of the so-called hyper-
Bessel integral and differential operators, Bessel type equations of arbitrary order, their
explicit solutions in terms of Meijer’s G-functions, transmutations and Obrechkoff inte-
gral transforms. Special cases of all these elements investigated by different authors are
mentioned. In Chapter 4 we find new integral and differintegral (integral, differential
or integro-differential) formulas for the pFq-functions, which are generalizations both of
Poisson type integrals and Rodrigues differential formulas for particular special functions.
On the basis of these representations, a new classification of the generalized hypergeo-
metric functions is proposed. Chapter 5 deals with other applications of the generalized
fractional calculus: to Abel integral equations, dual integral equations, univalent function
theory and generalized Laplace type transformations. More general fractional integra-
tion operators involving Fox’s H

m,0
m,m-function are studied there in different functional

spaces. To make our presentation self-contained, in the Appendix we have collected most
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of the definitions and basic properties of the special functions that are used in these
notes. The References include 519 titles and a Citation Index is provided, showing the
articles referred to in the sections. The notes also contain some open problems, aimed at
stimulating further research on this topic.
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2.4. Borel-Džrbashjan integral transform: operational properties and convolution . . . 90

3. Hyper-Bessel differential and integral operators
and equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.1. The hyper-Bessel operators as generalized fractional
differintegrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.1.i. Definitions and notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

3.1.ii. The hyper-Bessel operators as multiple Erdélyi-Kober derivatives
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generated by multiple Erdélyi-Kober fractional integrals . . . . . . . . . . . . . . . . . . . . . .298

5.7. Miscellaneous . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .304

Appendix: Definitions, examples and properties of the
special functions used in this book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309

A. Definitions and basic properties of the generalized
hypergeometric functions and Meijer’s G-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 309

A.i. Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .310

A.ii. Some basic properties of the G-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .315

A.iii. Differential equations and asymptotics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316

A.iv. Integrals involving Meijer’s G-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 318

B. Some other auxiliary results on the G-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .322

vi



C. Examples of generalized hypergeometric functions
and Meijer’s G-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .329

D. Generalizations of the Bessel functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 336

D.i. Hyper-Bessel functions and generalized trigonometric functions . . . . . . . . . . . 336

D.ii. Di- and n-Bessel functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .341

E. Fox’s H-functions and special cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .343

E.i. Definition and basic properties of the H-functions . . . . . . . . . . . . . . . . . . . . . . . . 343

E.ii. Special cases of the H-functions: functions of Mittag-Leffler and
Bessel-Maitland (Wright) functions,
Wright’s generalized hypergeometric functions . . . . . . . . . . . . . . . . . . . . . . . . . . 348

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .355

Citation Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 385

vii



1 Generalized operators of fractional
integration and differentiation

1.1. Definitions and examples of the generalized fractional integration
operators

1.1.i. Functional spaces

First let us specify the main functional spaces X where the generalized operators of
integration and differentiation of arbitrary fractional multiorder will be considered.

a) For the purposes of the practical applications and unity of the exposition,
in Chapter 1 we confine our considerations mainly to spaces of functions which are
continuous in the interval (0,∞) and subject to some growth conditions at zero and
infinity. In this way, we follow the pattern of Erdélyi [104]-[105], Dimovski [64]-[71],
Saigo [415]-[417], [420], Lowndes [268]-[269] and others.

Let α be an arbitrary real number, k a non negative integer and let C(k)[0,∞) denote
the set of real-valued functions with continuous k-th derivatives in [0,∞). Denote by
C

(k)
α the linear space of functions

C
(k)
α :=

{
f(x) = xpf̃(x); p > α, f̃ ∈ C(k)[0,∞)

}
. (1.1.1)

The space
X = Cα := C

(0)
α (1.1.1′)

is the basic one in which the Riemann-Liouville type generalized fractional integrals will
be considered. This definition of the spaces Cα, C

(k)
α is due to Dimovski [64]-[71].

When dealing with the Weyl type fractional integrals whose upper limit of integration
is infinity, we have to impose some additional conditions on the growth of the functions
in a neighbourhood of this point. For instance, we shall consider the linear spaces of
functions

C
∗(k)
α =

{
f(x) = xqf̂(x); q < α∗, f̂ ∈ C(k)[0,∞), |f̂ | ≤ Af̂

}
(1.1.2)

with α∗ being a real number, a constant Af̂ and C∗α∗ := C
∗(0)

α∗ . The following inclusions
are easily verified:

C
(k1)
α1

⊆ C
(k2)
α2

, C
∗(k1)
α1

⊆ C
∗(k2)
α2

for α1 ≥ α2, α∗1 ≤ α∗2 , k1 ≥ k2.
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b)Fractional integrals and derivatives are often considered also in Hölder (Lip-
schitz) classes X = Hλ(Ω) of functions satisfying conditions of the form:

|f (x1)− f (x2)| ≤ A |x1 − x2|λ ; |f (x1)− f (x2)| ≤ |x1 − x2|λ
(1 + |x1|)λ (1 + |x2|)λ

(1.1.3)

in Ω being a finite interval [a, b] or the half-line (0,∞). Weighted versions of such spaces
(with respect to the points x = a, x = b or x = 0, x = ∞) like X = Hλ ((0,∞), xµ),
X = Hλ (Ω, ρ(x)) are also used. For details see Samko, Kilbas annd Marichev [434, §1],
Saigo [485], Kilbas [188], etc.

c) It is most natural however, to consider the Riemann-Liouville, Erdélyi-Kober
fractional integrals and their generalizations for functions which are locally integrable
in [0,∞) (i.e. Lebesgue integrable in [0,X ] for every X ∈ [0,∞)). Then, appropriate
functional spaces are: X = L(0,∞) (see e.g. Love [265]); more generaly: X = Lp(0,∞),
1 ≤ p < ∞ (see e.g. Hardy, Littlewood and Polya [125], Parashar [355], Kalla [163]-[164],
etc.); or its weighted versions like: X = Lµ,p (Rooney [399]-[400], Kalla and Kiryakova
[174]-[175]; X = Fp,µ (McBride [288]-[290], Raina and Saigo [394], Saigo and Glaeske
[422]); X = L ((0,∞), xµ) (Love [262], Marichev [274]); X = Lp ((0,∞), xµ) (Samko,
Kilbas and Marichev [434]), etc.

For example, we deal (see Chapter 5) with the spaces Lµ,p, 1 ≤ p < ∞, µ ∈ R. This
is a brief denotation for the weighted space Lµ,p(0,∞) of Lebesgue measurable functions
f(x) defined almost everywhere on (0,∞) and such that

||f ||µ,p =



∞∫

0

xµ−1|f(x)|dx




1
p

< ∞. (1.1.4)

d) Fractional integrals and differintegrals have been considered also for comp-
lex-valued functions f(z) of a complex variable z ∈ C, e.g. in the space H(Ω) of analytic
functions in a domain Ω (or especially in a disk |z| < R, R > 0), see Hadamard [124],
Džrbashjan [101], Nishimoto [324]-[326], Srivastava and Owa [471]-[476], Gelfond and
Leontiev [120], Tkachenko [488]-[492], Dimovski [72]-[73], etc.

In particular, we shall consider the following classes of functions:

Hµ(Ω) =
{

f(z) = zµf̃(z); f̃(z) ∈ H(Ω)
}

, H0(Ω) := H(Ω), (1.1.5)

where µ ≥ 0 is a real number (usually µ = 0, 1, 2, . . .) and H(Ω) is the space of functions,
holomorphic (analytic and single-valued) in a domain Ω, starlike with respect the origin
z = 0. See Chapters 2 and 5.

1.1.ii. Definitions
We introduce the following generalizations of the Riemann-Liouville and Erdélyi-Kober
operators concerning integration of fractional multiorder of functions associated with
weights of the form ρk(x) = xγk , k = 1, . . . , m. The meaning of this characterization will
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become clear after we establish the composition structure of these operators in Section
1.2. The definitions and the main results of this chapter have appeared first in Kiryakova
[194], [196], [201]-[202], [208] and Dimovski and Kiryakova [79].

Definition 1.1.1. Let m ≥ 1 be an integer, β > 0, γ1, . . . , γm and δ1 > 0, . . . , δm > 0
be arbitrary real numbers. Consider the set γ = (γ1, . . . , γm) as a multiweight and
δ = (δ1, . . . , δm) as a positive multiorder of integration. For functions f ∈ Cα, α ≥
max

k
[−β(γk + 1)], we define the multiple Erdélyi-Kober (multi-E.-K.) operators in the

following way:

I
(γk),(δk)

β,m f(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1

(δk)m1

]
f(xσ

1

β ) dσ. (1.1.6)

Then, each operator of the form

Rf(x) = xβδ0I
(γk),(δk)

β,m f(x) with arbitrary δ0 ≥ 0, (1.1.7)

is said to be a generalized (m-tuple) operator of fractional integration of Riemann-
Liouville type, or briefly: a generalized R.-L. fractional integral.

Definition 1.1.2. The corresponding generalized operators of fractional integration of
Weyl type are introduced by the representation

Wf(x) = xβδ0W
(γk),(δk)

β,m f(x), δ0 ≥ 0, (1.1.8)

where

W
(γk),(δk)

β,m f(x) =

∞∫

1

G
m,0
m,m

[
1
σ

∣∣∣∣
(γk + δk + 1)m1

(γk + 1)m1

]
f(xσ

1

β ) dσ (1.1.9)

are the multi-E.-K. operators of Weyl type defined for functions f ∈ C∗α∗, α ≤ min
k

(βγk).

Note. Other representations of the multi-E.-K. operators (1.1.6), (1.1.9), close to the
commonly used forms of the Riemann-Liouville, Weyl, Erdélyi-Kober and other known
fractional integrals, are:

I
(γk),(δk)

β,m f(x) = x−β

x∫

0

G
m,0
m,m

[(τ

x

)β
∣∣∣∣
(γk + δk)m1

(γk)m1

]
f(τ) d(τβ), (1.1.6′)

W
(γk),(δk)

β,m f(x) = x−β

∞∫

x

G
m,0
m,m

[(x

τ

)β
∣∣∣∣
(γk + δk + 1)m1

(γk + 1)m1

]
f(τ) d(τβ). (1.1.9′)

However, we prefer using the representations of Definitions 1.1.1, 1.1.2 as more conve-
nient, especially in the case of a complex variable z = x. Then, the choice of a single-
valued branch in (1.1.6) depends on the fixed point z = 0 only, while in representation
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(1.1.6′) the branch-point z = x is variable. This approach, descending from Hadamard
[124], allows us to consider functions defined in starlike complex domains even if they
are only integrable there.
Note. One can suitably modify Definitions 1.1.1, 1.1.2 for multiorders of integrations δ

consisting also of arbitrary complex components with Rδk > 0, k = 1, . . . , m as well as
for purely imaginary multiorders with Rδk = 0, k = 1, . . . , m. In this case the pattern
from the classical fractional calculus should be followed; see Mikolas [302], Love [263],
Ross [407], Marichev [275], Samko, Kilbas and Marichev [434, §4], etc.

The kernel-function of integral operators (1.1.6), (1.1.9) is a special case of the Meijer
G-function, suitably chosen for our purposes. In the general case, this special function
is defined by means of the contour Mellin-Barnes type integral

G
m,n
p,q

[
σ

∣∣∣∣
(ak)p1
(bk)q1

]
= G

m,n
p,q

[
σ

∣∣∣∣
a1, . . . , ap

b1, . . . , bq

]

=
1

2πi

∫

L

∏m
k=1 Γ(bk − s)

∏n
j=1 Γ

(
1− aj + s

)
∏q

k=m+1
Γ(1− bk + s)

∏p
j=n+1

Γ
(
aj − s

)σs ds.
(1.1.10)

Here σ 6= 0 is a complex variable, the integers 0 ≤ m ≤ q, 0 ≤ n ≤ p define the order
(m, n; p, q) of the G-function, the parameters

(
aj

)p
1
, (bk)q1 are such that none of the poles

of Γ(bk−s), k = 1, . . . , m coincide with any of the poles of Γ(1−aj +s), j = 1, . . . , n and
the infinite contour L is situated in the complex plane in such a manner that it separates
the poles of these two sets of Γ-functions in the numerator of the integrand. Depending
on the values of all these parameters, Meijer’s G-function is analytic in the whole complex
plane, only in the unit disk |σ| < 1 or outside it. More details about the three possible
contours L = L±∞, Li∞ in (1.1.10), the historical origin of this function and its excellent
(simple but quite general and useful) properties and numerous special cases (among them
most of the known special functions and the basic elementary functions) can be found
in any of the handbooks of Erdélyi [106, I], Luke [272], Marichev [276], Mathai and
Saxena [286], Prudnikov, Brychkov and Marichev [369] etc. A brief exposition of all the
properties of the G-function is proposed in the Appendix of this book.

Here we mention only some characteristic properties of the chosen subclass of G-
functions of order (m, 0; m,m) (with m = p = q, n = 0):

G
m,0
m,m(σ) = G

m,0
m,m

[
σ

∣∣∣∣
(ak)m1
(bk)m1

]
=

1
2πi

∫

L

(
m∏

k=1

Γ(bk − s)
Γ(ak − s)

)
σsds. (1.1.11)

For m = 1 and m = 2 functions (1.1.11) are well-known (see the examples in 1.2.2),
namely: they are the kernel-functions of the Erdélyi-Kober operators and of Love’s hy-
pergeometric fractional integrals, respectively. For m > 2 the function G

m,0
m,m cannot be

identified with any known elementary or special functions (except for a number of quite
particular cases). It is interesting that these kinds of functions have been used by Kabe
[153] in statistics as density functions of a random variable. Naturally, for m = 1 and
m = 2 the “beta-distribution” and the “hypergeometric”-distribution respectively are

12



obtained (see also [468], p. 262-263). It is worth mentioning that in 1982 McBride [289]
used the G

m,0
m,m-function as a kernel of the integral representation of the fractional powers

of Bessel type operators. After establishing the role of another Meijer’s G-function ( the
G

m,0
0,m-function) in the theory of Bessel type operators, in 1983 Dimovski and Kiryakova

[79] also used the G
m,0
m,m-function for these purposes. This was a starting point for the au-

thor to choose function (1.1.11) as a kernel of the generalized fractional integrals I
(γk)(δk)

β,m
of a more general nature.

Meijer’s G
m,0
m,m-function has three regular singular points: σ = 0, σ = 1 and σ = ∞.

In the unit disk and outside it, this function is representable by two different analytic
functions, namely:

For |σ| < 1 this is the uniformly convergent integral (1.1.11), where L = L+∞
is a loop starting and ending at infinity and encircling all the poles sk,l = bk + l, l =
0, 1, 2, . . ., k = 1, 2, . . . ,m of the functions Γ(bk − s), once in the negative direction.

For |σ| > 1, if we choose the contour L = L−∞ to be a loop inside which the
integrand has no poles, then we obtain that

G
m,0
m,m

[
σ

∣∣∣∣
(ak)m1
(bk)m1

]
≡ 0, |σ| > 1. (1.1.12)

The asymptotic behaviour of the G
m,0
m,m-function near the origin σ = 0 follows easily

by the general result (A.21), viz.:

G
m,0
m,m(σ) = O (|σ|µ) as σ → 0, where µ = min

1≤k≤m
(bk). (1.1.13)

The problem of the asymptotics of the G
m,0
m,m-function (and more generally of the

G
m,n
p,p -functions) in a neighbourhood of the singular point σ = 1 has been obscure until

recently (see [106, I, p. 221] : “ . . . In this case (−1)p−m−n is also a regular singular
point, however no fundamental system is known in the literature in a neighbourhood
of this point”). In 1981 Marichev [280] proposed asymptotic formulas for G

m,0
m,m(σ) as

13



σ → 1, in a few variants, depending on the values of ν∗m = −ν − 1 =
m∑

k=1

(ak − bk) − 1.

For example if ν∗m 6= 0,±1,±2, . . . , then

G
m,0
m,m

[
σ

∣∣∣∣
(ak)m1
(bk)m1

]
∼ (1− σ)ν

∗
m

Γ(ν∗m + 1)
as σ → 1, σ < 1. (1.1.14)

For ν∗m > 0 this function is continuous at the point σ = 1. In our case ak = γk + δk,
bk = γk and for δk > 0, k = 1, . . . , m:

−ν =
m∑

k=1

δk > 0, therefore ν∗m =
m∑

k=1

δk − 1 > −1, (1.1.15)

i.e. ν∗m 6= −1,−2, . . . . If
m∑

k=1

δk 6= 1, 2, . . ., then ν∗m 6= 0, 1, 2, . . . and (1.1.14) is valid.

Otherwise, if
m∑

k−1

δk is a natural number, then the function G
m,0
m,m(σ) has a logarithmic

singularity at the point σ = 1. For more details see Marichev [280, p. 390].
In this book attention is paid mainly to the study and applications of the Riemann-

Liouville type generalized fractional integrals. The corresponding results for Weyl type
counterparts (1.1.9) are mentioned in Section 1.4 and used in some applications.

1.1.iii. Examples

We consider separately the cases m = 1, 2 (for which many generalized integration and
differentiation operators introduced and used by various authors are included as special
cases) and m > 2 (for which operators (1.1.7), (1.1.8) are comparatively unknown and
used only in their alternative, repeated integrals representations; see further (1.2.27),
(1.2.31)).

i) m = 1. The kernel-functions of the generalized fractional integrals are the
simple elementary functions (see [286, p. 37] or [369, p. 631, (3)–(4)]):

G
1,0
1,1

[
σ

∣∣∣∣
γ + δ

γ

]
=

{ (1−σ)δ−1σγ

Γ(δ)
, 0 < σ < 1,

0, σ > 1,
(1.1.16)

analogously,

G
1,0
1,1

[
1
σ

∣∣∣∣
γ + δ + 1
γ + 1

]
= G

0,1
1,1

[
σ

∣∣∣∣
−γ

−γ − δ

]
=

{ (σ−1)δ−1

Γ(δ)
σ−(γ+δ), σ > 1

0, 0 < σ < 1.
(1.1.16∗)

Therefore, for arbitrary β > 0, γ and δ > 0 the generalized fractional integrals I
γ,δ
β,1

(1.1.6) and W
γ,δ
β,1 (1.1.9) coincide with the well-known Erdélyi-Kober fractional integrals
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(see [404, p. 55], [452], [454]-[455], [164], [289], etc.), namely:

I
γ,δ
β f(x) =

1∫

0

(1− σ)δ−1σγ

Γ(δ)
f(xσ

1

β ) dσ

= x−β(γ+δ)

x∫

0

(xβ − τβ)δ−1

Γ(δ)
τβγf(τ) d(τβ) = I

γ,δ
β,1

(1.1.17)

and

K
γ,δ
β f(x) =

∞∫

1

(σ − 1)δ−1σ−(γ+δ)

Γ(δ)
f(xσ

1

β ) dσ

= xβγ

∞∫

x

(τβ − xβ)δ−1

Γ(δ)
τ−β(γ+δ)f(τ) d(τβ) = W

γ,δ
β,1 f(x).

(1.1.17∗)

Here the following particular cases are listed:
a) Ordinary n-fold integrations (integer n > 0):

lnf(x) =

x∫

0

dx1

x1∫

0

dx2 . . .

xn−1∫

0

f(xn) dxn

=
1

(n− 1)!

x∫

0

(x− τ)n−1f(τ) dτ = xnI
0,n
1,1 f(x)

(1.1.a)

and

ln∗f(x) =
1

(n− 1)!

∞∫

x

(τ − x)n−1f(τ)dτ = xnW
−n,n
1,1 f(x). (1.1.a∗)

b) The Riemann-Liouville (R.-L.) fractional integral of order δ > 0:

Rδf(x) =
1

Γ(δ)

x∫

0

(x− τ)δ−1f(τ) dτ = xδI
0,δ
1,1 f(x) (1.1.b)

and the Weyl fractional integral (actually introduced by Liouville in 1834):

W δf(x) =
xδ

Γ(δ)

∞∫

x

(τ − x)δ−1f(τ)dτ = xδW
−δ,δ
1,1 f(x), (1.1.b∗)

including the operators of a) for integer δ = n > 0.
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c) The Hardy-Littlewood (Cesaro) integration operator (see e.g. [240])

L1,0f(x) =
1
x

x∫

0

f(τ) dτ = I
0,1
1,1f(x)

and its generalization for integers m, n; n > m − 1 (for its commutant see Hristova
[139]-[141], also Section 2.3):

Lm,nf(x) = x−m

x∫

0

τnf(τ) dτ = xn−m+1I
n,1
1,1 f(x). (1.1.c)

d) The operators, usually referred to as Erdélyi-Kober operators Iγ,δ = I
γ,δ
2 , Kγ,δ =

K
γ,δ
2 :

Iγ,δf(x) =
2x−2(γ+δ)

Γ(δ)

x∫

0

(x2 − τ 2)δ−1τ 2γ+1f(τ)dτ = I
γ,δ
2,1 f(x), (1.1.d)

Kγ,δf(x) =
2x2γ

Γ(δ)

∞∫

x

(τ 2 − x2)τ−2(γ+δ)+1f(τ)dτ = W
γ,δ
2,1 f(x), (1.1.d∗)

introduced by Sneddon [452], [454]-[455]. They follow from (1.1.17), (1.1.17∗) for
β = 2, while those originally considered by Kober [220] and Erdélyi [104] have β = 1.

e) The Uspensky integral transform ([499])

P (α)f(z) =
1

Γ(α + 1
2
)

1∫

0

(1− σ2)α−
1
2 f(zσ)dσ =

1
2
I
− 1

2
,α+ 1

2
2,1 f(z), (1.1.e)

used successfully by Rusev [413], [414] in solving the problem of the representation
of analytic functions by series in Laguerre polynomials Lα

n(z), arbitrary real α 6=
−1,−2, . . . , by referring to the corresponding results for the Hermite polynomials.
To this end, the transmutation formula Uspensky([499]) is used:

L
(α)
n

(
z2

)
=

2(−1)nΓ (n + α + 1)√
π(2n)!Γ

(
α + 1

2

)
1∫

0

(
1− σ2

)α− 1
2 H2n(zσ)dσ, n = 0, 1, 2, . . . .

f) An example of a Weyl type operator W
γ,δ
β,1 is the transmutation operator considered

for functions, analytic in a starlike neighbourhood of infinity z = ∞:

Tf(z3) = z

∞∫

1

(σ − 1)−
1
6

Γ
(

5
6

) σ−
1
3 f(zσ

1
3 )dσ = zW

− 1
3
, 5
6

3,1 f(z). (1.1.f)
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This operator is a counterpart of the Riemann-Liouville type generalized Sonine trans-
formation corresponding to the Bessel type operator B = 1

z
d2

dz2 , proposed by Dimovski
[44], [52]. The operator (1.1.f) is used in Kiryakova [191] to give another explanation
of the Stokes phenomenon for the Airy equation d2u

dz2 − zu = 0. For details see Section
3.7.iii.

g) A generalized differential operator Dα was used by Iliev [146], [147, p. 41-42] in the

theory of Laguerre entire functions. For power series f(z) =
∞∑
k=0

akzk (i.e. f ∈ H(∆R :

|z| < R)) this operator Dα, α > 0 is defined by

Dαf(z) =
∞∑

k=1

ak
Γ (α(k + 1))

Γ(αk)
zk−1, Dαz0 = 0. (1.1.g′)

Its right inverse operator Lα, considered by the author in [77], [196] is a generalized
fractional integral (see Section 2.2), viz.

Lαf(z) =
∞∑

k=0

ak
Γ(α(k + 1))
Γ(α(k + 2))

zk+1

= z

1∫

0

(1− σ)α−1

Γ(α)
σα−1f (zσα) dσ = zI

α−1,α
1
α ,1

f(z). (1.1.g)

Here the integral representation is an analytical extension of the series to the larger
space H−1(Ω) of functions f(z) = zpf̃(z), p > −1 with f̃(z) analytic in a starlike
domain Ω 3 z. The integer powers of Lα can also be represented in terms of (1.1.7):

L
(k)
α f(z) = zkI

α−1,kα
1
α ,1

f(z), k = 1, 2, . . . .

h) An operator of the form (1.1.7), more general than (1.1.g), is the so-called general-
ized Gelfond-Leontiev integration with respect to the Mittag-Leffler function Ep(z; µ)
(Džrbashjan-Gelfond-Leontiev integration, see Section 2.2.). For ρ > 0, µ ∈ C,

Rµ > 0 and for power series f(z) =
∞∑
k=0

akzk this operator acts in the following way:

lρ,µf(z) =
∞∑

k=0

ak

Γ
(
µ + k

ρ

)

Γ
(
µ + k+1

ρ

)zk+1 (1.1.h′)

and for functions analytic in a domain Ω starlike with respect to the origin, its
extension is the generalized fractional integral

lρ,µf(z) =
z

Γ
(

1
ρ

)
1∫

0

(1− σ)
1
ρ−1

σµ−1f
(
zσ

1
ρ

)
dσ = zI

µ−1, 1
ρ

ρ,1 f(z). (1.1.h)
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For µ = 1 some aspects of these operators are investigated by Tkachenko [488], [491]
and by Dimovski [72], [73] who proposes convolutional representations of the operators
commuting with lρ,1 or with its integer powers lkρ,1. For real µ > 1 results for operators
lρ,µ, like convolutions, transmutation operators, corresponding integral transforms
(Borel-Džrbashjan transforms) etc. are discussed by Dimovski and Kiryakova in [77],
[78] and Kiryakova [196], [206]. Some extensions for complex values of µ are made by
Linchouk [258]. More details on this topic are given in Section 2.2.
Other points of view and variants of single (classical) fractional integrals and deriva-

tives, related results and applications can be seen also in: Al-Bassam [7]-[21], Al-Bassam
and Kala [22], Bora and Saxena [35], Love [264]-[266], Martic [285], Nahoushev [312]-
[314], Nahoushev and Salathidinov [315], Ross and Sachdeva [410], Shulev [449], etc.

ii) m=2. In this case the kernel function of (1.1.6) can be represented in terms
of the Gauss hypergeometric function 2F1 (see [286, p. 64] and [369, p.718]):

G
2,0
2,2

[
σ

∣∣∣∣
γ1 + δ1, γ2 + δ2

γ1, γ2

]

=
{ σγ2 (1−σ)δ1+δ2−1

Γ(δ1+δ2) 2F1(γ2 + δ2 − γ1, δ1; δ1 + δ2; 1− σ) for σ < 1,

0 for σ > 1.

(1.1.18)

Therefore, the operators I
(γk),(δk)

β,2 are the so-called “hypergeometric fractional integrals”:

Hf(x) = I
(γ1,γ2),(δ1,δ2)

β,2 f(x)

=

1∫

0

σγ2(1− σ)δ1+δ2−1

Γ(δ1 + δ2)
2F1(γ2 + δ2 − γ1, δ1; δ1 + δ2; 1− σ)f

(
xσ

1

β

)
dσ,

(1.1.19)

introduced first by Love [262] and considered in different modifications by Tricomi [493],
Kalla and Saxena [177]-[178], Sprinkhuizen-Kuiper [457], Koornwinder [233], Saigo [415]-
[418], [421], McBride [289], Saigo and Glaeske [422], Saigo and Raina [424] and other
authors. For more particular choices of the parameters (γ1, γ2), (δ1, δ2) fractional inte-
gration operators involving confluent hypergeometric functions and Bessel functions (see
Lowndes [268]-[269]) as kernels can be derived, among them operators involving orthog-
onal polynomials and even elementary functions (see for instance the extensive table of
examples of G

2,0
2,2-functions in [369, p. 630-727]).

Here we mention only a few examples.
j) The simplest “two-tuple fractional integrals” are: the two-dimensional fractional

Riemann-Liouville integral

Rα,βf(x) =

1∫

0

1∫

0

(1− σ1)α−1(1− σ2)β−1

Γ(α)Γ(β)
f(xσ1σ2)dσ1dσ2 = I

(0,0),(α,β)
1,2 f(x) (1.1.j)
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and the two-dimensional Weyl integral (cf. [387]-[390]):

Wα,βf(x) =

∞∫

1

∞∫

1

(σ1 − 1)α−1(σ2 − 1)β−1

Γ(α)Γ(β)
f(xσ1σ2)dσ1dσ2 = W

(−α,−β),(α,β)
1,2 f(x).

(1.1.j′)
The reason why (1.1.j), (1.1.j′) are referred to as fractional integrals in the sense of
Definitions 1.1.1, 1.1.2 will become clear after obtaining the decomposition theorem in
Section 1.2. (the same holds for the other examples of repeated integrals referred to
below, e.g. in Case iii).

k) For the second-order Bessel type differential operator B = xα0 d
dxxα1 d

dxxα2 with β =

2−
2∑
0

αk > 0 McBride [289], [291] proposed integral representations of its fractional

powers B−α, α > 0 (more exactly, they are positive powers of the right inverse integral
operator L, see also example o) ):

B−αf(x) =
β−2αx−βγ1

Γ(2α)

x∫

0

(
xβ − τβ

)2α−1

× 2F1

(
γ2 − γ1 + α, α; 2α; 1− xβ

τβ

)
f(τ)d

(
τβ

)
,

(1.1.k)

where γ1 = 1
β (α1 +α2− 1), γ2 = 1

βα2. This means that the operators B−α, α > 0 are
generalized fractional integrals of the form (1.1.19):

B−α = Lα =

(
xβ

β2

)α

I

(
α1+α2−1

β ,α2
β

)
,(α,α)

β,2 f(x), α > 0.

It will be seen further (see Sections 1.6 and 3.1) that the positive powers of B them-
selves are generalized fractional derivatives. For the more general Bessel type opera-
tors of arbitrary order m ≥ 1 see example o) below.

l) In a series of papers [415]-[418] Saigo introduced the following pair of operators of
fractional integration :

Iα,β,ηf(x) =
x−(α+β)

Γ(α)

x∫

0

(x− τ)α−1
2F1

(
α + β,−η; α; 1− τ

x

)
f(τ)dτ (1.1.l)

and

Jα,β,ηf(x) =
1

Γ(α)

x∫

0

(τ − x)α−1τ−(α+β)
2F1

(
α + β,−η; α; 1− τ

x

)
f(τ)dτ (1.1.l∗)

for α > 0, real β, η and for functions of the spaces (1.1.1), (1.1.2) respectively. Written
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in terms of the notations I
(γk)(δk)

β,m , W
(γk)(δk)

β,m they look as follows:

Iα,β,η = x−βI(η−β,0),(−η,α+η);

Jα,β,η = x−βW
(η,−2α−β−2η),(−η,α+η)
1,2 . (1.1.l′)

Saigo used these operators ([419]-[421]) in solving boundary value problems for the
Euler-Darboux equation. A modification of operator (1.1.l), defined by means of the
Hadamard product of series (◦):

F (a, b, c)f(x) = {x 2F1(a, b; c; x)} ◦ f(x) =
Γ(c)

Γ(a)Γ(b)
I

(a−2,b−2),(1−a,c−b)
1,2 (1.1.l′′)

is considered by Hohlov [135]-[136] for the purposes of the theory of univalent func-
tions. Saigo’s operators (1.1.l-l′) are used from the same point of view in [418].

iii) m > 2. In this case operators of the form (1.1.7), (1.1.8) are considered less
often and are used mainly in their alternative representations (1.2.27) without using the
G-function. Nevertheless, let us list here some examples:
m) The simplest example is the operator ln of n-fold integration (1.1.a), this time consi-

dered as an n-tuple fractional integral. To this end, it is necessary to use the following
corollary

(1− t)n−1

(n− 1)!
= G

1,0
1,1

[
t

∣∣∣∣
n

0

]
= n1−nG

n,0
n,n

[
tn

∣∣∣∣∣

(
k−1
n + 1

)n

1(
k−1
n

)n

1

]

=
(

t

n

)n−1

G
n,0
n,n

[
tn

∣∣∣∣∣

(
k
n

)n

1(
k
n − 1

)n

1

]

of a more general formula (see [272, I, p. 150, (5)] or [286, p. 6, (1.2.5)] ). So, ln can
be written also in the form

lnf(x) = xn

1∫

0

(1− t)n−1

(n− 1)!
f(xt)dt =

xn

nn−1

1∫

0

tn−1G
n,0
n,n

[
tn

∣∣∣∣∣

(
k
n

)n

1(
k
n − 1

)n

1

]
f(xt)dt

=
(x

n

)n
1∫

0

G
n,0
n,n

[
σ

∣∣∣∣∣

(
k
n

)n

1(
k
n − 1

)n

1

]
f

(
xσ

1
n

)
dσ =

(x

n

)n
I

(
k
n−1

)n

1
,(1)n1

n,n f(x).
(1.1.m)

n) In [274], [434] Marichev considers an integral operator with the Horn F3-function as
kernel ([106], I, p. 223) and Rc > 0:

Ff(x) =

x∫

0

(x− τ)c−1

Γ(c)
F3(a, a′, b, b′, 1− x

τ
, 1− τ

x
)f(τ)dτ (1.1.n)

for Lebesgue integrable functions of the form (1.1.4). Using the representation [369,
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p. 727, (2)]:

(1− σ)c−1

Γ(c)
F3

(
a, a′, b, b′, c, 1− 1

σ
, 1− σ

)
=

(1− σ)c−1

Γ(c)
F3

(
a, a′, b, b′, c, 1− σ, 1− 1

σ

)

= G
3,0
3,3

[
σ

∣∣∣∣
a + b, c− a′, c− b′
a, b, c− a′ − b′

]
, Rc > 0,

we can rewrite Ff(x) in the form of a “3-multiple” generalized fractional integral

Ff(x) = xc

1∫

0

(1− σ)c−1

Γ(c)
F3

(
a, a′, b, b′, c, 1− 1

σ
, 1− σ

)
f(x)dσ

= xc

1∫

0

G
3,0
3,3

[
σ

∣∣∣∣
a + b, c− a′, c− b′
a, b, c− a′ − b′

]
f(xσ)dσ

= xcI
(a,b,c−a′−b′),(b,c−a′−b,a′)
1,3 f(x).

(1.1.n′)

Further (see Section 1.2), we establish that this generalized fractional integral can be
represented as a composition of three commuting Erdélyi-Kober operators, for instance

Ff(x) = xcI
1,b
1 I

b,c−a′−b
1 I

c−a′−b′,a′
1 = . . . , (1.1.n′′)

or in terms of Riemann-Liouville operators (see also [434], p. 158, (10.46)):

Ff(x) = xb′Ra′x−b′Rc−a′−bx−aRbxa. (1.1.n′′′)

o) In a series of papers [64]-[71] Dimovski considered the hyper-Bessel integral operator

Lf(x) =
xβ

βm

1∫

0

. . .

1∫

0

[
m∏

k=1

t
γk
k

]
f

[
x(t1, . . . , tm)

1

β

]
dt1 . . . dtm (1.1.o)

as a linear right inverse operator (BL = I) of the most general differential operator
B of Bessel type and arbitrary order m ≥ 1:

B = x−β
m∏

k=1

(
x

d

dx
+ βγk

)
= xα0

d

dx
xα1 . . .

d

dx
xαm, β > 0.

The operator L can be rewritten in the form (see Chapter 3)

Lf(x) =
xβ

βm

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + 1)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ =

xβ

βm I
(γk),(1)

β,m f(x), (1.1.o′)

and therefore it is a generalized fractional integral of arbitrary multiplicity m ≥ 1 with
arbitrary multiweight γ = (γ1, . . . , γm) and multiorder δ = (1, 1, . . . , 1). Chapter 3 is
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devoted entirely to the generalized m-tuple fractional derivatives and integrals B and
L, called hyper-Bessel operators. It is shown that the transmutation operators related
to them (the so-called Poisson-Sonine-Dimovski transformations) are also generalized
fractional differintegrals, representable by means of the Meijer’s G-function.

p) As will be seen in the next Section 1.2, every composition of m arbitrary Erdélyi-
Kober operators with the same β > 0:

I
γ1,δ1

β

{
I
γ2,δ2

β . . .
(
I
γm,δm
β f(x)

)}

=

1∫

0

. . .

1∫

0

[
m∏

k=1

(1− tk)δk−1t
γk
k

Γ (δk)

]
f

[
x(t1 . . . tm)

1

β

]
dt1 . . . dtm

(1.1.p)

has also the I
(γk),(δk)

β,m -representation (1.1.6):

I
γ1,δ1

β

{
I
γ2,δ2

β . . .
(
I
γm,δm
β f(x)

)}
= I

(γk),(δk)

β,m f(x)

=

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ, ∀f ∈ Cα, α ≥ max[−β(γk + 1)]

(1.1.p′)
and this fact is the key for many useful applications of our generalized fractional cal-
culus. Due to the simple properties of the G-functions and of the I

(γk),(δk)

β,m -operators,
we are able to use more effectively the operators

I
(γk),(δk)
β,m

def=
m∏

k=1

I
γk,δk
β .

Most of the results in Chapters 3, 4 and 5 are corollaries of this property which
can be considered either as a composition theorem for I

(γk),(δk)

β,m -operators (1.1.p), or as a

decomposition theorem with respect to I
(γk),(δk)

β,m -operators (1.1.p′).

1.2. The I(γk),(δk)

β,m –operators as integral transforms of convolutional type and
as compositions of Erdélyi-Kober operators

Lemma 1.2.1. The multiple Erdélyi-Kober operators (1.1.6) are well defined in the space
Cα with α ≥ max

k
[−β(γk +1)] and preserve there (up to a constant multiplier) the power

functions :

I
(γk),(δk)

β,m {xp} = cpx
p, where cp =

m∏

k=1

Γ(γk + p
β + 1)

Γ(γk + δk + p
β + 1)

, p > α. (1.2.1)
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Proof. First we verify the correctness of Definition 1.1.1. Let f(x) = xpf̃(x) be a
function of Cα, i.e. p > α, f̃ ∈ C[0,∞) which yields the boundedness of f̃ in every finite
interval [0, X], X > 0. Due to property (A.14) of the G-function, we obtain

I
(γk),(δk)

β,m f(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
xpσ

p
β f̃(xσ

1

β ) dσ

= xp

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk + p

β )m1
(γk + p

β )m1

]
f̃(xσ

1

β ) dσ.

(1.2.2)

According to (1.1.13), G
m,0
m,m(σ) = O(σµ) as σ → 0, where µ = min

k
(γk + p/β). Since

p/β > α/β and α ≥ max
k

[−β(γk + 1)] yield γk ≥ −1 − α
β for k = 1, . . . , m, we obtain

that µ > −1. On the other hand, f̃(xσ1/β) = O(1) as σ → 0. Therefore, the integrand
of (1.2.2) is O(σµ), µ > −1 as σ → 0.

It remains to investigate the asymptotic behaviour of the term G
m,0
m,m[σ]f̃(xσ1/β) near

the other singular point σ = 1. This is determined by the behaviour of the G-function
there. Let us make use of Marichev’s results [280] (see also (1.1.14)):

G
m,0
m,m(σ) ∼ (1− σ)ν

∗
m

Γ(ν∗m + 1)
, as σ → 1, σ < 1,

for ν∗m =
(∑m

k=1 δk

) − 1 6= 0,±1,±2, . . . Here
∑m

k=1 δk > 0 and therefore ν∗m > −1, i.e.
ν∗m 6= −1,−2, . . . is fulfilled. In the case that

∑m
k=1 δk = 1, 2, 3, . . . and ν∗m = 0, 1, 2, . . . ,

in the above formula a logarithmic term appears (see [280, p. 390]) which does not
weaken the convergence of the integral. So, the conditions

γk ≥ −1− α

β
, δk > 0, k = 1, . . . , m, (1.2.3)

ensuring that µ > −1, ν∗m > −1 turn out to be sufficient for the absolute convergence of
the improper integral (1.2.2) in Cα and for the correctness of Definition 1.1.1.

It is interesting to evaluate the image of the function f(x) = xp, p > α. Equality
(1.2.2) implies that

I
(γk),(δk)

β,m xp = xp

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk + p/β)m1
(γk + p/β)m1

]
dσ = xpcp.

The value cp of the integral above can be easily found according to Lemma B.2 (see
Appendix, (B.4)) and gives (1.2.1).
Note. For p > α of the form

p = β[−(γk + δk + 1)− j] with some integers j = 0, 1, 2, . . . , k = 1, . . . , m,
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the coefficient cp = 0 and therefore,

I
(γk),(δk)

β,m {xp} = 0. (1.2.1′)

This is a corollary of the fact that the corresponding factor Γ
(
γk + δk + p

β + 1
)

in the

denominator of the constant cp has a pole −j = γk + δk + p
β + 1 (j = 0, 1, 2, . . .).

In the same way the images of the other basic functions of Cα can be found. For the
sake of completeness, we adduce here the following comparatively general result.

Lemma 1.2.2. The I
(γk),(δk)

β,m -image of a G-function of Cα is also a G-function whose
last three components of the order (µ, ν; σ, τ) are increased by m, namely

I
(γk),(δk)

β,m

{
G

µ,ν
σ,τ

[
ωxβ

∣∣∣∣
(ci)σ1
(dj)τ1

]}
= G

µ,ν+m
σ+m,τ+m

[
ωxβ

∣∣∣∣
(−γk)m1 , (ci)σ1
(dj)τ1 , (−γk − δk)m1

]
. (1.2.4)

Proof. Due to property (A.14), it is sufficient to consider the case σ ≤ τ . Then

G
µ,ν
σ,τ

[
ωxβ

]
= O

(
xd∗

)
as x → 0,

where d∗ = βmin
j

dj and the condition d∗ > α ≥ max
k

[−β (γk + 1)] can be written in the

form
min

1≤j≤µ
dj + min

1≤k≤m
γk > −1. (1.2.5)

Let σ 6= τ , for instance σ < τ . Then,

f(x) = G
µ,ν
σ,τ

[
wxβ

]
= xd∗ f̃(x)

with d∗ > α and a function

f̃(x) = G
µ,ν
σ,τ

[
ωxβ

∣∣∣∣∣

(
ci − d∗

β

σ

1

)
(
dj − d∗

β

τ

1

)
]

,

continuous in [0,∞), provided that (1.2.5) is satisfied.
To evaluate the integral (1.2.4) we use the known result (A.29) (see Appendix) for

integrals involving products of two G-functions and also the fact that G
m,0
m,m(σ) ≡ 0 for

σ > 1:

If(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
G

µ,ν
σ,τ

[
ωxβσ

∣∣∣∣
(ci)σ1
(dj)τ1

]
dσ

=

∞∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
G

µ,ν
σ,τ

[
ωxβσ

∣∣∣∣
(ci)σ1
(dj)τ1

]
dσ

= G
µ,ν+m
σ+m,τ+m

[
ωxβ

∣∣∣∣
(−γk)m1 , (ci)σ1
(dj)τ1 , (−γk − δk)m1

]
.
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The major part of the conditions usually required for the validity of the formula (A.29)
(see Luke [272, I, p. 159-164]) concern the behaviour of the integrand to infinity and
here they are superfluous. So, we shall require the conditions (1.2.5), σ 6= τ , ω 6= 0,
| arg ω| < ρπ with ρ = µ+ν− σ+τ

2
> 0, ci−dj 6= 1, 2, 3, . . ., i = 1, 2, . . . , ν, j = 1, 2, . . . , µ

to be fulfilled. The same result, under some specifications, is true for σ = τ , ρ > 0 too.
This lemma allows us to find the images of almost all the elementary and special

functions, being special cases of the G-functions.

1.2.i. Mellin transform of fractional integrals and corresponding convolutional
representations of them
One of the most commonly used tools in studing fractional integration operators and
other convolutional type integral transforms (see e.g. Kalla [157]-[161], [163]-[164],
Marichev [276], McBride [288]-[290], Tuan [495], [496], Tuan, Marichev and Yakubovich
[497], etc.) is the well-known Mellin transform

M(s) = M{f(x); s} =

∞∫

0

xs−1f(x)dx (1.2.6)

with its complex inversion formula

f(x) =
1

2πi

∫

C
M(s)x−sds. (1.2.7)

For more details about the contour C = Lγ−i∞,γ+i∞, conditions for existence and inver-
tibility, see for instance [451], [107], [90], [276, p. 31-35], etc. The operation

f ◦ g(x) =

∞∫

0

f
(x

τ

)
g(τ)

dτ

τ
(1.2.8)

is a convolution of the Mellin transform (Theorem for the Mellin convolution):

M {f ◦ g(x); s} = M {f(x); s} .M {g(x); s} . (1.2.9)

As is done for instance by Marichev [286, p. 32], here we confine ourselves to the
subspace

Cα,α∗ =
{

f(x) ∈ C[0, 1] ∩ C[1,∞); |f | ≤ Axα, 0 < x < 1; |f | ≤ Axα∗, x > 1
}

(1.2.10)

of the basic spaces Cα, C∗α∗. For α∗ ≤ α the Mellin transform of f ∈ Cα,α∗ exists in the
vertical strip {Rs = γ,−α ≤ γ ≤ −α∗} and defines there an analytic function M(s).

Theorem 1.2.3. For function of the subspace Cα,α∗ ⊂ Cα the operator I
(γk),(δk)

β,m has the
following convolutional representation

I
(γk),(δk)

β,m f
(
x

1

β

)
= G

m,0
m,m

[
1
x

∣∣∣∣
(γk + δk + 1)m1
(γk + 1)m1

]
◦ f

(
x

1

β

)
(1.2.11)
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by means of the Mellin convolution (1.2.8) and the Mellin images of I
(γk),(δk)

β,m f and f are
related through the equality

M
{

I
(γk),(δk)

β,m f(x); s
}

=
m∏

k=1

Γ
(
γk − s

β + 1
)

Γ
(
γk + δk − s

β + 1
)M {f(x); s} . (1.2.12)

Proof. Since G
m,0
m,m

(τ
x

) ≡ 0 for τ > x, then using also (A.15) we obtain

If
(
x

1

β

)
=

x∫

0

G
m,0
m,m

[
τ

x

∣∣∣∣
(γk + δk + 1)
(γk + 1)

]
f

(
τ

1

β

) dτ

τ

=

∞∫

0

G
0,m
m,m

[
x

τ

∣∣∣∣
(−γk)m1
(−γk − δk)m1

]
f

(
τ

1

β

) dτ

τ

= G
0,m
m,m

[
x

∣∣∣∣
(−γk)m1
(−γk − δk)m1

]
◦ f

(
x

1

β

)
= G

m,0
m,m

[
1
x

∣∣∣∣
(γk + δk + 1)m1
(γk + 1)m1

]
◦ f

(
τ

1

β

)

which is (1.2.11). According to property (1.2.9) it follows that

M
{

I
(γk),(δk)

β,m f
(
x

1

β

)
; s

}
= M

{
G

0,m
m,m

[
x

τ

∣∣∣∣
(−γk)m1
(−γk − δk)m1

]
; s

}
M

{
f

(
x

1

β

)
; s

}
.

After routine calculations using the following property of the Mellin transform ([107, I,
p. 307, (7)]):

M
{

xβF
(
axh

)
; s

}
=

a− s+β
h

h
M

{
F (x);

s + β

h

}
(1.2.13)

for a > 0, h > 0, one can find for s1 = βs:

M {If(x); s1} = M

{
G

0,m
m,m

[
x

∣∣∣∣
(−γk)m1
(−γk − δk)m1

]
;
s1

β

}
M {f(x); s1} .

The known formula for the Mellin transform of the G-function (A.25) gives

M
{

I
(γk),(δk)

β,m f(x); s
}

=
m∏

k=1

Γ
(
γk − s1

β + 1
)

Γ
(
γk + δk − s1

β + 1
)M {f(x); s1} ,

which completes the proof of the theorem.

Theorem 1.2.3′. Using property (1.2.13) we can find also the Mellin transform of the
generalized fractional integrals of form the (1.1.7): Rf(x) = xβδ0I

(γk),(δk)

β,m f(x), δ0 ≥ 0,
namely:

M {Rf(x); s} =
m∏

k=1

Γ
(
γk − s

β − δ0 + 1
)

Γ
(
γk + δk − s

β − δ0 + 1
)M {f(x); s} . (1.2.14)
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Let us discuss some special cases.

Corollary 1.2.4. The convolutional representation of the Riemann-Liouville fractional
integral (1.1.b) is:

Rδ =

x∫

0

(x− τ)δ−1

Γ(δ)
f(τ)dτ = xδ−1

x∫

0

G
1,0
1,1

[
τ

x

∣∣∣∣
δ

0

]
f(τ)dτ

=
{

xδG
1,0
1,1

[
1
x

∣∣∣∣
δ + 1
1

]}
◦ f(x) =

{
xδ−1

Γ(δ)

}
∗ f(x),

(1.2.15)

where (∗) is the Duhamel convolution (2.1.1).

Corollary 1.2.5. For the Erdélyi-Kober operators, I
γ,δ
β Theorem 1.2.3 yields the convo-

lutional representation

I
γ,δ
β f

(
x

1

β

)
= G

1,0
1,1

[
1
x

∣∣∣∣
γ + δ + 1
γ + 1

]
◦ f

(
x

1

β

)

=

{
x−(γ+δ) (x− 1)δ+1

Γ(δ)

}
◦ f

(
x

1

β

) (1.2.16)

and the well-known result (cf. McBride [289, Theorem 5.4.]):

M
{

I
γ,δ
β f (x) ; s

}
=

Γ
(
γ − s

β + 1
)

Γ
(
γ + δ − s

β + 1
)M {f(x); s} . (1.2.17)

Corollary 1.2.6. In the case m = 2 the statement of Theorem 1.2.3 takes the form: tbe
hypergeometric fractional integrals(1.1.19) have convolutional representations

Hf
(
x

1

β

)
= G

2,0
2,2

[
1
x

∣∣∣∣
γ1 + δ1 + 1, γ2 + δ2 + 1
γ1 + 1, γ2 + 1

]
◦ f

(
x

1

β

)
(1.2.18)

(the G
2,0
2,2-function can be expressed also in terms of the 2F1-function). The Mellin trans-

form is:

M {Hf(x); s} =
Γ

(
γ1 − s

β + 1
)

Γ
(
γ2 − s

β + 1
)

Γ
(
γ1 + δ1 − s

β + 1
)

Γ
(
γ2 + δ2 − s

β + 1
)M {f(x); s} . (1.2.19)

The above results, specialized for the operators (1.1.l) give:

Corollary 1.2.7. The Mellin transform acts on Saigo’s fractional integrals Iα,β,η (1.1.l-
l′) in the following way:

M
{

Iα,β,ηf(x); s
}

=
Γ(η − s + 1)Γ(β − s + 1)

Γ(1− s)Γ (α + β + η − s + 1)
M

{
x−βf(x); s

}
. (1.2.20)
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For arbitrary m > 1 we have such a particular result.

Corollary 1.2.8. Let us consider the hyper-Bessel integral operator L (1.1.o-o′). The
Mellin convolutional representation

Lf
(
x

1

β

)
=

x

βm−1

{
G

0,m
m,m

[
x

∣∣∣∣
(−γk)m1
(−γk − 1)m1

]
◦ f

(
x

1

β

)}
(1.2.21)

and its generalization for the fractional powers Lλ, λ > 0 (see McBride [289], Dimovski
and Kiryakova [79]) following from Theorem 1.2.3 and are used in Chapter 3 for devel-
oping a new approach to the hyper-Bessel operators. Their Mellin images can be derived
immediately from (1.2.12′) by taking into acount that δ0 = δ1 = · · · = δm = 1 and

Γ(λ)

Γ(λ+1)
= 1

λ , for example:

M {Lf(x); s} =
1

βm




m∏

k=1

Γ
(
γk − s

β

)

Γ
(
γk − s

β + 1
)


 M

{
xβf(x); s

}

=
1

m∏
k=1

(βγk − s)
M

{
xβf(x); s

}
.

(1.2.22)

This list of corollaries can be easily extended for any of the special cases of I
(γk),(δk)

β,m ,
operators mentioned in Section 1.1.iii.

1.2.ii. Decomposition of the multi-Erdélyi-Kober operators

It is known that most of the integral transformations can be represented as composi-
tions of other, usually simpler integral transformations. Decompositions of the I

(γk),(δk)

β,m -
operators in some particular cases, especialy for m = 2, were proposed by Love [262],
Saigo [415] etc. In a more general aspect this problem is considered for convolutional type
integral transforms by McBride [289], Brychkov, Glaeske and Marichev [44], Marichev
[281], Marichev and Tuan [282]-[284], Tuan [495]-[496], Tuan, Marichev and Yakubovich
[497], Nahoushev and Salathidinov [315], Samko, Kilbas and Marichev [434] etc. These
papers propose a new approach to integral transformations, developed in details for the
G- and H-transforms of convolutional type by Tuan in [496], Nguen Hai and Yakubovich
[317], Saigo and Yakubovich [426], etc.

Here we propose a particular result describing the composition structure of the gen-
eralized fractional integration operators considered in this book.

Combining the results (1.2.17), (1.2.12), we find that the Mellin image of the operator
I

(γk),(δk)

β,m is a product of the Mellin images of the Erdélyi-Kober operators I
γk,δk
β , k =

1, . . . , m:

M
{

I
(γk),(δk)

β,m f(x); s
}

=
m∏

k=1

M
{

I
γk,δk
β f(x); s

}
. (1.2.23)
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This is quite naturaly, since the same is true for their kernel-functions taking part in the
convolutional representations (1.2.11), (1.2.16):

M

{
G

m,0
m,m

[
σ

∣∣∣∣
(γk + δk)
(γk)

]
; s

}
=

m∏

k=1

Γ (γk + s)
Γ (γk + δk + s)

=
m∏

k=1

M

{
G

1,0
1,1

[
σ

∣∣∣∣
γk + δk
γk

]
; s

}
.

( 1.2.24)

This fact suggests the conclusion that the operator I
(γk),(δk)

β,m itself is a composition

of the commuting Erdélyi-Kober operators I
γk,δk
β , k = 1, . . . , m. Before formulating the

result, let us consider the operator generated by such a composition. We shall
denote it by the same symbol: I

(γk),(δk)

β,m .

Lemma 1.2.9. The operator

I
(γk),(δk)

β,m f(x) def= I
γm,δm
β

{
I
γm−1,δm−1

β . . .
(
I
γ1,δ1

β f(x)
)}

=

1∫

0

. . .

1∫

0

m∏

k=1

[
(1− σk)δk−1σ

γk
k

Γ(δk)

]
f

[
x(σ1 . . . σm)

1

β

]
dσ1 . . . dσm,

(1.2.25)

where I
γk,δk
β , k = 1, . . . , m, are Erdélyi-Kober fractional integration operators of the form

(1.1.17), is well defined in the space Cα, α ≥ max
k

[−β (γk + 1)], does not depend on

the arrangement of the multipliers I
γk,δk
β , k = 1, . . . , m and the I

(γk),(δk)

β,m -image (1.2.25)

of any power function f(x) = xp ∈ Cα coincides with its I
(γk),(δk)

β,m -image (1.1.6), i.e.
formula (1.2.1) is again true:

I
(γk),(δk)

β,m {xp} = cpx
p with cp =

m∏

k=1

Γ
(
γk + p

β + 1
)

Γ
(
γk + δk + p

β + 1
) for p > α. (1.2.26)

Proof. Let f(x) = xpf̃(x), p ≥ max
k

[−β (γk + 1)] and hence, p
β + γk > −1, k =

1, . . . , m. Then the integral (1.2.25):

I
(γk),(δk)

β,m f(x) = xp

1∫

0

. . .

1∫

0

m∏

k=1




(1− σk)δk−1 σ
γk+

p
β

k

Γ (δk)


 f̃

[
x (σ1 . . . σm)

1

β

]
dσ1 . . . dσm
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is absolutely convergent, since

xp

1∫

0

. . .

1∫

0

m∏

k=1




(1− σk)δk−1 σ
γk+

p
β

k

Γ (δk)




∣∣∣f̃
[
x (σ1 . . . σm)

1

β

]∣∣∣ dσ1 . . . dσm

≤Cxp

1∫

0

. . .

1∫

0

m∏

k=1




(1− σk)δk−1 σ
γk+

p
β

k

Γ (δk)


 dσ1 . . . dσm

=Cxp
m∏

k=1

Γ
(
γk + p

β + 1
)

Γ
(
γk + p

β + δk + 1
) .

For f̃(x) = 1, i.e. f(x) = xp with p > α, we obtain formula (1.2.26).
Due to the Weierstrass theorem, a continuous function f̃ ∈ C[0,∞) can be uniformly

approximated on every finite interval [0, X], X > 0 by means of the sequence of polyno-

mials Pn(x) =
n∑

k=0

an,kxk, n = 1, 2, . . . . Then the function f(x) = xpf̃(x) itself can be

approximated by the sequence of functions

fn(x) = xpPn(x) =
n∑

k=0

an,kxp+k, p > α, n = 1, 2, . . .

By virtue of Lemmas 1.2.1 and 1.2.9, the operators , I
(γk),(δk)

β,m defined by (1.1.6) and
(1.2.25) coincide for such functions, namely:

I
(γk),(δk)

β,m fn(x) =
n∑

k=0

an,kI
(γk),(δk)

β,m

{
xp+k

}
=

n∑

k=0

an,kcp+kxp+k.

Hence letting n → ∞ we find that these operators coincide for each function f(x) of
space the Cα, being defined correctly there. This proves the following basic proposition
for which we also give another direct proof (by means of mathematical induction).

Theorem 1.2.10. In Cα, α ≥ max
k

[−β (γk + 1)] each multiple Erdélyi-Kober operator

(1.1.6) with δk ≥ 0, k = 1, . . . , m

I
(γk),(δk)

β,m f(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ

can be represented also by an m-tuple composition of commuting classical Erdélyi-Kober

30



fractional integrals (1.1.17):

I
(γk),(δk)

β,m f(x) =

(
m∏

k=1

I
γk,δk
β

)
f(x)

=

1∫

0

. . .

1∫

0

[
m∏

k=1

(1− σk)δk−1σ
γk
k

Γ(δk)

]
f

[
x(σ1 . . . σm)

1

β

]
dσ1 . . . dσm,

(1.2.27)

and conversely.
Proof. To prove (1.2.27) we use the method of mathematical induction. Without loss

of generality, we can assume for brevity that β = 1 (see Lemma 1.3.3). For m = 1 we
have already seen that

I
γ,δ
β f(x) =

1∫

0

(1− σ)δ−1σγ

Γ(δ)
f(xσ) dσ

=

1∫

0

G
1,0
1,1

[
σ

∣∣∣∣
γ + δ

γ

]
f(xσ) dσ = I

γ,δ
β,1f(x).

Consider the case m = 2. Writing I
(γk)21,(δk)21
1,2 =

2∏
k=1

I
γk,δk
1 in the form:

x−(γ2+δ2)
x∫

0

(x− t2)δ2−1

Γ (δ2)
t
γ2

2



t

−(γ1+δ1)
2

t2∫

0

(t2 − t1)δ1−1

Γ (δ1)
t
γ1

1 f (t1) dt1



 dt2

=x−(γ2+δ2)
x∫

0

f (t1) t
γ1

1 dt1

x∫

t1

(x− t2)δ2−1

(δ2)
t
γ2−γ1−δ1

2

(t2 − t1)δ1−1

Γ (δ1)
dt2,

we can evaluate the inner integral, after changing the order of integrations by virtue of
Fubini’s theorem. According to [368, p. 301, (1)], its value is

(x− t1)δ1+δ2−1

Γ(δ1 + δ2)
t
γ2−γ1−δ1

1

(
t1
x

)δ1

2F1(γ2 + δ2 − γ1; δ1; δ1 + δ2; 1− t1
x

).

It remains to change the variable and to use (1.1.18), whence

I
(γ1,γ2),(δ1,δ2)
1,2 f(x) =

1∫

0

G
2,0
2,2

[
σ

∣∣∣∣
γ1 + δ1, γ2 + δ2

γ1, γ2

]
f(xσ) dσ = I

γ1,δ1

1

{
I
γ2,δ2

1 f(x)
}

.

Suppose now that assertion (1.2.27) is true for the all (m − 1)-tuple operators, that
is:

I
(γk)

m−1
1 (δk)

m−1
1

1,m−1 =

(
m−1∏

k=1

I
γk,δk
1

)
.
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Then, for arbitrary m > 1 we have:

I
(γk)m1 ,(δk)m1
1,m f(x) = I

γm,δm
1

(
m−1∏

k=1

I
γk,δk
1 f(x)

)
= I

γm,δm
1

(
I

(γk)
m−1
1 (δk)

m−1
1

1,m−1 f(x)
)

= x−(γm+δm)

x∫

0

(x− tm)δm−1

Γ(δm)
t
γm
m

×


t−1

m

tm∫

0

G
m−1,0
m−1,m−1

[
tm−1

tm

∣∣∣∣
(γk + δk)m−1

1

(γk)m−1
1

]
f(tm−1)dtm−1



 dtm.

Due to Fubini’s theorem, we change the order of integrations:

I
(γk),(δk)
1,m f(x) = x−(γm+δm)

x∫

0

f (tm−1) t
γm−1
m−1 dtm−1

x∫

tm−1

(x− tm)δm−1

Γ(δm)

×G
0,m−1
m−1,m−1

[
tm

tm−1

∣∣∣∣
(γm − γk)m−1

1

(γm − γk − δk)m−1
1

]
dtm.

Since G
0,m−1
m−1,m−1

[
tm

tm−1

]
≡ 0 for tm < tm−1 (see (A.12)), the inner integral written as

an integral from 0 to x can be evaluated as a Riemann-Liouville fractional integral of a
G-function (A.23). Its value is

tδm
m G

m,0
m,m

[
tm−1

x

∣∣∣∣
(1− γm − δm + γk + δk)m−1

1 , 1
(1− γm − δm + γk)m−1

1 , 1− δm

]
.

In this manner after routine transformations using (A.14) we obtain :

I
(γk),(δk)
1,m f(x) = x−1

x∫

0

G
m,0
m,m

[
tm−1

x

∣∣∣∣
(γk + δk)m−1

1 , (γm + δm)
(γk)m−1

1 , γm

]
f (tm−1) dtm−1

=

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f(xσ) dσ,

i.e. the operators I
(γk),(δk)
1,m defined first by (1.1.6) and then by (1.2.27) coincide for

arbitrary m > 1 in the space Cα, α ≥ max
k

[−β (γk + 1)], where both of them are well

defined. This completes the proof.
Note. The commutability of operators I

γk,δk
β , k = 1, . . . ,m in (1.2.27) is also a simple

corollary of the fact that the kernel-function of the operator I
(γk),(δk)

β,m =
m∏

k=1

I
γk,δk
β , the

function G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
in (1.1.6), is symmetric in the parameters (γk + δk)mk=1,

(γk)mk=1.
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Consider now some corollaries.

Corollary 1.2.11. The hypergeometric fractional integrals (1.1.19) are compositions of
two commuting Erdélyi-Kober operators and can be written also by means of repeated
integrals:

H f(x) = I
(γ1,γ2),(δ1,δ2)

β,2 f(x) = I
γ2,δ2

β I
γ1,δ1

β f(x)

= I
γ1,δ1

β I
γ2,δ2

β f(x) =

1∫

0

1∫

0

(1− σ1)δ1−1(1− σ2)δ2−1

Γ(δ1)Γ(δ2)
σ

γ1

1 σ
γ2

2 f
[
x(σ1σ2)

1

β

]
dσ1dσ2.

(1.2.28)

Corollary 1.2.12. In particular, for Saigo’s fractional integrals (1.1.l) the following
decompositions hold:

Iα,β,ηf(x) = x−βI
η−β,−η
1 I

0,α+η
1 f(x) = x−βI

0,α+η
1 I

η−β,−η
1 f(x)

= x−β

1∫

0

1∫

0

(1− σ1)−η−1(1− σ2)α+η−1

Γ(−η)Γ(α + η)
σ

η−β
1 f(xσ1σ2)dσ1dσ2

(1.2.29)

for functions of Cλ, λ ≥ max(−η + β − 1,−1) provided α > −η > 0. The same de-
compositions are obtained by Saigo [415, p. 138], written in terms of Riemann-Liouville
operators as follows:

Iα,β,ηf(x) = x−α−β−ηRα+ηxβR−ηxη−βf(x) = R−ηx−α−βRα+ηf(x). (1.2.29′)

Corollary 1.2.13. For m = 3 from Theorem 1.2.10 the decomposition (1.1.n′′)

Ff(x) = xcI
a,b
1 I

b,c−a′−b
1 I

c−a′−b′,a′
1 f(x)

of Marichev’s F3-fractional integral (1.1.n) can be obtained.

Corollary 1.2.14. The representations (1.1.o) and (1.1.o′) of the hyper-Bessel integral
operator L are equivalent, since

L =
xβ

βm I
(γk),(1)

β,m =
xβ

βm

m∏

k=1

I
γk,1
β =

xβ

βm

m∏

k=1

(
x−γk−1R1xγk

)
.

This result of McBride [289] and Dimovski and Kiryakova [79] is used repeatedly in
Chapter 3. Another example of an (m − 1)-tuple fractional integration operator is the
generalized Sonine transformation

ϕf(x) = xm(γm+1)−1

1∫

0

. . .

1∫

0




m−1∏

k=1

(1− σk)γm−γk+ k
m−1

Γ
(
γm − γk + k

m

) σ
γk
k




× f
[
x

m
β (t1 . . . tm−1)

1

β

]
dt1 . . . dtm−1,

(1.2.30)
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proposed by Dimovski [68]-[71] and playing the role of a transmutation operator from L
to the m-fold integration lm, viz.

ϕL =
(

m

β

)m

lmϕ.

According to Theorem 1.2.10, the Sonine-Dimovski transformation (1.2.30) can be writ-
ten also in the form

ϕf

(
x

β
m

)
= xβ(γm+

m−1
m )I

(γk),
(
γm−γk+ k

m

)
β,m−1

f(x)

= xβ(γm+
m−1
m )

1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣

(
γm + k

m

)m

1
(γk)m1

]
f

(
xσ

1

β

)
dσ.

(1.2.30′)

This representation is more useful in various applications; see for instance Sections
3.5, 3.6, 3.7, 3.8. On the base of Theorem 1.2.10 new simpler representations using G-
function can be found also for the generalized Poisson-Dimovski transformations (Chapter
3). They are used in Chapter 4 for obtaining new Poisson type integral representations
of the hyper-Bessel functions of Delerue and more generally, of the pFq-functions with
p < q.

These and other examples reveal the important and two-fold role which Theorem
1.2.10 has in the theory of generalized fractional integrals. Firstly, every operator I

(γk),(δk)

β,m

of the form (1.1.6) with G
m,0
m,m-function as kernel can be written by means of repeated

integrals without a G-function . Conversely, every composition I
(γk),(δk)

β,m of an arbitrary
number of Erdélyi-Kober operators can be represented by a simple integral involving
Meijer’s G-function. Such compositions arise very often in various problems of analysis
and its applications. Their properties, inversion formulas etc., can be easily found if one
uses the simple integral representations and the usefull properties of the G-function .
This is the key to the most of the applications considered in Chapters 3, 4 and 5.

1.2.iii The operators I
(γk),(δk)

β,m as isomorphisms in Cα

Theorem 1.2.15. The multi-Erdélyi-Kober operator

I
(γk),(δk)

β,m f(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ

=

1∫

0

. . .

1∫

0

m∏

k=1

[
(1− σk)δk−1

Γ(δk)
σ

γk
k

]
f

[
x(σ1 . . . σm)

1

β

]
dσ1 . . . dσm

(1.2.31)

is an invertible linear mapping of the space Cα, α ≥ max
k

[−β (γk + 1)] into itself. If

ηk =
{

[δk] + 1 for non integer δk

δk for integer δk
, k = 1, . . . , m, (1.2.32)
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then in the image-space

I
(γk),(δk)

β,m (Cα) = C
(η1+···+ηm)
α ⊂ Cα (1.2.33)

the following inversion formula holds:

f
(
(x1 . . . xm)

1

β

)
=

(
m∏

k=1

x
−γk
k

)
∂δ1+···+δm

∂xδ1
1 . . . ∂xδm

m

{
g

(
(x1 . . . xm)

1

β

) m∏

k=1

x
γk+δk
k

}
, (1.2.34)

where g(x) = I
(γk),(δk)

β,m f(x).

Proof. If f ∈ Cα, then I
(γk),(δk)

β,m f ∈ Cα too as is seen from the proof of Lemma 1.2.1.
This can also be seen as a corollary of the “decomposition” Theorem 1.2.10. Indeed, the
well-known result for the Erdélyi-Kober operators:

I
γk,δk
β : Cα −→ C

(ηk)
α ⊂ Cα

yields that

I =
m∏

k=1

I
γk,δk
β : Cα −→ C

(η1+···+ηm)
α ⊂ Cα.

It remains to prove that I
(γk),(δk)

β,m is an injective and surjective mapping. We shall
prove this directly by establishing that the unique solution of the integral equation

I
(γk),(δk)

β,m f(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ = 0 (1.2.35)

is the function f(x) ≡ 0.
Let us put xβ = x1 . . . xm, σkxk = τk, k = 1, . . . , m in (1.2.31) and multiply by

x
γ1+δ1

1 . . . x
γm+δm
m 6= 0. Denote by

b (x1, . . . , xm) =

[
m∏

k=1

x
γk
k

]
f

[
(x1 . . . xm)

1

β

]

and

c (x1, . . . , xm) =

[
m∏

k=1

x
γk+δk
k

]
g

[
(x1 . . . xm)

1

β

]
.

Then the equation g(x) = I
(γk),(δk)

β,m f(x) takes the form

c (x1 . . . xm) =

x1∫

0

. . .

xm∫

0

(
m∏

k=1

(xk − τk)δk−1

Γ (δk)

)
b (τ1, . . . , τm) dτ1 . . . dτm. (1.2.36)
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When g(x) = 0, we obtain equation (1.2.35) written in the more convenient form

x1∫

0

. . .

x1∫

0

[
m∏

k=1

(xk − τk)δk−1

Γ (δk)

]
b (τ1, . . . , τm) dτ1 . . . dτm = 0. (1.2.35′)

Now the following theorem is applicable.

Theorem of Mikusinski and Ryll-Nardzewski ([307]). Let the functions a(x1, . . .,
xm) and b(x1, . . . , xm) be defined for xk ≥ 0, k = 1, . . . , m and have the form

a (x1, . . . , xm) = xλ1
1 . . . xλm

m ã (x1, . . . , xm) ; b (x1, . . . , xm) = x
µ1

1 . . . x
µm
m b̃ (x1, . . . , xm)

with λk > −1, µk > −1, k = 1, . . . , m and continuous functions ã (x1, . . . , xm),
b̃ (x1, . . . , xm) for xk ≥ 0, k = 1, . . . ,m. Then the equality

x1∫

0

. . .

x1∫

0

a (x1 − τ1, . . . , xm − τm) b (τ1, . . . , τm) dτ1 . . . dτm = 0

yields that a ≡ 0 or b ≡ 0 at least.

Let us choose now a (x1, . . . , xm) =
∏
k

x
δk−1

k
Γ(δk)

. The conditions δk > 0, k = 1, . . . , m

yield δk − 1 > −1, k = 1, . . . , m. The function b (x1, . . . , xm) has the form

m∏

k=1

x
γk+

p
β

k f̃
[
(x1, . . . , xm)

1

β

]
=

m∏

k=1

x
µk
k b̃ (x1, . . . , xm) with µk > −1, k = 1, . . . , m.

since p > max
k

[−β (γk + 1)] and µk = γk + p
β . Then due to the above cited theorem, it

follows that b (x1, . . . , xm) ≡ 0, that is f(x) ≡ 0.
Equation (1.2.36) can be written in the form

Rδ1
x1

Rδ2
x2

. . . Rδm
xm
{b (x1, . . . , xm)} = c (x1, . . . , xm) , (1.2.36′)

with Riemann-Liouville fractional integrations Rδ1
x1

, . . . , Rδm
xm with respect to the variables

x1, . . . , xm. In this manner we find the inversion formula

Dδ1
x1

Dδ2
x2

. . . Dδm
xm
{c (x1, . . . , xm)} = b (x1, . . . , xm) ,

or in terms of the functions f(x), I
(γk),(δk)

β,m f(x) = g(x) ∈ C
(η1+···+ηm)
α :

f
(
(x1, . . . , xm)

1

β

)
=

(
m∏

k=1

x
−γk
k

)
Dδ1

x1
Dδ2

x2
. . . Dδm

xm

{
g

(
(x1 . . . xm)

1

β

) m∏

k=1

x
γk+δk
k

}
,

which is (1.2.34). The theorem is proved.
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Let us note that inversion formula (1.2.34) is a modification of Dimovski’s formula
[68], [69] for the generalized Sonine transformation (1.2.30). Another type of formula
for inversion of the I

(γk),(δk)

β,m -operators , without the use of functions of many variables,
will be proposed in Section 1.5. It is related to the G-function representation of the
generalized fractional integrals.

Corollary 1.2.16. The generalized fractional integration operators

Rf(x) = xβδ0I
(γk),(δk)

β,m f(x), δ0 ≥ 0

map Cα into C
(η1+···+ηm)
α+βδ0

⊂ Cα+βδ0
.

Results analogous to Theorems 1.2.10 and 1.2.15 can be proved also for other kinds
of functional spaces, for example in Lµ,p, or Hα(Ω) (see definitions (1.1.4), (1.1.5)). The
corresponding result for Lebesgue integrable functions can be found in [434], namely as
a suitable specialization of the more general result [434, Theorem 10.7]. This gives the
following analogue of Theorems 1.2.10 and 1.2.15 for the case β = 1.

Theorem 1.2.17. Let us consider Lp(0,∞), p ≥ 1 and let the conditions

β (1 + γk) >
1
p
, δk > 0, k = 1, . . . , m (1.2.37)

be satisfied. Then the operators

I
γk,δk
β =

[
x−(γk+δk)Rδkxγk

]
x→xβ

, k = 1, . . . , m (1.2.38)

commute, their composition can be represented also in the more concise form

I
(γk),(δk)

β,m f(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f(xσ

1

β )dσ (1.2.39)

and this operator maps boundedly the space Lp into itself:

I
(γk),(δk)

β,m : Lp(0,∞) −→ Lp(0,∞),

namely:
∥∥∥I

(γk),(δk)

β,m

∥∥∥
Lp
≤

m∏

k=1

Γ
(
γk + 1− 1

pβ

)

Γ
(
γk + δk + 1− 1

pβ

) < ∞.

In particular, for p = 1 we obtain that the conditions under which the operators
I
γk,δk
1 , k = 1, . . . , m, commute and their product I

(γk),(δk)

β,m acts from a space into itself,
are equivalent for the spaces C−1 (α = −1) and L1(0,∞) (p = 1), namely:

γk > 0, δk ≥ 0, k = 1, . . . , m. (1.2.40)
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They are corollaries of conditions (1.2.3) and (1.2.37) for p = 1.
More general theorems for operators written by means of Fox’s H

m,0
m,m-function and

in the space Lµ,p(0,∞) are proved in Chapter 5 (see Theorems 5.1.3 and 5.2.1). Re-
sults concerning analytic functions in starlike domains have been mentioned in Examples
(1.1.c), (1.1.e), (1.1.g), (1.1.h), (1.1.l). Here, we only meniton the corresponding result,
analogous to Theorems 1.2.10, 1.2.15, 1.2.17, namely:

Theorem 1.2.18. Consider the classes of functions (1.1.5):

Hµ(Ω) =
{

f(z) = zµf̃(z); f̃(z) ∈ H(Ω)
}

, H0(Ω) := H(Ω),

where µ ≥ 0 and H(Ω) denotes the space of analytic functions in a domain Ω ⊂ C,
starlike with respect to the origin z = 0. Suppose additionally that the conditions

γk > −µ

β
− 1 (i.e. µ > max

k
[−β (γk + 1)]), δk > 0, k = 1, . . . ,m (1.2.41)

are satisfied. Then, the Erdélyi-Kober fractional integrals (1.2.38) commute and their
composition is represented as a generalized fractional integral (1.2.39):

[
m∏

k=1

I
γk,δk
β

]
f(z) = I

(γk),(δk)

β,m f(z) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
zσ

1

β

)
dσ, f ∈ Hµ(Ω).

(1.2.42)
This operator maps Hµ(Ω) into itself, preserving the power functions up to a constant
multiplier (as in formula (1.2.1)) and the image of a power series f ∈ Hµ (|z| < R) ⊆
Hµ(Ω):

I
(γk),(δk)

β,m

{
zµ

∞∑
n=0

anzn

}
= zµ

∞∑
n=0

an




m∏

k=1

Γ
(
γk + n+µ

β + 1
)

Γ
(
γk + δk + n+µ

β + 1
)


 zn (1.2.43)

has the same radius of convergence R > 0.
Proof. See Kiryakova [199].
For example, in [413]-[414] Rusev proved that Uspensky’s integral transform P (α),

(1.1.e) is an isomorphism of a subspace H(τ0) of the analytic functions in a strip S(τ0)
and proposed an inversion formula for it. Now, one can obtain the corresponding result

by a suitable specialization of the above theorem for P (α) = 1
2
I
− 1

2
,α+ 1

2
2,1 . By means of this

transformation Rusev solved the problem of the representation of analytic functions by
series in Laguerre polynomials.

Erdélyi-Kober fractional integrals and derivatives of analytic functions are widely used
in Chapter 2, in studying the so-called Džrbashjan-Gelfond-Leontiev operators (1.1.h)
(see Sections 2.2-2.4).

A proof of Theorem 1.2.18, in a more general case of fractional integrals involving
Fox’s H-functions will be given in details in Section 5.5.
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1.3. Basic properties of Riemann-Liouville type generalized fractional inte-
grals

Now using the G-function representations (1.1.6) of the linear and homogeneous opera-
tors I

(γk),(δk)

β,m :

I
(γk),(δk)

β,m (f + g) = I
(γk),(δk)

β,m f + I
(γk),(δk)

β,m g, (1.3.1)

I
(γk),(δk)

β,m (af(cx)) = a
(
I

(γk),(δk)

β,m f
)

(cx), (1.3.2)

we derive a chain of rules analogous to the well-known results of the theory of classical
fractional integrals of Riemann-Liouville and Erdélyi-Kober: Rδ, I

γ,δ
β .

Lemma 1.3.1. For f ∈ Cα′, α′ = α−βλ = max
k

[−β (γk + λ + 1)] the operator I
(γk),(δk)

β,m

can be displaced (shifted) with the power functions xβλ by the following rule:

I
(γk),(δk)

β,m xβλf(x) = xβλI
(γk+λ),(δk)

β,m f(x), λ ∈ R. (1.3.3)

Proof. Property (A.14) of the G-function in representation (1.1.6) be used, namely:

I
(γk),(δk)

β,m

{
xβλf(x)

}
=

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
xβλσλf

(
xσ

1

β

)
dσ

= xβλ

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
σλf

(
xσ

1

β

)
dσ

= xβλ

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + λ + δk)m1
(γk + λ)m1

]
f

(
xσ

1

β

)
dσ

= xβλI
(γk+λ),(δk)
β,m f(x).

Lemma 1.3.2. For f ∈ C
(l)
α , α ≥ max

k
[−β (γk + 1)], l ≥ 0 the following relationship

between the j-th derivatives (j = 0, 1, 2, . . . , l) of I
(γk),(δk)

β,m f and f at the point zero holds:

{
I

(γk),(δk)

β,m f(x)
}(j)

(0) = cjf
(j)(0), where j = 0, 1, 2, . . . , l (1.3.4)

and cj =
m∏

k=1

Γ
(
γk+

j
β +1

)

Γ
(
γk+δk+

j
β +1

) .
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Proof. Since
(

d
dx

)j
f

(
xσ

1

β

)
= σ

j
β

(
d
du

)j
f(u), where u = xσ

1

β is substituted, then
differentiating under the integral sign in (1.1.6) and using (A.14) again, we obtain:

{If(x)}(j)
x=0 =





(
d

dx

)j
1∫

0

G
m,0
m,m(σ)f

(
xσ

1

β

)
dσ





x=0

=





1∫

0

G
m,0
m,m(σ)

(
d

dx

)(j)

f
(
xσ

1

β

)
dσ





x=0

=





1∫

0

G
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + δk + j

β

)m

1(
γk + j

β

)m

1

]
f (j)

(
xσ

1

β

)
dσ





x=0

= f (j)(0)

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + δk + j

β

)m

1(
γk + j

β

)m

1

]
dσ.

Then, the above integral is evaluated according to (B.4) (see Appendix, Lemma B.2) and
this gives

{If(x)}(j)
x=0 = cjf

(j)(0)

with cj as in the statement of Lemma 1.3.2.
Further, for brevity we denote by Rβ the class of all the operators of the form (1.1.6)

with the same β > 0, and analogously, by Wβ the class of operators (1.1.9) with β > 0.

Lemma 1.3.3. The mapping

Ξ : f(x) −→ f̂(x) = f (xω) , ω > 0, (1.3.5)

is a similarity between the operators I
(γk),(δk)

β,m and I
(γk),(δk)
β1,m

with different β > 0, β1 =
βω > 0, that is

I
(γk),(δk)

β,m f(x) = Ξ−1

(
I
(γk),(δk)
βω,m Ξf(x)

)
, (1.3.6)

or briefly:
ΞRβ = RβωΞ.

This result allows us to consider, without loss of generality, only the case β = 1, or
to transfer the results of the class Rβ into the corresponding results for Rβ1

.

Lemma 1.3.4. If I = I
(γk),(δk)

β,m ∈ Rβ, W = W
(γk),(δk)
β,m ∈ Wβ are the corresponding

generalized fractional integrals of Riemann-Liouville type and of Weyl type respectively,
then

x−2βI 1
x

{
x−2βf

(
1
x

)}
= Wx {f(x)} , (1.3.7)
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where the notation

Iϕ(x)f(x) = (If)x→ϕ(x) ,Wϕ(x)f(x) = (Wf)x→ϕ(x)

is used. Furthermore, the formula for generalized fractional integration by parts holds:

∞∫

0

xf(x)I
x

1

β

{
g

(
xβ

)}
dx =

∞∫

0

xg(x)W
x

1

β

{
f

(
xβ

)}
dx. (1.3.8)

The above results include as particular cases some known properties of Riemann-
Liouville and Erdélyi-Kober fractional integrals, as for instance:

Corollary 1.3.5.

xλI
γ,δ
β = I

γ−λ
β ,δ

β xλf(x) (1.3.3′)

I
γ,δ
β f(x) =

(
I
γ,δ
1 f

(
x

1

β

))
x→xβ

=
(
x−(γ+δ)Rδxγf

(
x

1

β

))
x→xβ

,

(1.3.6′)
∞∫

0

xf(x)Iγ,δ
1 g(x)dx =

∞∫

0

xg(x)Kγ,δ
1 f(x)dx, β = 1 (1.3.8′)

(cf. McBride [289, (2.24)], Sneddon [454, p. 41, (2.14)], [455] etc.).

Corollary 1.3.6. For operators (1.1.l), (1.1.l∗) the following results of Saigo [415] can
be obtained from (1.3.3) and (1.3.8):

Iα,β,ηxβ−ηf(x) = Iα,η,βf(x),
Iα,β,ηf(x) = x−α−β−ηIα,−α−η,−α−βf(x)

and ∞∫

0

f(x)Iα,β,ηg(x)dx =

∞∫

0

g(x)Jα,β,ηf(x)dx.

Corollary 1.3.7. For Uspensky’s transformation (1.1.e) Lemma 1.3.2 yields the formu-
las (see Rusev [414, p. 53]):

(
P (α)f

)(j) (0) =
Γ

(
j
2

+ 1
2

)

2Γ
(
α + j

2
+ 1

2

)f (j)(0), j = 0, 1, 2, . . . (1.3.4′)

The well-known first index law (law of exponents, semigroup property ) of the classical
fractional calculus

RσRδ = RδRσ = Rσ+δ, σ > 0, δ > 0 (1.3.9)

has the following generalization in our theory.
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Theorem 1.3.8. For fixed β > 0, m ≥ 1,
a) the operators (1.1.6) of the class Rβ commute:

I
(τk),(σk)

β,m I
(γk),(δk)

β,m = I
(γk),(δk)

β,m I
(τk),(σk)

β,m (1.3.10)

for σk > 0, δk > 0, k = 1, . . . ,m in the space Cα with

α ≥ max
k
{−β (τk + 1) ; −β (γk + 1)} .

b) The following index law

I
(γk+δk),(σk)
β,m I

(γk),(δk)

β,m = I
(γk),(δk+σk)
β,m , σk > 0, δk > 0; k = 1, . . . , m (1.3.11)

holds in Cα, α ≥ max
k

[−β (γk + 1)].

c) The composition of two operators I
(γ′k),(δ′k)

β,m1
, I

(γ′′k ),(δ′′k )

β,m2
with the same β > 0

and different multiplicities m1 ≥ 1, m2 ≥ 1 is an operator of the same form (1.1.6) but
of multiplicity m = m1 + m2, namely:

I
(γ′k),(δ′k)

β,m1
I

(γ′′k ),(δ′′k )

β,m2
f(x) = I

(γk),(δk)

β,m1+m2
f(x)

=

1∫

0

G
m1+m2,0
m1+m2,m1+m2

[
σ

∣∣∣∣
(γk + δk)m1+m2

1

(γk)m1+m2
1

]
f

(
xσ

1

β

)
dσ,

(1.3.12)

where the set of parameters (γk)m1+m2
1 , (δk)m1+m2

1 is taken as follows:

γk =
{

γ′k, k = 1, . . . ,m1

γ′′k−m1
, k = m1 + 1, . . . , m1 + m2

, δk =
{

δ′k, k = 1, . . . , m1

δ′′k−m1
, k = m1 + 1, . . . , m1 + m2

.

Proof.
a) For functions f ∈ Cα, α > −β (γk + 1), k = 1, . . . , m, the image f∗(x) =

I
(γk),(δk)

β,m f(x) ∈ Cα and therefore f∗∗(x) = I
(τk),(σk)
β,m f∗(x) is also defined in Cα, α >

−β (τk + 1), k = 1, . . . , m, and f∗∗(x) ∈ Cα too. After a substitution y = στ in the inner
integral for f∗∗(x) we obtain:

f∗∗(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(τk + σk)m1
(τk)m1

]
dσ

1∫

0

G
m,0
m,m

[
τ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
xσ

1

β τ
1

β

)
dτ

=

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(τk + σk − 1)m1
(τk − 1)m1

]
dσ

σ∫

0

G
m,0
m,m

[
y

σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
xy

1

β

)
dy.

Changing the order of integrations, using (A.15) and taking into account (A.12), (A.12′),
viz.

G
m,0
m,m(σ) ≡ 0 for σ > 1; G

m,0
m,m

(
σ

y

)
≡ 0 for 0 < σ < y,
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one gets:

f∗∗(x) =

1∫

0

f
(
xy

1

β

)
dy

1∫

y

G
m,0
m,m

[
σ

∣∣∣∣
(τk + σk − 1)m1
(τk − 1)m1

]
G

0,m
m,m

[
1
y
σ

∣∣∣∣
(1− γk)m1
(1− γk − δk)m1

]
dσ

=

1∫

0

f
(
xy

1

β

)
dy

∞∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(τk + σk − 1)m1
(τk − 1)m1

]
G

0,m
m,m

[
1
y
σ

∣∣∣∣
(1− γk)m1
(1− γk − δk)m1

]
dσ.

Then, the new inner integral can be evaluated by formula (A.29) and its value is:

yG
2m,0
2m,2m

[
y

∣∣∣∣
(γk + δk − 1)m1 , (τk + σk − 1)m1
(γk − 1)m1 (τk − 1)m1

]
= G

2m,0
2m,2m

[
y

∣∣∣∣
(γk + δk)m1 , (τk + σk)m1
(γk)m1 (τk)m1

]

whence:

f∗∗(x) =

1∫

0

G
2m,0
2m,2m

[
y

∣∣∣∣
(γk + δk)m1 , (τk + σk)m1
(γk)m1 , (τk)m1

]
dy. (1.3.12′)

For α > −β (γk + 1), α > −β (τk + 1), δk > 0, k = 1, . . . , m, the latter integral is
absolutely convergent (which is to justify the correct change in the order of integrations)
and defines a 2m-tuple operator of generalized fractional integration:

f∗∗(x) = I
((τk),(γk)),((σk),(δk))
β,2m f(x).

Its kernel-function G
2m,0
2m,2m is symmetric in the groups parameters in the first row as well

as in the second row. Therefore, the representation obtained for f∗∗(x) is symmetric
with respect of the parameters of the m-tuple generalized integrals whose product it is.
This shows that they commute:

I
(τk),(σk)

β,m I
(γk),(δk)

β,m = I
((τk),(γk)),((σk),(δk))
β,2m

= I
(γk),(δk)

β,m I
(τk),(σk)

β,m .

b) The condition α > −β (γk + 1), yields also α > −β (γk + δk + 1), since
δk > 0, k = 1, . . . , m. From the representation of the form (1.3.12′) for composition

I
(γk+δk),(σk)
β,m I

(γk),(δk)

β,m , we find

f∗∗(x) =

1∫

0

G
2m,0
2m,2m

[
y

∣∣∣∣
(γk + δk + σk)m1 , (γk + δk)m1
(γk + δk)m1 , (γk)m1

]
f

(
xσ

1

β

)
dσ.

Due to property (A.13′), the equal parameters (γk + δk)m1 in the first and second rows
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of the G
2m,0
2m,2m-function cancel each other and it turns into a G

m,0
m,m-function, i.e.

f∗∗(x) =

1∫

0

G
m,0
m,m

[
y

∣∣∣∣
(γk + δk + σk)m1
(γk)m1

]
f

(
xy

1

β

)
dy

= I
(γk+δk),(σk)
β,m f(x),

which proves b).
c) The proof is analogous to that of a), leading to the representation of the form

(1.3.12′).
The following index laws (product rules) are the simplest corollaries from Theorem

1.3.8.

Corollary 1.3.9. For the Erdélyi-Kober operators we obtain the well-known formulas
(Sneddon [454, (2.11)], McBride [289; (2.26), (2.29)]):

I
τ,σ
β I

γ,δ
β = I

γ,δ
β I

τ,σ
β , τ > 0, σ > 0; (1.3.10′)

I
γ+δ,σ
β I

γ,δ
β = I

γ,σ+δ
β , σ > 0, δ > 0. (1.3.11′)

Corollary 1.3.10. The following product rules for the hypergeometric fractional integrals
(see Saigo [415]-[420]):

Iα,β,ηIγ,δ,α+η = Iα+γ,β+δ,η

Iα,β,ηIγ,δ,η−β−γ−δ = Iα+γ,β+δ,η−γ−δ
(1.3.13)

follow from Theorem 1.3.8, b) for the two-tuple operators (m = 2)

Iα,β,η = x−βI
(η−β,0),(−η,α+η)
1,2 .

Then, the product of two operators of this kind (see [415, (3.12)]) can be represented in
the form

Iα,β,ηIγ,δ,ζf(x) = x−βI
(η−β,0),(−η,α+η)
1,2 x−δI

(ζ−δ,0),(−ζ,γ+ζ)
1,2

= x−(β+δ)I
(η−β−δ,−δ,ζ−δ,0),(−η,α+η,−ζ,γ+ζ)
1,4 f(x)

= x−(β+δ)

1∫

0

G
4,0
4,4

[
σ

∣∣∣∣
−(β + δ), α + η − δ,−δ, γ + ζ

η − β − δ,−δ, ζ − δ, 0

]
f(xσ)dσ

(a corollary of (1.3.12)). Taking into account property (A.13′):

G
4,0
4,4

[
σ

∣∣∣∣
−(β + δ), α + η − δ,−δ, γ + ζ

η − β − δ,−δ, ζ − δ, 0

]
= G

3,0
3,3

[
σ

∣∣∣∣
−(β + δ), α + η − δ, γ + ζ

η − β − δ, ζ − δ, 0

]
,
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we obtain the following new result: The product of two Saigo’s operators of the form
(1.1.l-l′) can be considered also as a 3-tuple generalized fractional integral having the
single integral representation

Iα,β,ηIγ,δ,ζf(x) = x−(β+δ)

1∫

0

G
3,0
3,3

[
σ

∣∣∣∣
−(β + δ), α + η − δ, γ + ζ

η − β − δ, ζ − δ, 0

]
f(xσ)dσ, (1.3.14)

or equivalently, as a composition of three Erdélyi-Kober operators :

Iα,β,ηIγ,δ,ζf(x) = x−(β+δ)I
(η−β−δ,ζ−δ,0),(−η,α+η−ζ,γ+ζ)
1,3 f(x)

= x−(β+δ)I
η−β−δ,−η
1 I

ζ−δ,α+η−ζ
1 I

0,γ+ζ
1 f(x).

(1.3.15)

Compositions of the form Iα,β,ηJγ,δ,ζ , Jα,β,ηIγ,δ,ζ involving both Riemann-Liouville
and the Weyl type hypergeometric fractional integrals are considered by Saigo [420] and
Srivastava and Saigo [480].

For arbitrary m ≥ 1 the above properties will be used in Chapters 3, 4 and 5.

1.4. Some properties of Weyl type generalized fractional integrals W
(γk),(δk)
β,m

First, let us note that referring to the operator

W δf(x) =

∞∫

x

(t− x)δ−1

Γ(δ)
f(t)dt = xδ

1∫

0

(σ − 1)δ−1

Γ(δ)
f(xσ)dσ (1.4.1)

as the Weyl operator is a historical misunderstanding since the fractional integration over
an infinite integral had been introduced by Liouville (1834) (see [434, p.13]). That is why
there is a trend in some papers to call the Riemann-Liouville type operators Rδ (1.1.b),
I
γ,δ
β (1.1.17), I

(γk),(δk)

β,m (1.1.6) “right-hand sided” fractional integrals and respectively,

the operators W δ (1.1.b∗)-(1.4.1), K
γ,δ
β (1.1.17∗), W

(τk),(αk)
β,m (1.1.9) “left-hand sided”

fractional integrals. Nevertheless, to keep the established tradition, we refer to operators
(1.1.9):

W
(τk),(αk)
β,m f(x) =

∞∫

1

G
m,0
m,m

[
1
σ

∣∣∣∣
(τk + αk + 1)m1
(τk + 1)m1

]
f

(
xσ

1

β

)
dσ, (1.4.2)

as Weyl type generalized (m-tuple) fractional integrals.
The Weyl fractional operator (1.4.1) has been defined e.g. by Miller [309], in the

so-called class A of good functions introduced by Lighthill [257, p. 15]. One says that a
function f(x) is a good function, if it is everywhere differentiable any number of times
and if it and all its derivatives are O

(
x−N

)
as x increases without limit, for all N .

Examples of good functions are f(x) = P (x) exp(−γx), where P (x) is a polynomial,
γ > 0.
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Similarly, two-dimensional analogues of (1.4.1), the so-called two-dimensional Erdélyi-
Kober operators of fractional integration of orders α > 0, β > 0:

Kη,αKδ,βf(x, y) =
xηyδ

Γ(α)Γ(β)

∞∫

x

∞∫

y

t−η−ατ−δ−β(t− x)α−1(τ − y)β−1f(t, τ)dtdτ,

have been considered by different authors in the modified class A of good functions:
f(x, y) – differentiable any number of times and having partial derivatives which are
O (|x|−ε1, |y|−ε2

)
as x → ∞, y → ∞, for all ε1 > 0, ε2 > 0. See e.g. Raina [384]-[388],

Raina and Koul [393], Raina and Kiryakova [390], Saxena and Ram [441], R. Srivastava
[483], Saxena and Kiryakova [438], Saxena, Kiryakova and Davie [439], etc.

Here, we consider operators (1.4.2) in the spaces

C∗α∗ =
{

f(x) = xqf̂(x); q < α∗, f̂ ∈ C[0,∞),
∣∣∣f̂

∣∣∣ ≤ Af̂

}
(1.4.3)

and in the more general ones (1.1.2), since it is natural that the integration over an
infinite interval requires additional conditions on the growth of f(x) near x = ∞.

These properties can be proved either directly, following the method of proving their
Riemann-Liouville type counterparts (see Sections 1.2, 1.3), or by using the relationship
(1.3.7) (Lemma 1.3.4) between the Riemann-Liouville and Weyl type integrals.

Lemma 1.4.1. The multiple Erdélyi-Kober fractional integrals (1.4.2) are well defined
in the spaces Cα

α∗ with α∗ ≤ min
k

(βτk) and preserve the power functions up to constant

multipliers:

W
(τk),(αk)
β,m {xq} = dqx

q, where (1.4.4)

dq =
m∏

k=1

Γ
(
τk − q

β

)

Γ
(
τk + αk − q

β

) , q < α∗.

Lemma 1.4.2. The W
(τk),(αk)
β,m -image of a G-function of C∗α∗ is another G-function, for

example:

W
(τk),(αk)
β,m

{
G

µ,ν
σ,τ

[
ωxβ

∣∣∣∣
(ci)

σ
1(

dj
)τ
1

]}
= G

µ+m,ν
σ+µ,τ+µ

[
ωxβ

∣∣∣∣
(ci)

σ
1 , (τk + αk)m1

(τk)m1 ,
(
dj

)τ
1

]
. (1.4.5)

Then, as particular cases the generalized Weyl images of various elementary and
special functions can be obtained.
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Theorem 1.4.3. In the subspace (1.2.10): Cα,α∗ ⊂ C∗α∗, the Mellin transform of the
generalized Weyl fractional integrals is represented by the relation

M

{
W

(τk),(αk)
β,m f(x); s

}
=

m∏

k=1

Γ
(
τk + s

β

)

Γ
(
τk + αk + s

β

)M {f(x); s} . (1.4.6)

Theorem 1.4.4. The generalized (m-tuple) Weyl type fractional integrals (1.4.2) can be
represnted in C∗α∗, α∗ ≤ min

k
(βτk) as m-tuple compositions of commuting Erdélyi-Kober

operators of Weyl type of the form (1.1.17∗):

K
τ,α
β f(x) =

∞∫

1

(σ − 1)α−1σ−(τ+α)

Γ(α)
f(xσ)dσ := W

τ,α
β,1 f(x), (1.4.7)

namely:

W
(τk),(αk)
β,m f(x) =

(
m∏

k=1

K
τk,αk
β

)
f(x)

=

∞∫

1

. . .

∞∫

1

[
m∏

k=1

(σ − 1)αk−1σ−(τk+αk)

Γ (αk)

]
f

[
x (σ1 . . . σm)

1

β

]
dσ1 . . . dσm.

(1.4.8)
Conversely, the operators of the form (1.4.8) can be put in the single integral form (1.4.2)
involving Meijer’s G

m,0
m,m-function.

Lemma 1.4.5. For f ∈ C∗α∗∗, α∗∗ = α∗ − βλ ≤ min
k

[β (τk − λ)], the following shift

property holds:

W
(τk),(αk)
β,m xβλf(x) = xβλW

(τk−λ),(αk)
β,m f(x). (1.4.9)

Corollary 1.4.6. For the Weyl type Erdélyi-Kober operator (1.1.17∗) and Saigo’s oper-
ator (1.1.l∗) the shift properties take the forms:

K
τ+λ

β ,α

β xλ = xλK
τ,α
β , (1.4.10)

Jα,β,ηxα+β+η = Jα,−α−η,−α−β

(cf. McBride [289, (2.25)], Saigo [415, (1.12)]).

Theorem 1.4.7. For fixed β > 0 and integer m ≥ 1, if αk > 0, δk > 0, k = 1, . . . , m,
then the Weyl type multiple fractional integrals (1.4.2) have the following properties:
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a) They commute in C∗α∗, α∗ ≤ min
k

(βτk, βγk):

W
(τk),(αk)
β,m W

(γk),(δk)
β,m = W

(γk),(δk)
β,m W

(τk),(αk)
β,m

= W
((γk),(δk)),((τk),(αk))
β,2m

(1.4.11)

(in general, the product of m1-tuple and m2-tuple fractional integrals is a (m1 + m2)-tuple
one);

b) The index law has the form:

W
(τk+αk),(δk)
β,m W

(τk),(αk)
β,m = W

(τk),(δk+αk)
β,m ; (1.4.12)

c) The formal inversion formula holds:

{
W

(τk),(αk)
β,m

}−1

= W
(τk+αk),(−αk)
β,m , (1.4.13)

since W
(τk),(0,...,0)

β,m = I is adopted to be the identity operator in C∗α∗, α∗ ≤ min
k

(βτk).

The explicit inversion formula corresponding to (1.4.13) can be written by means of
a differintegral expression in the way used in Section 1.5 for the Riemann-Liouville type
operators. This is to generalize the fractional derivatives of Weyl type (Weyl fractional
integrals (1.4.1), (1.4.7) of negative order):

W−δf(x) := Dδ∗f(x) = (−1)n
(

d

dx

)n

Wn−δf(x) (1.4.14)

with δ > 0 and integer n so that 0 ≤ n− δ < 1;
{
K

τ,α
2

}−1
f(x) = K

τ+α,−α
2 f(x)

= (−1)ηx2τ+2α−1

(
1
2

d

dx
x−1

)η

x2η+2τ+2α+1
{

K
τ−η+α,η−α
2 f(x)

}

(1.4.15)
with α > 0, β = 2 and integer η so that 0 ≤ η − α < 1 (see Sneddon [452], [455, p. 9]).

Another type of inversion formula for operators W
(τk),(αk)
β,m in terms of functions of

many variables and similar to (1.2.34) holds too. A special case of it is found and used in
Kiryakova [191], see Chapter 3 (Section 3.7.iii). From (1.4.4) and (1.4.13) one can easily
deduce the following theorem.

Theorem 1.4.8. The Weyl type generalized fractional integral (multiple Erdélyi-Kober

operator) W
(τk),(αk)
β,m , αk > 0, k = 1, . . . ,m, is an invertable linear mapping of C∗α∗,

α∗ ≤ min
k

(βτk) into itself. (If α∗ is fixed, then we require τk > α∗
β , αk > 0, k = 1, . . . , m.)
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The corresponding result for the functions of the spaces Lµ,p(0,∞) and for more
general fractional integrals, involving Fox’s H-function instead of Meijer’s G-function, is
discussed in Chapter 5. For the simpler case of operators (1.4.2) with β = 1 and spaces
Lp(0,∞), it can be found for example in Samko, Kilbas and Marichev [434, p. 159,
Theorem 10.7]. Here we state the following theorema.

Theorem 1.4.9. Let us consider Lp(0,∞), p ≥ 1, and let the conditions

βτk >
1
p
, αk > 0, k = 1, . . . , m (1.4.16)

be satisfied. Then, the operators K
τk,αk
β , k = 1, . . . , m, of the form (1.4.7) commute,

their composition can be represented in the single integral form (1.4.2) and the operator

W
(τk),(αk)
β,m , obtained in this way, maps boundedly the space Lp(o,∞) into itself, namely:

∥∥∥∥K
(τk),(αk)
β,m

∥∥∥∥
Lp

≤
m∏

k=1

Γ
(
τk + 1

pβ

)

Γ
(
τk + αk + 1

pβ

) < ∞. (1.4.17)

1.5. Generalized operators of fractional differentiation. Inversion formula for
the operators I

(γk),(δk)

β,m

The generalized fractional integrals I
(γk),(δk)

β,m were defined by (1.1.6) only for a strongly
positive multiorder of integration , that is for δk > 0, k = 1, . . . , m. Now we are going
to extend this definition to the case when some (or all) of the components δk of the
multiorder can be zero or negative numbers. This definition has to coincide with the
original Definition 1.1.1, when all the δk are positive. Furthermore, in the case of zero
multiorder of integration δ = (0, . . . , 0) it must generalize in a suitable manner the
identities from the classical fractional calculus:

R0 = I, I
γ,0
β = I, (1.5.1)

where I denotes the identity operator ,γ is arbitrary real and δ = 0.

Lemma 1.5.1. For arbitrary multiweight γ = (γ1, . . . , γm) and zero multiorder of inte-
gration δ1 = δ2 = · · · = δm = 0 the multi-Erdélyi-Kober operator I

(γk),(δk)

β,m coincides with
the identity operator I in the space Cα, α ≥ max

k
[−β (γk + 1)]:

I
(γ1,...,γm),(0,...,0)
β,m f(x) = f(x), f ∈ Cα. (1.5.2)

More generally, R = xβδ0I
(γk),(δk)

β,m = I for δ0 = δ1 = · · · = δm = 0.
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Proof. As I
(γk),(δk)

β,m =
m∏

k=1

I
γk,δk
β , the proof is evident in view of (1.5.1). It is seen

also by the Mellin transform approach: formula (1.2.12) with δk = 0, k = 1, . . . , m yields

M

{
I
(γk),(0,...,0)
β,m f(x); s

}
=

m∏

k=1

Γ
(
γk − s

β + 1
)

Γ
(
γk + 0− s

β + 1
)M {f(x); s} ,

i.e. I
(γk),(0,...,0)

β,m f = f almost everythere in (0,∞). In particular, if f ∈ Cα,α∗ ⊂ Cα, then
(1.5.2) follows.

Nevertheless, a direct proof using the G-function property (A.13′) and leading to the
next more general statement (Corollary 1.5.2) seems to be useful from a propaedentic
point of view.

First, let us assume that 0 < δ1 < 1 and δ2 = · · · = δm = 0. Since in this case
ν∗m = δ1 − 1 > −1, ν∗m 6= 0,±1,±2, . . ., the asymptotic formula (1.1.14) yields that the

integrand in I
(γk),(δ1,0,...,0)
β,m f(x) is O

(
(1− σ)ν

∗
m

)
with ν∗m > −1 as σ → 1 and, therefore

integral (1.1.6) is still convergent.
Property (A.13′) gives for the kernel function:

G
m,0
m,m

[
σ

∣∣∣∣
γ1 + δ1, γ2, . . . , γm

γ1, . . . , γm

]
= G

1,0
1,1

[
σ

∣∣∣∣
γ1 + δ1

γ1

]
=

(1− σ)δ1−1σγ1

Γ (δ1)
,

i.e. I
(γk),(δ1,0,...,0)
β,m f(x) = I

γ1,δ1

β f(x).

If we assume additionally that δ1 = 0 and take into account (1.5.1), then the multiple
Erdélyi-Kober fractional integral (1.1.6) of multiorder (0, . . . , 0) turns into the identity
operator in Cα.

For a kernel-function with δ1 = δ2 = · · · = δs = 0, 1 ≤ s ≤ m − 1, property (A.13′)
takes the form

G
m,0
m,m

[
σ

∣∣∣∣
γ1, . . . , γs, γs+1 + δs+1, . . . , γm + δm

γ1, . . . , γs, γs+1, . . . , γm

]

= G
m−s,0
m−s,m−s

[
σ

∣∣∣∣
γs+1 + δs+1, . . . , γm + δm

γs+1, . . . , γm

]

and yields the following corollary.

Corollary 1.5.2. Let s (1 ≤ s ≤ m−1) of the components γk, k = 1, . . . ,m be zero and
the rest be positive, e.g.

0 = δ1 = . . . = δs < δs+1 ≤ . . . ≤ δm.
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Then, the operator I
(γk),(δk)

β,m reduces itself to an (m− s)-dimensional one:

I
(γk)

m
1

,(0,...,0,δs+1,...,δm)
β,m f(x) = I

(γk)
m
s+1

,(δk)
m
s+1

β,m−s f(x)

=

1∫

0

G
m−s,0
m−s,m−s

[
σ

∣∣∣∣
γs+1 + δs+1, . . . , γm + δm

γs+1, . . . , γm

]
f

(
xσ

1

β

)
dσ.

(1.5.3)

The following inversion formulas for the classical Riemann-Liouville and Erdélyi-
Kober operators of fractional integration hold:

(
Rδ

)−1
= R−δ,

(
I
γ,δ
β

)−1
= I

γ+δ,−δ
β , (1.5.4)

where the “integrations” R−δ, I
γ+δ,−δ
β of negative order δ′ = −δ < 0 are defined as

differintegral operators usually referred to as fractional derivatives.
In a similar way, let us formally put σk = −δk, k = 1, . . . , m, in the index law (1.3.11).

Using in addition Lemma 1.5.1 we obtain

I
(γk+δk),(−δk)
β,m I

(γk),(δk)

β,m = I
(γk),(0)

β,m = I.

From here the following formal inversion formula is suggested (it will be justified below):

{
I

(γk),(δk)

β,m

}−1
= I

(γk+δk),(−δk)

β,m (1.5.5)

as a generalization of the known result (1.5.4) for Erdélyi-Kober operators . It remains

to give a meaning to the symbol I
(γk+δk),(−δk)

β,m for negative components δ′k = −δk < 0,
k = 1, . . . , m, of the multiorder.

Before giving this extended definition, we offer some suggestive reasons for it. Let us
go back again to the classical example of the Riemann-Liouville integral of order δ > 0:

Rδf(x) =

x∫

0

(x− t)δ−1

Γ(δ)
f(t)dt =

x∫

0

Φδ(x, t)f(t)dt. (1.5.6)

For δ < 0 denote by η the smallest positive integer number so that δ + η > 0 (i.e.
η = [−δ]+1 if δ is non integer and η = −δ for integer δ < 0). Then, the Riemann-Liouville
operator is analytically extended to a differintegral operator, the so-called fractional
derivative of order δ′ = −δ > 0):

Dδ′f(x) = Rδf(x) =
(

d

dx

)η

Rδ+ηf(x) =
(

d

dx

)η
x∫

0

(x− t)δ+η−1

Γ(δ + η)
f(t)dt (1.5.7)
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with kernel-function (if
(

d
dx

)η
is formally put under the integral sign):

(
d

dx

)η

Φδ+η(x, t) =
(

d

dx

)η (x− t)δ+η−1

Γ(δ + η)
.

As (1.5.7) is an analytical continuation of (1.5.6), their kernel functions can be equated,
i.e. (

d

dx

)η

Φδ+η(x, t) = Φδ(x, t), (1.5.8)

due to the differential relation
(

d

dx

)η (x− t)δ+η−1

Γ(δ + η)
=

(x− t)δ−1

Γ(δ)
. (1.5.9)

Our operators I
(γk),(δk)

β,m , defined for δk > 0, k = 1, . . . , m, by means of the integral
(1.1.6′), have as a kernel the G-function

Φδ1,...,δm
(x, t) = G

m,0
m,m

[(
t

x

)β ∣∣∣∣
(γk + δk)m1
(γk)m1

]
. (1.5.10)

If we try to find an analytical continuation of I
(γk),(δk)

β,m for δk < 0, k = 1, . . . , m, then
it is quite natural to look for some differential relations satisfied by Φδ1,...,δm

(x, t) and
analogous to (1.5.8)-(1.5.9). Fortunately, such relations have been found by the author
in [202]. In the general case of a G

m,n
p,q -function there are formulated and proved in

Appendix, Lemma B.3. As a particular case, from Corollary B.6, (B.12) we obtain:

G
m,0
m,m

[(
t

x

)β ∣∣∣∣
(γi + δi)

m
1

(γi)
m
1

]
=




m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γk + δk + j − 1

)


×G
m,0
m,m

[(
t

x

)β ∣∣∣∣
(γi + δi + ηi)

m
1

(γi)
m
1

]
.

(1.5.11)

This differential relation can be written also in the form

D′
ηΦδ1+η1,...,δm+ηm

(x, t) = Φδ1,...,δm
(x, t), (1.5.12)

where D′
η denotes the differential operator

D′
η = D′

η1,...,ηm
=

m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γk + δk + j − 1

)
, (1.5.13)

a polynomial of the Euler differential operator δx = x d
dx of degree η = η1 + · · · + ηm.

Now we are ready to propose the following definition.
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Definition 1.5.3. Let us consider an arbitrary multiweight γ′ =
(
γ′1, . . . , γ′m

)
and a

multiorder of “integration” δ′ =
(
δ′1, . . . , δ′m

)
whose components δ′k are also arbitrary real

numbers. We introduce the integers

η′k =





[−δ′k
]
+ 1 for non integer δ′k < 0,

−δ′k for integer δ′k < 0,

0 for δ′k ≥ 0,

k = 1, . . . , m. (1.5.14)

Then, by the symbol I
(γ′k),(δ

′
k)

β,m we mean the following differintegral operator defined in

the space C
(η′1+···+η′m)
α′ by

I
(γ′k),(δ

′
k)

β,m = D′
η′I

(γ′k),(δ
′
k+η′k)

β,m , (1.5.15)

where the differential operator D′
η′ of order η′ =

(
η′1 + · · ·+ η′m

)
has the form

D′
η′ =

m∏

k=1

∆′
η′
k

=
m∏

k=1

η′k∏

j=1

(
1
β

x
d

dx
+ γ′k + δ′k + j

)
. (1.5.16)

It is evident that if some δ′k are non negative, then the corresponding η′k = 0 and
therefore, the factor ∆′

η′
k

in D′
η′ is lacking. When all the δ′k are positive, that is, all

the η′k are equal to zero, then D′
η′ being the empty product is interpreted as the identity

operator I I
(γ′k),(δ

′
k+η′k)

β,m = I
(γ′k),(δ

′
k)

β,m . Therefore, in this case the extended Definition 1.5.3
coincides with the initial Definition 1.1.1.

Now we are able to interpret the symbol I
(γk+δk),(−δk)
β,m from the “formal” inversion

formula (1.5.5). Let us put γ′k = γk + δk, δ′k = −δk, k = 1, . . . , m in (1.5.15). Thus we

obtain the following meaning of the symbol inverting the operator I
(γk),(δk)

β,m :

(
I

(γk),(δk)

β,m

)−1
= I

(γk+δk),(−δk)
β,m = D′

ηI
(γk+δk),(ηk−δk)
β,m . (1.5.17)

Usually, the differintegral operators inverting fractional integrals are called fractional
derivatives, or operators of fractional differentiation. Then, it is natural to give the
following definition.

Definition 1.5.4. Let γk, δk ≥ 0, k = 1, . . . , m, be arbitrary real numbers and

ηk =
{

[δk] + 1 for non integer δk,

δk for integer δk,
k = 1, . . . , m. (1.5.18)
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The differintegral operator

D
(γk),(δk)

β,m
def= DηI

(γk+δk),(ηk−δk)
β,m

=




m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γk + j

)
 I

(γk+δk),(ηk−δk)
β,m ,

(1.5.19)

defined for functions of C
(η1+···+ηm)
α , is said to be a generalized (m-tuple) Erdélyi-Kober

fractional derivative . More generally, the generalized operators of fractional differentia-
tion, corresponding to the generalized fractional integrals R = xβδ0I

(γk),(δk)

β,m , δ0 ≥ 0, are
defined as

Df(x) = x−βδ0D
(γk−δ0),(δk)
β,m f(x) = D

(γk),(δk)

β,m x−βδ0f(x), δ0 ≥ 0. (1.5.20)

This definition is justified by:

Theorem 1.5.5. Let δk ≥ 0, k = 1, . . . , m. The generalized fractional integral I
(γk),(δk)

β,m

is a linear right inverse operator of the generalized fractional derivative D
(γk),(δk)

β,m , that
is:

D
(γk),(δk)

β,m I
(γk),(δk)

β,m f(x) = f(x) for every f ∈ Cα, α ≥ max
k

[−β (γk + 1)] . (1.5.21)

In terms of notations (1.1.7) and (1.5.20) this means that

DRf(x) = D
(γk),(δk)

β,m x−βδ0xβδ0I
(γk),(δk)

β,m f(x) = f(x), (1.5.21′)

i.e. DR = I.
Proof. For a direct and simple proof, using the differential relation (1.5.11), even in

a more general case of operators, see the proof of Theorem 5.1.9. Here we illustrate the
use of decomposition Theorem 1.2.10. For brevity, denote by

∆ηk =
ηk∏

j=1

∆ηk,j =
ηk∏

j=1

(
1
β

x
d

dx
+ γk + j

)

the multipliers in the differential operator Dη =
m∏

k=1

∆ηk , being a polynomial of the Euler

differential operator δx = x d
dx of order η = (η1 + · · ·+ ηm) with zeros µk,j = −β (γk + j),

k = 1, . . . , m, j = 1, . . . , ηk.
i) First consider the case when all the δk = ηk, k = 1, . . . , m are integers. Then,
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by Definition 1.5.4 and Lemma 1.5.1 it follows that

D
(γk),(δk)

β,m = DηI
(γk+ηk),(0)

β,m = Dη =
m∏

k=1

∆ηk

=
m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γk + j

)
=




m∏

k=1

ηk∏

j=1

(
z

d

dz
+ γk + j

)


z→xβ

.

(1.5.22)

Since

∆ηk,j =
(

z
d

dz
+ νk,j

)
= z−νk,j+1 d

dz
zνk,j ,

substituting νk,j = γk + j, z = xβ we receive

∆ηk =
ηk∏

j=1

(
z−γk−j+1 d

dz
zγk+j

)
= z−γk

(
d

dz

)ηk

zγk+ηk . (1.5.23)

On the other hand, I
(γk),(δk)

β,m is a composition of the Erdélyi-Kober operators

(
I
γk,δk
β

)
x

=
(
I
γk,δk
1

)
z

= z−(γk+δk)Rδkzγk , k = 1, . . . , m,

namely:

I
(γk),(δk)

β,m =
m∏

k=1

I
γk,δk
β , in this case with δk = ηk, k = 1, . . . , m. (1.5.24)

Since

∆ηkI
γk,ηk
1 =

(
z−γk

(
d

dz

)ηk

zγk+ηk

) (
z−(γk+εk)Rεkzγk

)
= z−γk

(
d

dz

)ηk

Rηkzγk = I,

for k = 1, . . . , m, combining (1.5.22), (1.5.24) we obtain identity (1.5.21):
[
D

(γk),(δk)

β,m I
(γk),(δk)

β,m

]
z=xβ

=
(
∆η1

. . . ∆ηm

) (
I
γm,ηm
1 . . . I

γ1,η1

1

)
= · · · = ∆η1

I
γ1,η1

1 = I.

ii) It remains to consider the case when some or all the δk are non integers. By

definition, D
(γk),(δk)

β,m = DηI
(γk+δk),(ηk−δk)
β,m . By the law of indices (1.3.11):

I
(γk+δk),(ηk−δk)
β,m I

(γk),(δk)

β,m = I
(γk),(ηk)

β,m

is an operator of integration of integer multiorder η = (η1, . . . , ηm) and we obtain that

D
(γk),(δk)

β,m I
(γk),(δk)

β,m = DηI
(γk),(ηk)

β,m = I

by virtue of i). The proof of the theorem is over.
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This theorem shows that the generalized fractional integrals and derivatives act by
the scheme:

Cα
I−→

(
C

(η1+···+ηm)
α ⊂ Cα

)
D−→ Cα. (1.5.25)

It also gives the meaning of the formal inversion (1.5.5), realized by means of the
generalized fractional derivatives, namely:
Inversion formula for the generalized fractional integrals I

(γk),(δk)

β,m , δk ≥ 0, k =
1, . . . , m:

(
I

(γk),(δk)

β,m

)−1
= D

(γk),(δk)

β,m g(x) = I
(γk+δk),(−δk)
β,m g(x)

=




m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γk + j − 1

)


1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + ηk)m1
(γk + δk)m1

]
g

(
xσ

1

β

)
dσ,

(1.5.26)

defined in the functional space C
(η1+···+ηm)
α .

Corollary 1.5.6. For g ∈ C
(η1+···+ηm)
α the integral equation

I
(γk),(δk)

β,m f(x) = g(x) (1.5.27)

has the solution f =
(
I

(γk),(δk)

β,m

)−1
g ∈ Cα, defined by (1.5.26).

Special cases of inversion formula (1.5.26) are:

Corollary 1.5.7. (for Erdélyi-Kober operators, cf. formula (1.5.4)):
(
I
γ,δ
β

)−1
= I

γ+δ,−δ
β

(Sneddon, [453, p. 50], [454, p. 40], [455]; Kalla [164], McBride [289, (2.18)], etc.)

Corollary 1.5.8. (for m = 2, Saigo’s operators (1.1.l)):
(
Iα,β,η

)−1
= I−α,−β,α+η

(cf. Saigo [415], [420], [421]).
In both these cases, the symbols I

γ+δ,−δ
β , I−α,−β,α+η are interpreted by means of

differintegral expressions, being special cases of (1.5.15)-(1.5.16), (1.5.19). However, we
point out that such differintegral inversion formulas have not been considered as new
objects, namely, as generalized fractional derivatives. This interpretation, for special
cases, will be done in the next section.

1.6. Properties and examples of generalized (multiple) Erdélyi-Kober deriva-
tives.

Most of the properties of the generalized fractional integrals I
(γk),(δk)

β,m have their counter-

parts for the generalized derivatives D
(γk),(δk)

β,m , defined by (1.5.19).
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Lemma 1.6.1. The multi-Erdélyi-Kober derivatives (1.5.19)

D
(γk),(δk)

β,m : C
(η1+···+ηm)
α → Cα (1.6.1)

preserve the power functions of Cα (they are simultaneosly of the subspace C
(η1+···+ηm)
α ):

D
(γk),(δk)

β,m {xp} = xp
m∏

k=1

Γ
(
γk + δk + p

β + 1
)

Γ
(
γk + p

β + 1
) , p > α. (1.6.2)

Proof. Formally, this follows from (1.5.21), (1.2.1). The regular proof exploits defi-
nition (1.5.19), (1.2.1):

D
(γk),(δk)

β,m {xp} = DηI
(γk+δk),(ηk−δk)
β,m {xp}

=
m∏

k=1

Γ
(
γk + δk + p

β + 1
)

Γ
(
γk + δk + ηk − δk + p

β + 1
)Dη {xp} .

The differential formula ([272, I, p. 24, (3)]):
[

n∏

i=1

(
z

d

dz
+ ai

)] {
zλ

}
= zλ

n∏

i=1

(λ + ai)

yields (with z = xβ):

Dη {xp} = Dη

{
z

p
β

}
=




m∏

k=1

ηk∏

j=1

(
z

d

dz
+ γk + j

)


{
z

p
β

}

= z
p
β




m∏

k=1

ηk∏

j=1

(
p

β
+ γk + j

)
 = xp

m∏

k=1




ηk∏

j=1

(
γk +

p

β
+ j

)
 .

Since
ηk∏

j=1

(
γk +

p

β
+ j

)
=

m∏

k=1

Γ
(
γk + ηk + p

β + 1
)

Γ
(
γk + p

β + 1
) ,

we obtain

D {xp} = xp
m∏

k=1


Γ

(
γk + δk + p

β + 1
)

Γ
(
γk + ηk + p

β + 1
) .

Γ
(
γk + ηk + p

β + 1
)

Γ
(
γk + p

β + 1
)


 .

Lemma 1.6.2. The shift property for the generalized fractional derivatives in C
(η1+...ηm)
α−βλ
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has the form

D
(γk),(δk)

β,m xβλf(x) = xβλD
(γk+λ),(δk)
β,m f(x). (1.6.3)

Proof. For integers δk = ηk ≥ 0, k = 1, . . . , m, property (1.6.3) in C
(η1+...ηm)
α−βλ follows

from the identity
(

1
β

x
d

dx
+ γk + j

)
xβλf(x) = xβλ

(
1
β

x
d

dx
+ (γk + λ) + j

)
f(x),

i.e. denoting

D
(γk),(δk)

β,m := D
(γ)
η ; D

(γk+λ),(ηk)
β,m = D

(γ+λ)
η ,

we obtain
D

(γ)
η xβλf(x) = xβλD

(γ+λ)
η f(x). (1.6.4)

Then, for arbitrary δk > 0, k = 1, . . . , m, we use (1.6.4) and the shift property (1.3.3)
for the multi-Erdélyi-Kober integrals, namely:

D
(γk),(δk)

β,m xβλf(x) = D
(γ)
η I

(γk+δk),(ηk−δk)
β,m xβλf(x) = D

(γ)
η xβλI

(γk+δk+λ),(ηk−δk)
β,m f(x)

= xβλD
(γ+λ)
η I

(γk+λ+δk),(ηk−δk)
β,m f(x) = xβλD

(γk+λ),(δk)
β,m f(x).

An analogue of Lemma 1.3.3 is the following lemma.

Lemma 1.6.3.

D
(γk),(δk)

β,m f(x) =
[
D

(γk),(δk)
1,m f

(
x

1

β

)]

x→xβ
. (1.6.5)

Examples of generalized fractional derivatives of the form (1.5.19), (1.5.20) are all the
differintegral operators whose linear right-inverse operators are the generalized fractional
integrals listed in Section 1.1.iii. Some authors, whose names are associated with the
examples there, introduce as their starting point the generalized differential operators
and use them exclusively (e.g. Iliev [146], [147], Gelfond and Leontiev [120], Ruscheweyh
[412], Dimovski [64]-[69], McBride [289], etc.).

Other authors consider operators of fractional and generalized integration only, invert-
ing them by formal (divergent) or contour integrals (Kalla [156]-[164], Parashar [355]).
In other series of papers, along with the generalized integrals, differintegral (differential,
integro-differential) operators are introduced naturally as their inverse operators but are
not considered as separate objects with their own meaning like generalized derivatives.
Often, these differintegrals are seen just as analytical continuations of the generalized
fractional integrals for negative (multi)orders of integration (McBride [289], [291], Saigo
[415]-[421], etc.).

Our aim is to consider the operators of generalized fractional integration and dif-
ferentiation simultaneously and in parallel, as a united object: generalized fractional
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differintegrals. Sometimes we study and use mainly the “integrals”, otherwise we prefer
dealing with the “derivatives” (being differential or integro-differential operators) and
this depends on the multiorder of integration (differentiation), particular conditions and
purposes.

First, let us consider the form of the generalized fractional derivatives (1.5.19), (1.5.20)
when m = 1. As special cases (some of them listed below) many differential (differinte-
gral) operators, introduced by various authors can be obtained.

Due to Lemma 1.6.3,

D
γ,δ
β,1f(x) =

[
D

γ,δ
1,1 f

(
x

1

β

)]
x→xβ

and so, without loss of generality one can consider the 1-tuple Erdélyi-Kober fractional
derivative

D
γ,δ
1 f(x) := D

γ,δ
1,1 f(x).

By Definition 1.5.4,
D

γ,δ
1 = DηI

γ+δ,η−δ
1 . (1.6.6)

Since (see the proof of Theorem 1.5.5)

Dη = ∆η = x−γ
(

d

dx

)η

xγ+η, I
γ+δ,η−δ
1 = x−(γ+η)Rη−δxγ+δ,

taking into account that (see e.g. [101], [404])
(

d

dx

)η

Rη−δ =
(

d

dx

)δ

for η > η − δ ≥ 0, δ > 0,

we obtain the following formal representation of (1.6.6):

D
γ,δ
1 f(x) =

[
x−γ

(
d

dx

)δ

xγ+δ

]
f(x). (1.6.7′)

For the general case with β > 0:

D
γ,δ
β f(x) := D

γ,δ
β,1f(x) =

[
x−γ

(
d

dx

)δ

xγ+δf
(
x

1

β

)]

x→xβ

. (1.6.7)

One should have in mind however, that behind the Riemann-Liouville fractional

derivative Dδ =
(

d
dx

)δ
, δ > 0, a differintegral expression is hidden.

This operator (1.6.7) has an important role and applications in our considerations
and in fractional calculus generally, but until now it has not been referred to by a special
name. Its linear right inverse operator is the Erdélyi-Kober fractional integral I

γ,δ
β

(1.1.17), symbolically written as:

I
γ,δ
β f(x) =

[
x−(γ+δ)rδxγf

(
x

1

β

)]
x→xβ

. (1.6.8)
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That is why, we introduce the following definition.

Definition 1.6.4. By Erdélyi-Kober fractional derivatives (1-tuple operators of frac-
tional differentiation) we mean the differintegral operators

D
γ,δ
β f(x) = DηI

γ+δ,η−δ
β f(x) =




η∏

j=1

(
1
β

x
d

dx
+ γ + j

)
 I

γ+δ,η−δ
β f(x), (1.6.9)

defined in spaces

C
(η)
α with α ≥ −β(γ + 1) and η =

{
δ, if δ is integer,
[δ] + 1 if δ is non integer,

(1.6.10)

and having the symbolical form (1.6.7).
In particular, for β = 1 operators (1.6.6), (1.6.7′) have the explicit form

D
γ,δ
β f(x) =




η∏

j=1

(
x

d

dx
+ γ + j

)


1∫

0

(1− σ)η−δ−1σγ+δ

Γ (η − δ)
f(xσ)dσ. (1.6.11)

Now, we give a list of several examples of Erdélyi-Kober fractional derivatives.
i) m = 1.
a) the classical Riemann-Liouville fractional derivatives, including the m-fold

differentiation:

Dδ =
(

d

dx

)δ

= x−δD
−δ,δ
1 = D

0,δ
1 x−δ, δ > 0

Dm =
(

d

dx

)m

, m = δ ≥ 1 integer; (1.6.a)

b) Hardy-Littlewood differentiation (cf. (1.1.c))

Dm,n = x−n d

dx
xm = D

n,1
1 xm−n−1, n > m− 1, (1.6.b)

where n and m are integers;
c) Gelfond-Leontiev generalized differentiations with respect to Mittag-Leffler

functions Eρ(x; µ) ([120], cf. (1.1.h-h′)), defined for power series:

Dρ

{ ∞∑

k=0

akxk

}
=

∞∑

k=1

ak

Γ
(

k
ρ + 1

)

Γ
(

k−1
ρ + 1

)xk−1, p > 0, (1.6.c)

and analytically extended by the differintegral expressions

Dρf(x) =
1
ρ

(
x

d

dx
+ ρ

)
x−1

1∫

0

(1− σ)
1
ρ

Γ
(
1− 1

ρ

)f
(
xσ

1
ρ

)
dσ − x−1

Γ
(
1− 1

ρ

)f(0), ρ > 1,
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or
Dρf(x) =

d

dx
f(x), if ρ = 1, (1.6.c′)

in the space of functions analytic in a starlike domain. Section 2.2 is devoted to operators
(1.6.c-c′) and the more general operators Dρ,µ (the so-called Džrbashjan-Gelfond-Leontiev
operators) and their inverse integral operators lρ,µ. It is seen that

Dρ = Dρ,1 = x−1D
− 1

ρ , 1
ρ

ρ ; Dρ,µ = x−1D
µ− 1

ρ−1, 1
ρ

ρ .

d) The so-called Rusheweyh derivatives:

Dαf(x) =
{

x

(1− x)1+α

}
◦ f(x), α ≥ 0 (1.6.d)

are defined by means of the Hadamard product (◦) of power series:
( ∞∑

n=0

anxn

)
◦

( ∞∑
n=0

bnxn

)
=

∞∑
n=0

anbnxn.

However, Dα can be represented also as an Erdélyi-Kober fractional derivative of order
α, namely,

Dαf(x) =
1

Γ(α + 1)
x

(
d

dx

)α

xα−1f(x) =
1

Γ(α + 1)
D
−1,α
1 f(x). (1.6.d′)

More details about the Rusheweyh derivatives, their multiple analogues and other (mul-
tiple) Erdélyi-Kober fractional derivatives used in the theory of univalent functions can
be found in Section 5.4.

ii) m = 2. By Definition 1.5.4, the 2-tuple Erdélyi-Kober fractional deriva-

tives D
(γk),(δk)
β,2 have the form

D
(γ1,γ2),(δ1,δ2)
β,2 = ∆η1

∆η2
I
(γk+δk),(ηk−δk)
β,2

=




η1∏

i=1

(
1
β

x
d

dx
+ γ1 + i

) η2∏

j=1

(
1
β

x
d

dx
+ γ2 + j

)
 I

γ1+δ1,η1−δ1

β I
γ2+δ2,η2−δ2

β ,

(1.6.12)
but as we show in Chapters 3 and 5 (even for arbitrary m ≥ 2), they can be put in the
symbolical form

D
(γ1,γ2),(δ1,δ2)
β,2 = xα0

(
d

dx

)δ1

xα1

(
d

dx

)δ2

xα2, (1.6.13)

δ1 > 0, δ2 > 0; α0, α1, α2 are determined by β, γ1, γ2.
Such differential operators are related to the differential equations satisfied by the

Gauss, Bessel and Wright functions and the polynomials of mathematical physics.

61



Examples:

e) The 2-tuple (“2-dimensional”) fractional differentiations (α > 0, β > 0):

dα,β =
(

d

dx

)α

xα
(

d

dx

)β

xβ = D
(0,0),(α,β)
1,2 , (1.6.e)

extensions of the “two-dimensional Riemann-Liouville and Weyl fractional integrals”
(1.1.j-j′) (see Raina [387], Raina and Kiryakova [390]).

f) Special cases of operators (1.6.13), when δ1 = δ2 = 1, are the Bessel type
differential operators of second order:

B = xα0
d

dx
xα1

d

dx
xα2 = D

(γ1,γ2),(1,1)

β,2

x−β

β2
=

xβ

β2
D

(γ1−1,γ2−1),(1,1)

β,2 , (1.6.f)

where β = 2 − (α0 + α1 + α2) > 0, γ = α1+α2−1
β , γ2 = α2

β . The best-known examples of
(1.6.f) are the Bessel operators

Bν =
d2

dx2
− 1

x

d

dx
+

ν2

x2
, B̂ν =

d2

dx2
− ν

x

d

dx
, (1.6.f′)

related to the Bessel functions Jν(x). One can see e.g. McBride [289], Sprinkhnizen-
Kuiper [457], and also Chapter 3 (for m := 2).

g) Saigo [415]-[421] extends his operators of fractional integration Iα,β,η, Jα,β,η

(1.1.l-l′) to the case of negative order α′ = −α < 0 by means of differintegral operators,
e.g.

Iα′,β′,η′ :=
(

d

dx

)n

Iα′+n,β′−n,η′−n,

where n is the smallest integer such that 0 < α′+n ≤ 1. Then, in our sense his inversion
formula is realized by means of the 2-tuple Erdélyi-Kober fractional derivative:

(
Iα,β,η

)−1
= I−α,−β,α+η =

(
d

dx

)n

In−α,n−β,α+η−n (1.6.g′)

= xβD
(η,β),(−η,α+η)
1,2 = xβD

β,α+η
1 D

η1−η
1 =

(
d

dx

)α+η

xα+β
(

d

dx

)−η

.

We denote this differintegral operator by

Dα,β,η :=
(

d

dx

)α+η

xα+β
(

d

dx

)−η

=
(
Iα,β,η

)−1
(1.6.g)

and call it, naturally, Saigo’s fractional derivative.
h) It is of special interest to consider a differential operator, related to Wright’s

functions (D.2), (E.36) (also called Bessel-Maitland functions, see Sections D and E
of Appendix and Wright [511]-[512], Stankovic [484]-[485], Gajic and Stankovic [117],
Marichev [276]):

J
(µ)
ν (x) =

∞∑

k=0

(−x)k

k!Γ (1 + ν + µk)
.
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When µ = p
q is rational, Pathak [360, p. 50] shows that J

(µ)
ν (x) satisfies a differential

equation of order (p + q) (see also [511, p. 74], [485, p. 120]):

D
(µ)
ν J

(µ)
ν (x) =

(−1)q

µ
J

(µ)
ν (x),

where D
(µ)
ν can be put in the form of 2-tuple Erdélyi-Kober derivatives (1.6.13) of integer

multiorder (p, q):

D
(µ)
ν = x

1−ν+1
µ

(
d

dx

)p

x
ν
µ+q

(
d

dx

)q

= x
1−p− 1

µ D

(
ν
µ−p,−q

)
,(p,q)

1,2 . (1.6.h)

A similar differential operator, introduced by Krätzel [239] leads to an open problem
considered in Section 5.4, see (5.4.3).

iii) for arbitrary m ≥ 2 we establish the analogue of decomposition Theorem
1.2.10, namely:

Lemma 1.6.5. The generalized operators of fractional differentiation (m-tuple Erdélyi-
Kober fractional derivatives) D

(γk),(δk)

β,m of the form (1.5.19) can be represented by com-

positions of m commuting Erdélyi-Kober fractional derivatives D
(γk),(δk)

β,m (1.6.9), (1.6.7),
namely:

D
(γk),(δk)

β,m = D
γ1,δ1

β D
γ2,δ2

β . . . D
γm,δm
β , (1.6.14)

and therefore, they have the symbolical form:

D
(γk),(δk)

β,m =

[
xα0

(
d

dx

)δ1

xα1

(
d

dx

)δ2

. . .

(
d

dx

)δm

xαmf
(
x

1

β

)]

x→xβ

(1.6.15)

with δ1 > 0, . . . , δm > 0 and real γ1, . . . , γm, respectively α1, . . . , αm.
Proof. In view of Lemma 1.6.3 we can consider the simple case β = 1. For functions

f(x) = xp, the Erdélyi-Kober derivatives (1.6.9) have values

D
γ,δ
1 {xp} = xpΓ (γ + δ + p + 1)

Γ (γ + p + 1)
, p > − (γ + 1) .

Then, operators D
γk,δk
1 , k = 1, . . . , m, applied subsequently to xp give:

D′ {xp} = D
γ1,δ1

1 . . . D
γm,δm
1 {xp} = xp

m∏

k=1

Γ (γk + δk + p + 1)
Γ (γk + p + 1)

,

the same as given by Lemma 1.6.1, (1.6.2) for D
(γk),(δk)
1,m {xp}.

As like in the proof of Lemma 1.2.9, on each finite interval [0, x], x > 0, one can

approximate uniformly a function f(x) ∈ C
(η1+···+ηm)
α i.e. f(x) = xpf̃(x); p > α; f̃ ∈
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C
(η1+···+ηm)
α [0,∞) by means of the sequence of functions

fn(x) =
n∑

k=0

an,kxp+k, p > α,

for which operators D′ and D
(γk),(δk)

β,m coincide. By letting X →∞ and n →∞ we obtain

that operators D′ =
m∏

k=1

D
γk,δk
1 and D

(γk),(δk)
1,m coincide for each f ∈ C

(η1+···+ηm)
α , α ≥

max
k

[− (γk + 1)], where ηk, k = 1, . . . , m, are the smallest integers greater than δk, k =

1, . . . , m. For arbitrary β > 0, Lemma 1.6.5 holds in C
(η1+···+ηm)
α , α ≥ max

k
[−β (γk + 1)].

From (1.6.7) we have also

D
(γk),(δk)
1,m =

[
x−γ1

(
d

dx

)δ1

xγ1+δ1

][
x−γ2

(
d

dx

)δ2

xγ2+δ2

]
. . .

[
x−γm

(
d

dx

)δm

xγm+δm

]

and putting

α0 = −γ1; αk = γk + δk − γk+1, k = 1, . . . , m− 1; αm = γm + δm, (1.6.16)

we find the following general (but formal) representation of the multiple fractional deriva-
tives of order δ = δ1 + · · ·+ δm > 0:

D
(γk),(δk)
1,m = xα0

(
d

dx

)δ1

xα1

(
d

dx

)δ2

. . . xαm−1

(
d

dx

)δm

xαm. (1.6.17)

The most typical operators of this form are the hyper-Bessel differential operators
(δ1 = · · · = δm = 1) considered in Chapter 3.

— || —

The main results of Chapter 1 have been published in: Kiryakova [194], [196], [201]-[202],
[208] and Dimovski and Kiryakova [79].
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2 Recent aspects of classical
Erdelyi-Kober operators

In a series of papers [104], [109], [220] Erdélyi and Kober investigated the properties of
the fractional integrals

x−η−α+1

Γ(α)

x∫

0

(x− t)α−1tη−1f(t)dt,
xη

Γ(α)

∞∫

x

(t− x)α−1t−α−ηf(t)dt,

(α > 0, η > 0) which are obvious generalizations of the Riemann-Liouville and Weyl
fractional integrals (1.1.b), (1.1.b∗). Sneddon [452], [454]-[455] considered the following
modifications of the Erdélyi-Kober operators:

Iη,αf(x) = 2x−2α−2η

Γ(α)

x∫
0

(x2 − t2)α−1 t2η+1f(t)dt

Kη,αf(x) = 2x2η

Γ(α)

∞∫
x

(t2 − x2)α−1 t−2α−2η+1f(t)dt

, α > 0, η ≥ −1
2

and illustrated their various applications in applied mathematics, in particular, in solving
mixed boundary value problems of potential theory, solutions of dual and triple integral
equations, problems of GASPT and diffraction theory, in electrostatics and elastostatics,
etc. Sneddon revealed also the close relationship of these operators with the modified
operators Sη,α of the Hankel transforms, their Mellin transforms, and further general-
izations involving the Bessel functions (studied also by Lowndes [268]-[269]). As shown
in Rooney [399]-[400], Kalla [161], [164], McBride [289], etc, the same considerations are
easily transferred to a more general case with an additional parameter β > 0 (one should
put β = 1 , β = 2 to obtain the above operators). In our notation, these are operators
(1.1.17), (1.1.17∗):

I
γ,δ
β f(x) =

1∫

0

(1− σ)δ−1σγ

Γ(δ)
f(xσ

1

β ) dσ

= x−β(γ+δ)

x∫

0

(xβ − τβ)δ−1

Γ(δ)
τβγf(τ) d(τβ) = I

γ,δ
β,1
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and

K
γ,δ
β f(x) =

∞∫

1

(σ − 1)δ−1σ−(γ+δ)

Γ(δ)
f(xσ

1

β ) dσ

= xβγ

∞∫

x

(τβ − xβ)δ−1

Γ(δ)
τ−β(γ+δ)f(τ) d(τβ) = W

γ,δ
β,1 f(x),

referred to simply in this work as Erdélyi-Kober fractional integration operators (inte-
grals). Since an overall exposition of their basic properties and applications has been
given in the above-cited literature (as well as in other works from the References), in
this chapter we are aiming only to add some more recent aspects and results on the
Erdélyi-Kober operators which are closely related to the ideas of the generalized frac-
tional calculus developed here.

2.1. Convolutions of the Erdélyi-Kober fractional integration operators

The notion of convolution is important in many problems of analysis and its applications.
The best known examples of convolutions: are the convolution of the Fourier transform

(f#g) (x) =

∞∫

−∞
f(x− t)g(t)dt

and the Duhamel convolution (corresponding to the Laplace transform)

(f ∗ g)(x) =

x∫

0

f(x− t)g(t)dt. (2.1.1)

The latter operation has been used by Mikusinski [306] as a basis for his direct algebraic
approach to the Heaviside operational calculus.

The more general notion of convolution of a linear operator mapping a linear space
into itself, introduced by Dimovski in 1966 (see e.g. [64], [69]-[73]), is conceived as a
“multiplication” in this space such that the space becomes a commutative and associative
algebra. By means of this generalized concept for a convolution, it is possible to find non
trivial analytical results using simple algebraic considerations only.

Definition 2.1.1. (Dimovski [64], [70], [73]) Let X be a linear space and let L : X −→ X
be a linear operator . A bilinear, commutative and associative operation ∗ : X×X −→ X
is said to be a convolution of the linear operator L in X if the relation

L(f ∗ g) = (Lf) ∗ g (2.1.2)

is fulfilled for all f , g ∈ X .
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In the sense of this definition the Duhamel convolution (2.1.1) is a convolution of the
Volterra integration operator

lf(x) =

x∫

0

f(t)dt (2.1.3)

in the space X = C ([0,∞)), of the continuous functions in [0,∞), into itself. Definition
2.1.1 is the basis of Dimovski’s convolutional calculus (see [73]). This definition can
be considered also as an inversion of the definition of a multiplier of a commutative
and associative algebra, the basis of Larsen’s general theory of multipliers. One of the
applications of such convolutions is in developing operational calculi for the operators L.
In [70] and [73] a general scheme of such operational calculi is proposed together with
its particular realizations for the most commonly used and sufficiently general cases of
operators. Convolutions are found for the linear right inverse operators of the general non
singular differential operators of first and second order, singular differential operators of
second order related to Bessel, Legendre and Laguerre functions, and singular differential
operators of Bessel type of arbitrary order m ≥ 1 etc.

Here we propose a family of convolutions of the Erdélyi-Kober fractional integration
operators of the form

Lf(x) = L(δ)f(x) = xβδI
γ,δ
β f(x)

=





xβδ
1∫
0

(1−σ)δ−1

Γ(δ)
σγf

(
xσ

1

β

)
dσ, δ > 0

f(x), δ = 0,

(2.1.4)

acting from the space Cα, α ≥ −β(γ + 1) into itself, namely, L(δ) : Cα −→ Cα+βδ ⊂ Cα.
The following proposition is inspired by a series of papers of Dimovski (e.g. [64], [68]-[69])
containing a family of convolutions of the hyper-Bessel operators of order m ≥ 1.

Theorem 2.1.2. (Kiryakova [206]) Denote by (◦) the auxiliary operation

(f ◦ g)(x) = xβ

1∫

0

f
[
x(1− σ)

1

β

]
g

(
xσ

1

β

)
[σ(1− σ)]γ dσ (2.1.5)

and by Tλ the Erdélyi-Kober fractional integration operators

Tλ = xβλI
2γ,λ−γ
β with arbitrary real λ ≥ γ. (2.1.6)

For arbitrary real γ, δ ≥ 0, β > 0 the operations

f
λ∗ g = Tλ(f ◦ g), λ ≥ γ (2.1.7)
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are convolutions without divisors of zero of every Erdélyi-Kober operator (2.1.4) of frac-
tional integration of order δ ≥ 0, i.e. of the operator

L(δ) = xβδI
γ,δ
β in the space Cα, α ≥ −β(γ + 1).

Proof. For λ > γ the linear operator Tλ has the explicit integral representation

Tλh(x) = xβλ

1∫

0

(1− σ)λ−γ−1

Γ(λ− γ)
σ2γh

(
xσ

1

β

)
dσ. (2.1.6′)

For λ = γ, since I
2γ,0
β = I is the identity operator, Tλ reduces to a multiplication by xβλ.

The case λ < γ is possible too but the functional space should be suitably confined and
Tλ should be considered as a fractional derivative of Erdélyi-Kober type.

The commutability and bilinearity of (◦) and hence, of the operations
(

λ∗
)

are evident.
It remains to check if the other two properties in Definition 2.1.1 are also fulfilled. First,
we consider functions in Cα of the form

f(x) = xp, g(x) = xq, h(x) = xr with p, q, r > α. (2.1.8)

After routine calculations one can find

xp ◦ xq = x(p+q)+β
Γ

(
γ + p

β + 1
)

Γ
(
γ + q

β + 1
)

Γ
(
γ + p+q

β + 2
)

and

Tλ (xr) = xr+βλ
Γ

(
2γ + r

β + 1
)

Γ
(
γ + λ + r

β + 2
)

(see Lemma 1.2.1, (1.2.1)), whence

xp λ∗ xq = xβ(γ+1)+(p+q)
Γ

(
γ + p

β + 1
)

Γ
(
γ + q

β + 1
)

Γ
(
γ + λ + p+q

β + 1
) . (2.1.9)

So,

Cα × Cα
◦−→ C2α+β

Tλ−→ C(2α+β)+βλ,

or: (
λ∗
)

: Cα × Cα −→ C2α+β(λ+1) ⊂ Cα.

68



Further we obtain that the expression

(
xp λ∗ xq

)
λ∗ xr = x2β(λ+1)+(p+q+r)

Γ
(
γ + p

β + 1
)

Γ
(
γ + q

β + 1
)

Γ
(
γ + r

β + 1
)

Γ
(
γ + p+q+r

β + 2λ + 3
)

is symmetric with respect to xp, xq and xr and this fact yields the associativity of
(

λ∗
)

for functions of the form (2.1.8). To prove that

(
f

λ∗ g
)

λ∗ h = f
λ∗

(
g

λ∗ h
)

holds for arbitrary f, g, h ∈ Cα, i.e. for functions

f(x) = xpf̃(x), g(h) = xqg̃(x), h(x) = xrh̃(x) with p, q, r > α,

one can approximate the continuous functions f̃ , g̃, h̃ ∈ C[0,∞) on every finite interval
[0, X], X > 0, by means of sequences of polynomials, respectively:

Pm(x) =
m∑

k=0

am,kxk, Qn(x) =
n∑

l=0

bn,lx
l, Rs(x) =

s∑

i=0

cs,ix
i,

according to the Weierstrass theorem. Then, f, g, h ∈ Cα are approximated by the
sequences of functions

fm(x) = xpPm(x), gn = xqQn(x), hs(x) = xrRs(x).

Using the bilinearity of operation
(

λ∗
)

and its associativity for power functions, it is
easily seen that (

fm
λ∗ gn

)
λ∗ hs = fm

λ∗
(
gn

λ∗ hs

)
.

By letting m,n, s −→ ∞ and then, X −→ ∞, from this equality we obtain the associa-
tivity of

(
λ∗
)
.

The propositions that Tλh(x) = 0 yields h ≡ 0 and that (f ◦ g)(x) = 0 iff f ≡ 0 or
g ≡ 0, are corollaries of a known theorem of Mikusinski and Ryll-Nardzewski (see the
proof of Theorem 1.2.3). This proves the absence of divisors of zero of the operations(

λ∗
)

and thus, Theorem 2.1.2.

Remark 1. Let us note that the operations
(

λ∗
)

defined by (2.1.7) do not depend on the
fractional power of integration δ ≥ 0. Actually, they are convolutions of the basic ope-
rator L(1) = xβI

γ,1
β of generalized integration of order δ = 1, and therefore of each of its

fractional powers: L = L(δ) =
(
L(1)

)δ, since
(
xβI

γ,1
β

)δ
= xβδI

γ,δ
β .
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Remark 2. If we look for a convolution of L(1), L(δ) having the constant function {1} as
unit element: (

1 λ∗ f
)

(x) = f(x), f ∈ Cα, (2.1.10)

then we have to choose λ = −1 in (2.1.6), (2.1.7). Normalizing by means of a suitable
constant multiplier, we get then the convolution

(f ∗̃g)(x) =
1

Γ(γ + 1)

(
f
−1∗ g

)
(x) (2.1.11)

=
x−β

Γ(γ + 1)
I

2γ,−1−γ
β


xβ

1∫

0

f
[
x (1− τ)

1

β

]
g

(
xτ

1

β

)
dτ


 , γ 6= −1,−2, . . . ,

satisfying conditions (2.1.10).

Some applications of Theorem 2.1.2 are given in Sections 2.2 and 2.3.

Corollary 2.1.3. For γ = 0, β = 1 the operators Tλ (2.1.6) have the form

Tλ = xλI
0,λ
1 = Rλ, λ ≥ 0

of Riemann-Liouville operators (1.1.b). Thus we obtain the operations

(
f

λ∗ g
)

(x) = Rλ



x

1∫

0

f [x(1− τ)] g(xτ)dτ





= Rλ





x∫

0

f(x− t)g(t)dt



 , λ ≥ 0

(2.1.12)

as a one-parameter family of convolutions of Volterra integration operator (2.1.3) l = R1

and of each fractional power: lδ = Rδ, δ > 0. In particular, for λ = 0 the Duhamel

convolution (2.1.1) is obtained (R0 = I):

(
f
◦∗ g

)
(x) = (f ∗ g) (x) =

x∫

0

f(x− t)g(t)dt.

For g(x) = {1} the above equality gives the well-known Duhamel convolutional represen-
tation of the Volterra integration operator:

lf(x) =

x∫

0

f(t)dt =
(
{1} ◦∗ f

)
(x) = ({1} ∗ f) (x). (2.1.13)

70



On the other hand, the unique convolution of the form (2.1.12), for which condition
(2.1.10) is fulfilled, is the operation

(f ∗̃g) (x) =
d

dx




x∫

0

f(x− t)g(t)dt


 =

d

dx

(
f
◦∗ g

)
(x), (2.1.14)

obtained from (2.1.11) by taking γ = 0, β = 1 and interpreting the symbol x−1I
0,−1
1 =

R−1 as the usual derivative D1 = d
dx of first order.

It is reasonable to state the more general problem for convolutions of the multiple
Erdélyi-Kober fractional integration operators of form:

L = xβδ0I
(γk),(δk)

β,m , δ0 > 0. (2.1.15)

Till recently, this has been an open problem, except for the case of the hyper-Bessel ope-
rators with δ0 = δ1 = · · · = δm = 1 (see Chapter 3) with convolutions found by Dimovski.
For quite general fractional integrals, close to (2.1.15) but involving Fox’s H-function as
a kernel (instead of the G

m,0
m,m-function), convolutions have been found by Luchko and

Yakubovich [270]-[271] and Nguyen Hai and Yakubovich [317]. On the base of their
results, we find some new convolutions in Section 5.4.

2.2. Džrbashjan-Gelfond-Leontiev operators of generalized differentiation
and integration. Convolutions

2.2.i. Generalized Gelfond-Leontiev differentiation operators

Let the function

f(z) =
∞∑

k=0

akzk (2.2.1)

be analytic in the unit disk {|z| < 1}. Then, its Riemann-Liouville fractional derivative
of order α > 0 has the form

Dαf(z) = z−α
∞∑

k=0

ak
Γ(k + 1)

Γ(k − α + 1)
zk. (2.2.2)

A natural way to generalize differintegration (2.2.2) is to change the multiplier Γ(k+1)

Γ(k−α+1)

by means of a more general expression. In 1951 Gelfond and Leontiev [120] introduced
such an operation, more general than the usual differntiation d

dz , using as a starting point

the fact that the multiplier corresponding to d
dz is Γ(k+1)

Γ(k)
.

Definition 2.2.1. Let the function

ϕ(λ) =
∞∑

k=0

ϕkλk (2.2.3)
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be an entire function of order ρ > 0 and σ 6= 0 and such that

lim
k→∞

k
1
p k
√
|ϕk| = (σeρ)

1
ρ . (2.2.4)

Then, the operation

D
(n)
ϕ f(z) =

∞∑

k=0

ak
ϕk−n

ϕk
zk−n (2.2.5)

is said to be a Gelfond-Leontiev operator of generalized differentiation (of order n =
1, 2, . . .) with respect to the function ϕ(λ).

In particular (n = 1),

Dϕf(z) =
∞∑

k=0

ak
ϕk−1

ϕk
zk−1. (2.2.6)

For modified conditions (2.2.4) see Tkachenko, [490, p. 662-663]. From the theory of en-
tire functions, it is known that (2.2.4) always holds for lim

k→∞
. However, condition (2.2.4)

yields that there exists lim
k→∞

k−n

√∣∣∣ϕk−n
ϕk

∣∣∣ = 1 and therefore, by the Cauchy-Hadamard

formula, series (2.2.5), (2.2.6) have the same radius of convergence as (2.2.1). It is evident
that if ϕ(λ) = exp λ, i.e. ϕk = 1

Γ(k+1)
, k = 0, 1, . . ., then (2.2.5) and (2.2.6) give

(
d
dz

)n
,

respectively d
dz .

Definition 2.2.2. The right-inverse operators of (2.2.5), (2.2.6), respectively

I
(n)
ϕ f(z) =

∞∑

k=0

ak
ϕk+n

ϕk
zk+n, (2.2.7)

Iϕf(z) =
∞∑

k=0

ak
ϕk+1

ϕk
zk+1 (n = 1), (2.2.8)

are called generalized Gelfond-Leontiev integration operators with respect to the function
ϕ(λ).

One can go further, generalizing Gelfond-Leontiev operators by replacing the multi-
pliers Γ(k+1)

Γ(k−α+1)
in (2.2.2) by means of an arbitrary sequence {bk}∞k=0 satisfying suitable

conditions. In this way, the so-called Hadamard product (convolution) is introduced,
namely: if

b(z) =
∞∑

k=0

bkzk

and f(z) given by (2.2.1) are analytic functions in the unit disk, then the Hadamard
product is defined as:

D {b; f} = (b ◦ f)(z) :=
∞∑

k=0

akbkzk. (2.2.9)
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If bk →∞ as k →∞, then operation (2.2.9) can be considered as a generalized differen-
tiation. For bk 6= 0, k = 1, 2, . . . , its inverse operation

I {b; f} =
∞∑

k=0

ak

bk
zk = D {b∗; f} (2.2.10)

should be a generalized integration, or Hadamard product with the “reciprocal” function

b∗(z) =
∞∑

k=0

zk

bk
.

More details and examples of the generalized differintegration (2.2.9), (2.2.10) can be
seen, for example, in Samko, Kilbas and Marichev [434, §22, 3◦] and Section 5.5.

Next we consider Gelfond-Leontiev generalized integration and differentiation with
respect to a particular entire function ϕ(λ).

2.2.ii. Džrbashjan-Gelfond-Leontiev operators, related to the Mittag-Leffler
functions

The Mittag-Leffler function (E.22):

ϕ(λ) = Eα(λ) =
∞∑

k=0

λk

Γ(1 + kα)
, α > 0 (2.2.11)

is one of the most characteristic examples of an entire function of order ρ = 1
α > 0 and

of type σ = 1.

In a number of papers [98]-[103], summarized in the monograph [101], Džrbashjan
introduced and investigated the properties of the more general functions of the same
kind (E.24):

ϕ(λ) = Eρ(λ; µ) =
∞∑

k=0

λk

Γ
(
µ + k

ρ

) , (2.2.12)

ρ > 0, µ ∈ C.

Due to the free choice of the arbitrary complex parameter µ, these functions have many
more applications. Usually, they are referred to as functions of Mittag-Leffler type. For
the sake of brevity we call them Mittag-Leffler (M.-L.) functions. The function (2.2.11),
written in the form (2.2.12), is

Eα(λ) = Eρ(λ; 1) with ρ =
1
α

.
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More about the Mittag-Leffler functions and their multiple counterpart ([103]) can be
seen in Appendix, Section E.ii. Obviously, since their coefficients

ek =
[
Γ

(
µ +

k

ρ

)]−1

, k = 0, 1, 2, . . . (2.2.13)

satisfy conditions (2.2.4), therefore generalized Gelfond-Leontiev differentiation and in-
tegration operators with respect to Mittag-Leffler function Eρ(λ; µ) can be considered.
These were introduced and investigated by Dimovski and Kiryakova [77]-[78], Kiryakova
[196] for real values of the parameter µ. These considerations were extended to complex
parameter µ in 1985 by Linchouk [258].

Definition 2.2.3. Let ρ > 0, let µ be a complex parameter with Rµ > 0 and let H (∆R)
denote the space of functions analytic in the circle ∆R : |z| < R. For a function

f(z) =
∞∑

k=0

akzk ∈ H (∆R) (2.2.14)

we define the Džrbashjan-Gelfond-Leontiev (D.-G.-L.) operator of differentiation by
means of the series

Dρ,µf(z) =
∞∑

k=1

ak

Γ
(
µ + k

ρ

)

Γ
(
µ + k−1

ρ

)zk−1. (2.2.15)

Its linear right inverse operator of the form

lρ,µf(z) =
∞∑

k=0

ak

Γ
(
µ + k

ρ

)

Γ
(
µ + k+1

ρ

)zk+1 (2.2.16)

is said to be a Džrbashjan-Gelfond-Leontiev (D.-G.-L.) integration operator.
Strictly speaking, any linear right inverse operator of Dρ,µ

(
Dρ,µLρ,µ = I

)
has the

form
Lρ,µf = lρ,µf + χ(f)

with arbitrary linear functional χ in H (∆R). The defining projector of lρ,µ (or the initial
value operator for this notion see [370], [73] and Section 3.2, is

Fρ,µf(z) =
(
I − lρ,µDρ,µ

)
f(z) = f(0).

Lemma 2.2.4. In H (∆R) the Džrbashjan-Gelfond-Leontiev integration operator
(2.2.16) has also the following integral representation

lρ,µf(z) =
z

Γ
(

1
ρ

)
1∫

0

(1− σ)
1
ρ−1

σµ−1f
(
zσ

1
ρ

)
dσ. (2.2.16′)
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Proof. It is enough to verify the validity of (2.2.16′) for an arbitrary f(z) = zk,
k ≥ 0. We have:

lρ,µ

{
zk

}
=

zk+1

Γ
(

1
ρ

)
1∫

0

(1− σ)
1
ρ−1

σ
µ+k

ρ−1
dσ =

Γ
(
µ + k

ρ

)

Γ
(
µ + k+1

ρ

) .

Then, if f(z) =
∞∑
k=0

akzk is an arbitrary function of H (∆R),

lρ,µf(z) =
∞∑

k=0

aklρ,µ

{
zk

}
=

∞∑

k=0

ak

Γ
(
µ + k

ρ

)

Γ
(
µ + k+1

ρ

)zk+1,

which proves the lemma.
The operator lρ,µ is defined by means of (2.2.16′) also in a more general space H(Ω), so

it can be considered as an extension of (2.2.16). Here H(Ω) denotes the space of functions
f(z) analytic in a domain Ω starlike with respect to the origin z = 0. Furthermore,
(2.2.16′) defines lρ,µ as a special case of the 1-tuple generalized fractional integrals, that
is, as an Erdélyi-Kober fractional integration operator (1.1.17) with γ = µ − 1, δ = 1

ρ ,
β = ρ (see example (1.1.h-h′), Chapter 1):

lρ,µf(z) = zI
µ−1, 1

ρ
ρ,1 f(z) = z

ρ 1
ρ I

µ−1, 1
ρ

ρ f(z). (2.2.17)

As we have mentioned in Chapter 1 (Theorem 1.2.18), the generalized fractional
integration operators I

(γk),(δk)

β,m can be considered also in the space

Hα(Ω) =
{

f(z) = zpf̃(z); p > α, f̃ ∈ H(Ω)
}

, (2.2.18)

when Ω denotes a domain starlike with respect to the point z = 0. The more general
results with proofs are given in Section 5.5. In the case of operator (2.2.17), the corre-
sponding parameter α is to be taken greater or equal to −β(γ + 1) = −µρ. So, further

we consider lρ,µ = zI
µ−1, 1

ρ
ρ,1 in the space H−µρ(Ω) ⊃ H(Ω).

The “differentiation” operator Dρ,µ has its analytic continuation in H(Ω) and in
H−µρ(Ω) too. In the case ρ ≥ 1 this proposition was established by Dimovski and
Kiryakova [77]-[78], namely:

Lemma 2.2.5. The generalized fractional differentiation operator, defined in H−ρµ(Ω)
by

Dρ,µf(z) = D
µ−1, 1

ρ
ρ z−1f(z)− f(0)Γ(µ)

Γ
(
µ− 1

ρ

)z−1, (2.2.19)
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that is,

Dρ,µf(z) =





(
1
ρz d

dz + µ
)

z−1
1∫
0

(1−σ)
− 1

ρ

Γ
(
1− 1

ρ

) f
(
zσ

1
ρ

)
dσ − f (0)Γ(µ)

Γ
(
µ− 1

ρ

)z−1 for ρ > 1,

(
z d

dz + µ
)

z−1f(z)− f(0)(µ− 1)z−1 for ρ = 1,

(2.2.19′)
coincides with the Džrbashjan-Gelfond-Leontiev differentiation operator (2.2.15) in the
space H (∆R), when ∆R ⊆ Ω.

The case ρ ≥ 1 is chosen only for the sake of simplicity of the explicit representation
(2.2.19′). In the general case ρ > 0, the same representation (2.2.19) holds and this is
a corollary of the results of Section 1.5. According to Theorem 1.5.1, the operator lρ,µ

(2.2.17) is a linear right inverse of the generalized fractional derivative

dρ,µ = D
µ−1, 1

ρ
ρ z−1 = z−1D

µ− 1
ρ−1, 1

ρ
ρ ,

and also, of each operator of generalized differentiation

Dρ,µf(z) = D
µ−1, 1

ρ
ρ z−1 + f(0)

c

z
. (2.2.20)

For c = Γ(µ)

Γ
(
µ− 1

ρ

) this operator (2.2.19) coincides with (2.2.15) in H (∆R), since:

Dρ,µ

{
zk

}
= D

µ−1, 1
ρ

ρ

{
zk−1

}
− 0.

Γ(µ)

Γ
(
µ 1

ρ

)z−1 =
Γ

(
µ− 1 + 1

ρ + k−1
ρ + 1

)

Γ
(
µ− 1 + k−1

ρ + 1
)

=
Γ

(
µ + k

ρ

)

Γ
(
µ + k−1

ρ

)zk−1, k ≥ 1,

due to Lemma 1.6.1 (see Section 1.6), and

Dρ,µ
{
z0

}
=

Γ(µ)

Γ
(
µ− 1

ρ

)z−1 − Γ(µ)

Γ
(
µ− 1

ρ

)z−1 = 0, k = 0.

In the general case ρ > 0, define

η =

{ [
1
ρ

]
+ 1 for non integer 1

ρ ,

1
ρ for integer 1

ρ .
(2.2.21)
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Then, the explicit representation of (2.2.19) follows by Definition 1.5.4, namely:

Dρ,µf(z) =




η∏

j=1

(
1
ρ
z

d

dz
+ µ− 1 + j

)
 I

µ−1+ 1
ρ ,η− 1

ρ
ρ

(
z−1f(z)

)

=




η∏

j=1

(
1
ρ
z

d

dz
+ µ− 1 + j

)
 I

µ−1+ 1
ρ ,η− 1

ρ
ρ z−1f(z).

(2.2.19′′)

For ρ ≥ 1, i.e. for η = 1, we get the simpler form (2.2.19′).
All these considerations lead to the following extended definition.

Definition 2.2.3′. The generalized fractional integration operator

lρ,µf(z) = zI
µ−1, 1

ρ
ρ f(z)

= z

1∫

0

(1− σ)
1
ρ−1

Γ
(

1
ρ

) σµ−1f
(
zσ

1
ρ

)
dσ, µ > 0, ρ > 0,

(2.2.22)

defined in H−µρ(Ω) is said to be a Džrbashjan-Gelfond-Leontiev integration operator.
Analogously, the generalized fractional differentiation operator (2.2.19) is called a Džr-
bashjan-Gelfond-Leontiev differentiation operator in H−µρ(Ω).

From the proofs of Lemma 1.2.1 and Theorem 1.2.15, it is evident that the Džrbash-
jan-Gelfond-Leontiev integration operator lρ,µ, ρ > 0, µ > 0 is a linear operator mapping
the linear space H−µρ(Ω) into itself:

lρ,µ : H−µρ(Ω) −→ H−µρ+1(Ω) ⊂ H−µρ(Ω).

So, it is reasonable to look for a convolution of lρ,µ in H−µρ(G) in the sense of Definition
2.1.1. Since this operator is quite a special case of the Erdélyi-Kober fractional integration
operator xρδI

γ,δ
ρ , its convolutions can be found by specialization of the general Theorem

2.1.2. It is enough to put γ = µ− 1, δ = 1
ρ > 0, β = ρ > 0 in (2.1.6) and to modify the

statement for spaces Hα (Ω). Thus, we obtain the following

Theorem 2.2.6. Let
(

ρ,µ◦
)

be the operation

(
f

ρ,µ◦ g
)

(z) = zρ

1∫

0

f
[
z(1− ζ)

1
ρ

]
g

(
zζ

1
ρ

)
[ζ(1− ζ)]µ−1 dζ, (2.2.23)

and let the operators Tλ have the form

Tλ =

{
zρλI

2(µ−1),λ−µ+1
ρ if λ ≥ µ− 1,

zρλD
µ−1+λ,µ−1−λ
ρ if λ < µ− 1.

(2.2.24)
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(Here D
γ,δ
β denotes the “Erdélyi-Kober fractional derivative” (1.6.6)). Then, each oper-

ation of the form (
f

λ∗
ρ,µ

g

)
(z) = Tλ

(
f

ρ,µ◦ g
)

(z) (2.2.25)

is a convolution of lρ,µ in H−µρ(Ω) if λ ≥ µ−1, or in the subspace H(Ω) only, if λ < µ−1.

If we look for a convolution of lρ,µ, uniquely determined by the condition {1} λ∗
ρ,µ

f = f ,

f ∈ H(Ω), then as noted in Section 2.1, we have to choose λ = −1. Indeed, {1} −1∗
ρ,µ

zp = zp

for every p ≥ 0. For arbitrary f(z) ∈ H(Ω) the same condition can be verified with the
help of Runge’s approximation theorem, valid in a starlike domain Ω being also a simply-

connected domain. The operation
(
−1∗
ρ,µ

)
is generated by means of the differintegral

operator
T−1 = z−ρD

µ−2,µ
ρ = D

µ−1,µ
ρ z−ρ, (2.2.26)

which does not preserve the basic space H−ρµ(Ω). So, we have to confine ourselves to
the subspace H(Ω) ⊂ H−ρµ(Ω) of functions analytic in Ω. Then,

(
−1∗
ρ,µ

)
= T−1

(
ρ,µ◦

)
(2.2.27)

is an operation in H(Ω), since

H(Ω)× H(Ω)
ρ,µ◦−→ zρH(Ω) ⊂ Hρ(Ω)

T−1−→ Hρ−ρ(Ω) = H0(Ω) ⊆ H(Ω).

According to (1.6.9) for

η =
{

[µ] + 1 if µ is non integer,
µ if µ is integer,

the operator (2.2.26) can be written explicitly in the form

T−1 = D
µ−1,µ
ρ z−ρ =

η−1∏

j=0

(
1
ρ
z

d

dz
+ µ + j

)
I

2µ−1,η−µ
ρ

=





[µ]∏
j=0

(
1
ρz d

dz + µ + j
)

I
2µ−1,1−{µ}
ρ for non integer µ,

µ−1∏
j=0

(
1
ρz d

dz + µ + j
)

for integer µ.

In this manner we obtain the following result of Dimovski and Kiryakova [77]-[78],
Kiryakova [196].
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Corollary 2.2.7. For ρ > 0, µ > 0 the operation

(
f
−1∗
ρ,µ

g

)
(z) =





B
[µ]+1
ρ,µ

1∫
0

(1−σ)−{µ}
Γ(1−{µ}) σ2µ−1dσ

1∫
0

(1−t)µ−1

Γ(µ)
tµ−1

×f
[
zσ

1
ρ (1− t)

1
ρ

]
g

(
zσ

1
ρ t

1
ρ

)
dt,

when µ is non integer,

B
µ
ρ,µ

1∫
0

(1−t)µ−1

Γ(µ)
tµ−1f

[
z(1− t)

1
ρ

]
g

(
zt

1
ρ

)
dt, when µ is an integer,

(2.2.28)
where Bk

ρ,µ denotes the differential operator

Bk
ρ,µ =

k−1∏

j=0

(
1
ρ
z

d

dz
+ µ + j

)
, k = 1, 2, . . . , (2.2.29)

is a convolution of the Džrbashjan-Gelfond-Leontiev integration operator lρ,µ in H(Ω).
This convolution has an unit element in H(Ω), namely the constant function {1}:

{1} −1∗
ρ,µ

f(z) = f(z). (2.2.30)

The operator lρ,µ itself has the following
(
−1∗
ρ,µ

)
-convolutional representation

lρ,µf(z) =
(

r
−1∗
ρ,µ

f

)
(z) (2.2.31)

with
r(z) =

Γ(µ)

Γ
(
µ + 1

ρ

)z ∈ H(Ω). (2.2.32)

Proof. Since
lρ,µ = zI

µ−1, 1
ρ

ρ = z
ρ 1

ρ I
µ−1, 1

ρ
ρ

is an Erdélyi-Kober fractional integral of the form

zβδI
γ,δ
β with β = ρ > 0, γ = µ− 1, δ =

1
ρ

> 0,

then according to Theorem 2.1.2, for arbitrary λ ∈ R the operator

f
λ∗

ρ,µ
g = Tλ(f ◦ g) =

{
zρλI

2(µ−1),λ−(µ−1)
ρ (f ◦ g), if λ ≥ µ− 1,

zρλD
(µ−1)+λ,(µ−1)−λ
ρ (f ◦ g), if λ < µ− 1,

where (◦) is the auxiliary operation

(f ◦ g)(z) = zρ

1∫

0

(1− t)µ−1tµ−1

Γ(µ)
f

[
z(1− t)

1
ρ

]
g

[
zt

1
ρ

]
dt,
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is a convolution of lρ,µ in H(Ω).

If we choose λ = −1, then µ ≥ 1 yields λ < µ − 1 and the “correcting” operator Tλ
is:

T−1 = z−ρD
µ−2,µ
ρ = D

µ−1,µ
ρ z−ρ.

Then, the operation
(

λ∗
ρ,µ

)
takes the form

(
−1∗
ρ,µ

)
(z) = D

µ−1,µ
ρ





1∫

0

(1− t)µ−1tµ−1

Γ(µ)
f

[
z(1− t)

1
ρ

]
g

[
zt

1
ρ

]
dt



 .

According to (1.6.9), for

η =
{

[µ] + 1, if µ is non integer,
µ, if µ is integer,

the Erdélyi-Kober fractional derivative D
µ−1,µ
ρ has the form:

D
µ−1,µ
ρ =




η∏

j′=1

(
1
ρ
z

d

dz
+ µ− 1 + j′

)
 I

µ−1+µ,η−µ
ρ

=





[
[µ]∏
j=0

(
1
ρz d

dz + µ + j
)]

I
2µ−1,1−{µ}
ρ , if µ is non integer,

µ−1∏
j=0

(
1
ρz d

dz + µ + j
)

, if µ is integer,.

Hence, the operation
(
−1∗
ρ,µ

)
takes the form (2.2.28).

On the other hand, for each f ∈ H(Ω):

{1} −1∗
ρ,µ

f(z) = D
µ−1,µ
ρ z−ρ ({1} ◦ f(z)) = D

µ−1,µ
ρ z−ρ

(
zρI

µ−1,µ
ρ f(z)

)
= f(z),

which is (2.2.30). Since

lρ,µ{1} = zI
µ−1, 1

ρ
ρ

{
z0

}
= z

Γ(µ)

Γ
(
µ + 1

ρ

) := r(z),

by the convolutional property

lρ,µ

(
{1} −1∗

ρ,µ
f

)
=

(
lρ,µ{1}

) −1∗
ρ,µ

f,

we find (2.2.31): lρ,µf = r
−1∗
ρ,µ

f . The proof is over.
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Remark 1. A more concise (but only symbolic) form of convolution (2.2.28) is proposed
by Dimovski and Kiryakova [77], viz:.

(
f
−1∗
ρ,µ

g

)
(z) =



t1−µ

(
d

dt

)µ
t∫

0

(t− x)µ−1

Γ(µ)
f

[
(t− x)

1
ρ

]
xµ−1g

(
x

1
ρ

)
dx





t→zρ

. (2.2.33)

Remark 2. In a modified form, the same convolution of lρ,µ was found by Linchouk [258]
in the case of a complex parameter µ with Rµ > 0. Let µ1 = µ− [Rµ] and consider the
operators

Rρ,µf(z) =

1∫

0

(1− τ)−µ1

Γ(1− µ1)
τµ1−sgn(Rµ1)f

(
zτ

1
ρ

)
dτ

Sρ,µf(z) =
[
(µ1 − 1) sgn (Rµ1) +

z

ρ

d

dz

] [Rµ]∏

k=2

(
µ1 + k − 1

z

ρ

d

dz

)
f(z)

and
Tρ,µ = Sρ,µRρ,µ.

Then, the operation

(f ∗ g)(z) = f(0)g(z) +
z

ρΓ(µ)

1∫

0

(1− t)
1
ρ−1

tµ−1
(
Tρ,µf

)′ [
z(1− t)

1
ρ

]
g

(
zt

1
ρ

)
dt (2.2.34)

is a continuous convolution of the Džrbashjan-Gelfond-Leontiev integration operator lρ,µ

in H(Ω).

It is evident that Linchouk’s result [258] is another form of the convolution
(
−1∗
ρ,µ

)

(2.2.28) obtained by putting the differential operator Bk
ρ,µ under the sign of the integral

(µ1 = 0 for real integer µ and µ1 = µ− [µ] for non integer µ).

As an application, it is interesting to find the
(
−1∗
ρ,µ

)
-convolutional products of some

basic functions in H(Ω).

Lemma 2.2.8. For p ≥ 0, q ≥ 0 we have

{zp} −1∗
ρ,µ
{zq} = zp+q

Γ
(
µ + p

ρ

)
Γ

(
µ + q

ρ

)

Γ
(
µ + p+q

ρ

) . (2.2.35)
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Lemma 2.2.9. Let α, β be two different complex numbers. Then,

{
Eρ (αz; µ)

} −1∗
ρ,µ

{
Eρ (βz; µ)

}
=

αEρ (αz; µ)− βEρ (βz; µ)
Γ(µ)(α− β)

. (2.2.36)

Proof. From (2.2.11) and (2.2.16) it follows easily that

lρ,µEρ (αz; µ) =
1
α

Eρ (αz; µ)− 1
αΓ(µ)

(2.2.37)

and

lρ,µEρ (βz; µ) =
1
β

Eρ (βz; µ)− 1
βΓ(µ)

, (2.2.38)

respectively. Multiplying convolutionally (2.2.37) by Eρ (βz; µ) and (2.2.38) by
Eρ (αz; µ), we use the property (2.1.2) to obtain one and the same result on the left-
hand sides. It remains to apply (2.2.30) to the right-hand sides which leads to (2.2.16).

Let us mention the following analogue of (2.2.37) concerning Dρ,µ (see (E.27)):

Dρ,µEρ (αz; µ) = αEρ (αz; µ) , α 6= 0. (2.2.39)

For µ = ρ = 1, since Eρ (αz; µ) = E1 (αz; 1) = eαz and Dρ,µ = d
dz is the usual differenti-

ation, we obtain the well-known differential relation

d

dz
eαz = αeαz, α 6= 0.

In the same case, (2.2.35) and (2.2.36) turn into the relations

{zp} −1∗
1,1
{zp} = zp+q p!q!

(p + q)!
for integers p ≥ 0, q ≥ 0,

{eαz} −1∗
1,1

{
eβz

}
=

αeαz − βeβz

α− β
, α 6= β,

where
(
−1∗
1,1

)
is the “differentiated” Duhamel convolution

(
f
−1∗
1,1

g

)
(z) =

d

dz

z∫

0

f(z − t)g(t)dt =
d

dz
(f ∗ g) (z).

This scope of results for the generalized integrations lρ,µ and their applications in
describing the commutants of lρ,µ (see next Section 2.3), was proposed by Dimovski [72],
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[73], first in the case µ = 1. The convolution in H(Ω) of the Gelfond-Leontiev integration
operator with respect to the function Eρ(λ; 1):

lρf(z) = lρ,1f(z) = z

1∫

0

(1− σ)
1
ρ−1

Γ
(

1
ρ

) f
(
zσ

1
ρ

)
dσ, (2.2.40)

found by Dimovski has the simpler form

(
f
−1∗
ρ,1

g

)
(z) =

(
1
ρ
z

d

dz
+ 1

) 1∫

0

f
[
z(1− τ)

1
ρ

]
g

(
zτ

1
ρ

)
dτ. (2.2.41)

It seems interesting to discuss the relationship between the Gelfond-Leontiev integra-
tion operators lρ,µ, lρ,1 and Riemann-Liouville operator R

1
ρ . It turns out that these

operators are similar in the sense that there exist transmutation operators which are
isomorphisms in the corresponding spaces and transform each of these operators into
another such operator. Furthermore, these transmutation operators are also fractional
integration operators . For instance, the following proposition holds.

Theorem 2.2.10. The fractional integration operator

Φf(z) = I
0,µ−1
ρ f(z) =

1∫

0

(1− σ)µ−2

Γ(µ− 1)
f

(
zσ

1
ρ

)
dσ, µ ≥ 1 (2.2.42)

is a similarity from the Gelfond-Leontiev integration operator lρ,1 (2.2.40) to the more
general Džrbashjan-Gelfond-Leontiev operator lρ,µ (2.2.22) with µ ≥ 1:

Φ : lρ,1 −→ lρ,µ, i.e. Φlρ,1 = lρ,µΦ in H(Ω). (2.2.43)

On the other hand, the mapping Ξ−1 : f(z) −→ f (zρ) (ρ > 0) is similarity from the
Riemann-Liouville operator R

1
ρ to the operator lρ,1:

Ξ−1 : R
1
ρ −→ lρ,1, i.e. Ξ−1R

1
ρ = lρ,1Ξ−1 in H(Ω). (2.2.44)

Then, the composition ΦΞ−1, that is, the integration operator

Ψf(z) = I
0,µ−1
ρ Ξ−1f(z) =

1∫

0

(1− σ)µ−2

Γ(µ− 1)
f (zρσ) dσ (2.2.45)

is a similarity (transmutation operator) from R
1
ρ to lρ,µ, namely:

Ψ : R
1
ρ −→ lρ,µ or ΨR

1
ρ = lρ,µΨ in H(Ω). (2.2.46)
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Proof. Lemma 1.3.1, (1.3.3) and Theorem 1.3.8 (the index law (1.3.11)) yield:

Φlρ,1 = I
0,µ−1
ρ

(
zI

0, 1
ρ

ρ

)
= zI

1
ρ ,µ−1

ρ I
0, 1

ρ
ρ = zI

0,µ−1+ 1
ρ

ρ

and
lρ,µΦ = zI

µ−1, 1
ρ

ρ I
0,µ−1
ρ = zI

0,µ−1+ 1
ρ

ρ ,

therefore (2.2.43) is fulfilled in H(Ω). Relation (2.2.44) is obvious. Then,

ΨR
1
ρ = ΦΞ−1R

1
ρ = Φlρ,1Ξ−1 = lρ,µΦΞ−1 = lρ,µΨ,

which is (2.2.46). From Lemma 1.3.3, relation (1.3.6), for the product of I
0,µ−1
ρ and Ξ−1

we find the representation (2.2.45):

Ψf(z) = I
0,µ−1
ρ Ξ−1f(z) = Ξ−1I

0,µ−1
1 f(z)

=
[
I

0,µ−1
1 f(z)

]
z→zρ

=

1∫

0

(1− σ)µ−2

Γ(µ− 1)
f (zρσ) dσ.

This ends the proof.
Note. The operators Φ, Ψ have also the representations

Φf(z) = ρ
zρ(µ−1)

Γ(µ− 1)

z∫

0

(zρ − ζρ)µ−2 ζρ−1f(z)dζ (2.2.42′)

and

Ψf(z) = zρ(µ−1)

zρ∫

0

(zρ − ζ)µ−2

Γ(µ− 1)
f(ζ)dζ (2.2.45′)

Knowledge of the transmutation operators between two given operators , or more
generally, between two given problems, allows us to transfer the known results for one
of them (usually for the simpler) into results for the other one (usually the more com-
plicated). This is the key idea of the transmutation method in general (for more details
see Section 3.5). In this sense, Theorem 2.2.10 can be useful in finding a convolution(
−1∗
ρ,µ

)
of lρ,µ on the basis of the known convolution

(
−1∗
ρ,1

)
(Dimovski [72], [73]) of lρ,1.

We have to use the following general theorem of Dimovski proposing one of the most
effective approaches in finding new convolutions.

Theorem (Th. 1.3.6, [72, p.36]). If T : X −→ X̃ is an isomorphism of a linear space
X onto a linear space X̃ and L̃ : X̃ −→ X̃ is a linear operator in X̃ with a convolution
∗̃ : X̃ × X̃ −→ X̃ , then the operation

f ∗ g = T−1 (Tf ∗̃Tg) (2.2.47)
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is a convolution of the similar operator L = T−1L̃T in X .

Now let us choose L̃ = lρ,1, L = lρ,µ, T = Φ−1 and X = X̃ = H(Ω). Then, the above
theorem yields that the operation

(
f

ρ,µ∗ g
)

(z) = Φ
{(

Φ−1f
) −1∗

ρ,1

(
Φ−1g

)}
(2.2.48)

is a convolution of lρ,µ in H(Ω), where
(
−1∗
ρ,1

)
denotes Dimovski’s convolution (2.2.41). It

is easy to calculate that (2.2.36) is fulfilled for the convolution (2.2.48) too. Since the
system of Mittag-Leffler functions

{
Eρ(αz; µ), α ∈ C}

is complete in H(Ω), it is easy to

verify the coincidence of the convolutions
(
−1∗
ρ,µ

)
,
(

ρ,µ∗
)

in H(Ω).

One of the most frequently encountered cases of the Džrbashjan-Gelfond-Leontiev
operators is the case µ = 1

ρ > 0. An example of such an operator is the generalized
differentiation operator Dα, α > 0 of Iliev [146], [147] (mentioned in Chapter 1, Example
(1.1.g′)). Its linear right inverse operator (1.1.g) is the Džrbashjan-Gelfond-Leontiev
integration operator with µ = 1

ρ = α > 0:

Lα = zI
α−1,α
1
α

= l 1
α ,α.

Its convolution

(
−1∗
1
α ,α

)
, denoted by

(
α∗
)
, has the form

(
f

α∗ g
)

(z) =



t1−α

(
d

dt

)α
t∫

0

[(t− x)x]α−1

Γ(α)
f [(t− x)α] g (xα) dx





t→z
1
α

. (2.2.49)

Then, the
(

α∗
)
-convolutional product of two power functions is

{zp} α∗ {zq} =
[(

p + q

p

)

α

]−1

zp+q, (2.2.50)

where the “generalized binomial coefficients” introduced by Iiliev [147] are used:

(
p + q

p

)

α
=

Γ (α(p + q + 1))
Γ (α(p + 1)) Γ (α(q + 1))

. (2.2.51)

For other results related to the Gelfond-Leontiev derivatives, see also Kapoor and Patel
[183].
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2.3. Representations of the commutants of Džrbashjan-Gelfond-Leontiev in-
tegration operators

Once a convolution for a linear operator L in a space X is found, the problem of finding
the multipliers of this convolution can be considered and this problem turns out to be
closely related to that for finding the commutant of L in X .

Definition 2.3.1. Let L : X −→ X be a linear operator mapping the linear space X
into itself. The set of all continuous linear operators M : X −→ X commuting with L:

MLf = LMf, f ∈ X

is said to be a commutant of L in X .

Definition 2.3.2. An element k is said to be a cyclic element of L if the set of all the
linear combinations of {Lnk}, n = 0, 1, 2, . . . denoted by span {Lnk}∞n=0, is dense in X .

If we have a continuous convolution of L in X , then the following assertion allows
finding the explicit form of the operators commuting with L, under some additional
conditions.

Theorem 2.3.3. (Dimovski [73, p. 43], Th. 1.3.11) If (∗) is a continuous and annihila-
tor-free convolution of the linear continuous operator L : X −→ X in a Fréchet space X
with a cyclic element, then the multiplier ring of the convolutional algebra (X , ∗) coincides
with the commutant of the operator L in X .

2.3.i. Commutant of the Džrbashjan-Gelfond-Leontiev operator lρ,µ in H(Ω)
In [72], [73] Dimovski proved that the linear operators M : H(Ω) −→ H(Ω) commuting
with the Gelfond-Leontiev integration operator lρ = lρ,1 in H(Ω) have the form

Mf(z) =
(

m
−1∗
ρ,1

f

)
(z) (2.3.1)

with m(z) = M{1} ∈ H(Ω), where
(
−1∗
ρ,1

)
is the convolution (2.2.41).

The more general result concerning convolutional representation of the commutant
of the Džrbashjan-Gelfond-Leontiev integration operator lρ,µ is given by the following
assertion, proved by Dimovski and Kiryakova [77], [78].

Theorem 2.3.4. A linear operator M : H(Ω) −→ H(Ω) commutes with the Džrbashjan-
Gelfond-Leontiev integration operator lρ,µ, iff it admits a representation of the form

Mf(z) =
(

m
−1∗
ρ,µ

f

)
(z) (2.3.2)

with m(z) = M{1} ∈ H(Ω), where operation (2.2.28) is denoted by
(
−1∗
ρ,µ

)
.
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Proof. To use the general theorem of Dimovski mentioned above, one should estab-
lish that the operator lρ,µ has a cyclic element in the Fréchet space H(Ω). Indeed, the
constant function {1} is a cyclic element of lρ,µ, since the span of

(
lnρ,µ{1}

)∞
n=0

coincides
with the space of the polynomials in H(Ω). But, according to the Runge approximation
theorem in the simply-connected starlike domain Ω ⊂ C, the polynomials are dense in
H(Ω). Further, if M : H(Ω) −→ H(Ω) is a linear operator commuting with lρ,µ in H(Ω),

then M is a multiplier of the convolution
(
−1∗
ρ,µ

)
. From (2.2.30): f = {1} −1∗

ρ,µ
f , we obtain

Mf(z) = (M{1}) −1∗
ρ,µ

f(z) =
(

m
−1∗
ρ,µ

f

)
(z),

thus proving representation (2.3.2). Conversely, each convolutional operator of the form
(2.3.2) obviously commutes with lρ,µ. For more details see [73], [77].

An extension of this result to complex values of the parameter µ is made by Lin-
chouk. Using the same convolution but written in the form (2.2.34) and slightly different
arguments, he proves the following.

Theorem 2.3.5. (Linchouk [258], Theorems 1, 2) A linear continuous operator M :
H(Ω) −→ H(Ω) commutes with the Džrbashjan-Gelfond-Leontiev operator lρ,µ in H(Ω)
iff it has a representation of the form

Mf(z) = m(z)f(0) +
z

ρΓ(µ)

1∫

0

(1− t)
1
ρ−1

tµ−1
(
Tρ,µf

)′ [
z(1− t)

1
ρ

]
m

(
zt

1
ρ

)
dt (2.3.3)

with m = M{1}, or letting ϕ(z) = [Γ(µ)]−1 Tρ,µm(z) ∈ H(Ω):

Mf(z) = ϕ(0)f(z) +
z

ρ

1∫

0

(1− t)
1
ρ−1

tµ−1ϕ′
[
z(1− t)

1
ρ

]
f

(
zt

1
ρ

)
dt. (2.3.3′)

For µ = 1, the latter expression coincides with the following result of Dimovski [72]-
[73]:

Mf(z) = m(0)f(z) +
z

ρ

1∫

0

(1− t)
1
ρ−1

m′ [z(1− t)
1
ρ

]
f

(
zt

1
ρ

)
dt, (2.3.4)

following immediately from (2.3.1), if one uses the representation (see [73, p. 107])

(
f
−1∗
ρ,1

g

)
(z) = f(0)g(z) +

z

ρ

1∫

0

(1− t)
1
ρ−1

f ′
[
z(1− t)

1
ρ

]
g

(
zt

1
ρ

)
dt (2.3.5)

of the convolution
(
−1∗
ρ,1

)
.
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For arbitrary µ and ρ = µ, representations (2.3.2) and (2.3.3′) coincide with the
results of Kiryutenko [215].

Alternative representations of the commutant of lρ,1 in H(Ω) were proposed also by
Tkachenko [488]-[492].

As a special case of these considerations, when µ = ρ = 1 we obtain the previous
results of Raichinov [373]-[374], namely, the representation

Mf(z) = m(0)f(z) +

z∫

0

m′(z − ζ)f(ζ)dζ with m(z) ∈ H(Ω) (2.3.6)

of the operators M commuting in H(Ω) with the Volterra integration operator

lf(z) = l1,1f(z) =

z∫

0

f(ζ)dζ.

2.3.ii. Convolutional representation of the commutant of a fixed integer power
of the Gelfond-Leontiev integration operator

Let m be a fixed positive integer. If m > 1, then the operators M : H(Ω) −→ H(Ω)
commuting with lmρ,µ in H(Ω) are more than those commuting with lρ,µ. In particular,
Raichinov [378] has found an explicit representation of the commutant of lm = lm1,1 in a
m-symmetric domain Ω. A domain Ω is said to be m-symmetric, if z ∈ Ω implies ωz ∈ Ω,
where ω is an arbitrary m-th root of unity, i.e. a complex number with ωm = 1. His
result can be summarized in the following theorem.

Theorem 2.3.6. (Raichinov [378]) A linear operator M in H(Ω) commutes with the mth

power lm of the Volterra integration operator l (1.1.a) in H(Ω) iff it admits a represen-
tation of the form

Mf(z) =
m−1∑

k=0

dk+1

dzk+1

z∫

0

mk(z − ζ)fk(ζ)dζ (2.3.7)

with arbitrary mk(z) ∈ H(Ω), k = 0, 1, 2, . . . , m− 1, and fk(z) given by

fk(z) =
1
m

m−1∑

j=0

ω−kjf
(
ωjk

)
, k = 0, 1, 2, . . . ,m− 1, (2.3.8)

where ω is a primitive m-th root of unity.

A more general result concerning the commutant of the operators lmρ,1, m = 1, 2, . . .,
(µ = 1) is proposed by Dimovski [73], namely:
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Theorem 2.3.7. (Dimovski [73, Th. 2.5.3]) A linear operator M : H(Ω) −→ H(Ω),
H(Ω) being the space of the analytic functions in a m-symmteric and starlike domain
Ω commutes with the mth power lmρ,1 of the Gelfond-Leontiev integration operator lρ,1

(2.2.40) if and only if it admits a representation of the form

Mf =
m−1∑

k=0

Dk
ρ,1

(
mk

−1∗
ρ,1

fk

)
, (2.3.9)

where Dk
ρ,1 is the Gelfond-Leontiev differentiation operator ((2.2.19-19 ′) with µ = 1):

Dρ,1f(z) =
z

1
ρ−1

ρ
1
ρ

(
d

dz

) 1
ρ

f(z)− f(0)

zΓ
(
1− 1

ρ

) ,

mk ∈ H(Ω) are arbitrary,

fk(z) =
1
m

m−1∑

k=0

ω−kjf
(
ωjz

)
, k = 0, 1, . . . , m− 1,

ω is a primitive m-th root of unity and
(
−1∗
ρ,1

)
is the convolution (2.3.5) of lρ,1.

Proof. The proof is based on a series of lemmas (see [73, p. 108-112]). The basic
steps are as follows. The space H(Ω) is represented as a direct sum of subspaces

Hk(Ω) =
{

f ∈ H(Ω); f(ωz) = ωkf(z), z ∈ Ω, ωm = 1
}

, k = 0, 1, . . . , m− 1,

namely:
H(Ω) = H0(Ω)⊕ H1(Ω)⊕ . . .⊕ Hm−1(Ω).

Each of these subspaces is shown to be invariant for lmρ,1. The functions

ek(z) =
zk

Γ
(

k
ρ + 1

) ∈ Hk (Ω) , k = 0, 1, . . . , m− 1

are cyclic elements of lmρ,1 in Hk(Ω). Then, in each subspace Hk(Ω) the linear operators
M , commuting with lmρ,1, have the form

Mf = (Mek) k∗ f = mk
k∗ f,

where

mk
k∗ f = Dk

ρ,1

(
mk

−1∗
ρ,1

f

)

is a convolution of lmρ,1 in its invariant subspace Hk (Ω).
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Similar constructions for the commutants of the powers of the differentiation operator,
generalized backward shift operators, Euler differentiation operator, etc. in spaces of
analytic functions can be found in Dimovski and Vasilev [83], Vasilev [500-501], Raichinov
[372]-[377], [379]-[381] and Raichinov and Raichinov [382]-[383]; see also the book of Fage
and Nagnibida [112].

Operators commuting with the differentiation (integration) in spaces of functions of
several variables are considered ,for example, by Raichinov [378] and Napalkov [316].

In particular, for the Hardy-Littlewood integration operators (1.1.c):

L1,0f(z) =
1
z

z∫

0

f(ζ)dζ; Lm,nf(z) = z−m

z∫

0

ζnf(ζ)dζ,

as special cases of the Erdélyi-Kober fractional integral:

Lm,nf(z) = zn−m+1I
n,1
1 f(z); integers m,n; n > m− 1,

the problem for the commutants of Lm,n and of their fixed integer powers L
p
m,n, p =

1, 2, . . . is considered by Hristova [139]-[141]. Her approach is rather different, including
recurrent formulas and matrix methods. There, the functional spaces are the algebra
of polynomials with complex coefficients and the space H (∆R) of analytic functions in
the disk |z| < R. An analytic description of the operators commuting with Lm,n and
L

p
m,n is found in terms of series as well as in integral form. The isomorphic proper-

ties of the mappings M : H (∆R) −→ H (∆R), generated by the linear operators M

of the commutants, are investigated. It is proved also that L
p
m,n is finitely minimally

commutative iff p = 1 and m = n.

2.4. Borel-Džrbashjan integral transform: operational properties and convo-
lution

Considering the Gelfond-Leontiev differentiation and integration operators Dρ,µ, lρ,µ and
their convolutions, it is natural to state the problem of the existence of a corresponding
Laplace type integral transform. Such an integral transformation should have the same
convolution and should transform differintegrals Dρ,µ, lρ,µ into algebraical operations.
For a more general aspect on this problem, see Section 5.6.

In Dimovski and Kiryakova [78], Kiryakova [196] we have shown that the role of such
a transformation can be played by a generalization of the Borel transform

B

{ ∞∑

k=0

akzk

}
=

∞∑

k=0

ak

k!zk+1
. (2.4.1)

This generalization has been introduced for other purposes by Džrbashjan [101, p.323],
[98]-[100], considering entire functions of order ρ > 0 and finite type and more generally,
functions analytic in angular domains and satisfying some conditions on their growth.
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The so-called generalized Borel transformation with respect to the Mittag-Leffler function
Eρ(z; µ) is defined for entire functions of order ρ > 0:

f(z) =
∞∑

k=0

akzk (2.4.2)

by means of the series

Bρ,µ {f(z); ζ} =
∞∑

k=0

Γ
(

µ +
k

ρ

)
ak

ζk+1
, (2.4.3)

but it has also the integral representation

Bρ,µ {f ; ζ} = ρζµρ−1

∞∫

0

exp (−ζρtρ) tµρ−1f(t)dt. (2.4.4)

Usually the generalized Borel transforms are consiedred in ρ-convex domains of C.
Thus Džrbashjan [98],[101] and later on, Tkachenko [488]-[489], [492], considered the
transform

Bρ,µ {f ; ζ} = ρ
(
e−iθζ

)µρ
ζ−1

∞∫

0

f
(
e−iθt

)
exp

[
−tρ

(
e−iθζ

)ρ]
tµρ−1dt,

with an arbitrary θ ∈ (−π, π], in the domain

Dρ(θ; ν) =
{

ζ : R
(
e−iθζ

)ρ
> ν, |arg ζ − θ| < π

2ρ

}
, (2.4.5)

whose contour Lρ(θ, ν) is defined by the equation
(
e−iθζ

)ρ
= ν + iτ , 0 ≤ ν < ∞,

−∞ < τ < ∞.

Using the above integral representation of Bρ,µ, Džrbashjan ([99]-[100], [101, p. 383-
404]) extends its definition to functions, continuous on a system of rays in C or analytic in
angular domains. In accordance with his considerations, we give the following definition.

Definition 2.4.1. Let us denote by A(α) [ρ1, σ1] the class of functions f(z), analytic in
the angular domain

∆(α; 0) =
{

z : | arg z| < π

2α
, 0 < |z| < ∞,

1
2

< α < ∞
}

and satisfying growth conditions of the form

|f(z)| ≤ Mf exp (σ1|z|ρ1) .
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For µ > 0, ρ ≥ max
{
ρ1,

α
2α−1

}
and f ∈ A(α) [ρ1, σ1], the functions

Bρ,µ {f ; ζ} = ρ
(
e−iθζ

)µρ
ζ−1

∞∫

0

f
(
e−iθt

)
exp

[
−tρ

(
e−iθζ

)ρ]
tµρ−1dt, (2.4.6)

depending on the parameter θ ∈ [− π
2α , π

2α

]
are said to be Borel-Džrbashjan (B.-D.)

transforms. For brevity, we have omitted the additional superscript (θ) in the exact
denotation B

(θ)
ρ,µ for (2.4.6).

It is seen that for θ = 0, (2.4.6) gives the simpler representation (2.4.4).
Further, denote

D
(α)
ρ (ν) =

⋃

− π
2α≤θ≤ π

2α

Dρ(θ; ν)

and let L
(α)
ρ (ν) be the contour encircling D

(α)
ρ (ν) in a negative (clock-wise) direction.

Then, the function Bρ,µ{f ; ζ} is an analytic function of ζ in D
(α)
ρ (ν0), where

ν0 =
{

σ1 if ρ = ρ1

0 if ρ > ρ1.

For 1
2

< µ < 1
2

+ 1
ρ , the following inversion formula of the Borel-Džrbashjan transform

(2.4.6) holds (see Džrbashjan [101, p. 397]):

f(z) =
1

2πi

∫

L

Eρ (zζ; µ) Bρ,µ{f, ζ}dζ, z ∈ ∆(α; 0), (2.4.7)

where ν > ν0, L = L
(α)
ρ (ν) and Eρ(z; µ) is the Mittag-Leffler function (2.2.12).

In [78], [196] we have proved a series of properties of the Borel-Džrbashjan trans-
form that show its relationship with the Gelfond-Leontiev operators and their convolution(
−1∗
ρ,µ

)
. Here we state some of them.

Theorem 2.4.2. If f(z) ∈ Aα [ρ1, σ1], then the Gelfond-Leontiev integration operator
(2.2.16-16′) is algebrized by the Borel-Džrbashjan transform in the following way:

Bρ,µ
{
lρ,µf ; ζ

}
=

1
ζ
Bρ,µ {f ; ζ} . (2.4.8)

Proof. There is no loss of generality in taking θ = 0 in the expression (2.4.6) for
Bρ,µ. This means that z varies on the real half-half R+ only and we exhibit this by
putting z = x. Since lρ,µ (2.2.16′) can be written in the form

lρ,µf(x) =
ρ(1− µ)

Γ
(
1 + 1

ρ

)
∞∫

0

(xρ − τρ)
1
ρ−1

τµρ−1f(τ)dτ,
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the left-hand side of (2.4.8) is:

Bρ,µ
{
lρ,µf ; ζ

}
=

ρζµρ−1

Γ
(
1 + 1

ρ

)
∞∫

0

exp (−ζρtρ) tρ−1dt

×
t∫

0

(tρ − τρ)
1
ρ−1

τµρ−1f(τ)dτ.

After the substitution tρ = σ and interchanging the order of integrations, we get

Bρ,µ
{
lρ,µf ; ζ

}
= ρζµρ−1

∞∫

0

τµρ−1f(τ)
dτ

Γ
(

1
ρ

)
∞∫

τβ

(σ − τρ)
1
ρ−1 exp (−ζρσ) dσ.

The Weyl fractional integral ([107, II, p. 202, (11)]):

1

Γ
(

1
ρ

)
∞∫

y

(σ − y)
1
ρ−1 exp(−ασ)dσ = α

− 1
ρ exp(−αy)

with y = τρ, α = ζρ, gives

Bρ,µ
{
lρ,µf ; ζ

}
= ρζµρ−1 1

ζ

∞∫

0

exp (−ζρτρ) τµρ−1f(τ)dτ.

=
1
ζ
Bρ,µ {f ; ζ} .

Thus, relation (2.4.8) is proved for real variables and by the principle of analytic contin-
uation, it holds for complex variables too.

Theorem 2.4.3. For functions f ∈ A(α) [ρ1, σ1] continuously differentiable at z = 0, the
following differential property of the Borel-Džrbashjan transform holds:

Bρ,µ
{
Dρ,µf ; ζ

}
= ζBρ,µ{f ; ζ} − Γ(µ)f(0). (2.4.9)

Proof. For simplicity we consider the case ρ ≥ 1 only, when Dρ,µ has the explicit
representation (2.2.19′). It is easy to verify that Dρ,µlρ,µf(z) = f(z) but

lρ,µDρ,µf(z) = f(z)− f(0). (2.4.10)

Applying (2.4.8) to (2.4.10) we obtain

Bρ,µ{f ; ζ} − f(0)Bρ,µ{1; ζ} = Bρ,µ
{
lρ,µ

[
Dρ,µf

]
; ζ

}

=
1
ζ
Bρ,µ

{
Dρ,µf ; ζ

}
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and then taking into account that

Bρ,µ{1; ζ} = ζµρ−1L
{

(tρ)µ−1 ; ζρ
}

=
Γ(µ)
ζµρ ,

where L {f(t); ζ} stands for the Laplace transform, we get relation (2.4.9).

Theorem 2.4.4. (Convolution of the B.-D. transform) The convolution of the Gelfond-
Leontiev integration operator lρ,µ:

f
ρ,µ∗ g := f

−1∗
ρ,µ

g, (2.4.11)

defined by (2.2.27), (2.2.28), (2.2.33), is a convolution also of the Borel-Džrbashjan
transform (2.4.6) in A(α) [ρ1, σ1], that is, the identity

Bρ,µ

{
f

ρ,µ∗ g; ζ
}

=
ζ

Γ(µ)
Bρ,µ{f ; ζ}Bρ,µ{g; ζ} (2.4.12)

holds.

Proof. Using inversion formula (2.4.7), one can write:

f(z) =
1

2πi

∫

L1

Eρ(zζ; µ)Bρ,µ{f ; ζ}dζ (2.4.13)

and

g(z) =
1

2πi

∫

L2

Eρ(zη; µ)Bρ,µ{g; η}dη (2.4.14)

with
L1 = L

(α)
p (ν1) , L2 = L

(α)
p (ν2) ,

ν2 > ν1 > ν0, provided z is inside D
(α)
ρ (ν2) ⊂ D

(α)
ρ (ν1). Then, multiplying convolutio-

nally (2.4.13) and (2.4.14) we have

(
f

ρ,µ∗ g
)

(z) =
1

(2πi)2

∫∫

L1×L2

[
Eρ(zζ; µ)

ρ,µ∗ Eρ(zη; µ)
]

×Bρ,µ{f ; ζ}Bρ,µ{g; η}dζdη

=
1

(2πi)2

∫∫

L1×L2

[
ζEρ(zζ; µ)− ηEρ(zη; µ)

ζ − η

]

×Bρ,µ{f ; ζ}Bρ,µ{g; η}dζdη,

due to formula (2.2.36) for the convolutional product of Mittag-Leffler functions.

94



Now, let us take into account that L2 is contained inside L1 and both contours are
traced in the negative direction. Then, the above expression can be rewritten in the
form:

(
f

ρ,µ∗ g
)

(z) =
1

2πi

∫

L1

ζ

Γ(µ)
Eρ(zζ; µ)Bρ,µ{f ; ζ}


 1

2πi

∫

L2

Bρ,µ{g; η}
ζ − η


 dζ

− 1
2πi

∫

L2

η

Γ(µ)
Eρ (zη; µ) Bρ,µ{g; η}


 1

2πi

∫

L1

Bρ,µ{f ; ζ}
ζ − η


 dη

=
1

2πi

∫

L2

Eρ (zη; µ)
η

Γ(µ)
Bρ,µ{f ; η}Bρ,µ{g; η}dη.

Hence, by using inversion formula (2.4.7) once again, we obtain convolutional property
(2.4.12).

The above properties show that the Borel-Džrbashjan transform is an analogue of the
Laplace transform, if the Gelfond-Leontiev integration and differentiation operators are
considered instead of the usual integration and differentiation and their integer powers.

Obviously, for µ = ρ = 1 the Borel-Džrbashjan integral transform (2.4.4) turns into
the Laplace transform, the integral analogue of the Borel transform (2.4.1):

B1,1{f ; ζ} = L{f ; ζ} =

∞∫

0

exp (−ζt) f(t)dt (2.4.15)

and Theorems 2.4.2, 2.4.3, 2.4.4 turn into its well-known operational properties:

L {lf ; ζ} =
1
ζ
L {f ; ζ} , (2.4.8′)

L

{
d

dt
f ; ζ

}
= ζL {f ; ζ} − f(0), (2.4.9′)

L

{
f
−1∗
1,1

g; ζ
}

= ζL {f ; ζ}L {g; ζ} , (2.4.12′)

where

lf(t) =

t∫

0

f(τ)dτ

is the Volterra integration operator and (cf. (2.2.33)):

(
f
−1∗
1,1

g

)
(t) =

d

dt

t∫

0

f(t− x)g(x)dx =
d

dt
(f ∗ g) (t)
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is the “differentiated” Duhamel convolution

(f ∗ g) (t) =

t∫

0

f(t− x)g(x)dx. (2.4.16)

It is seen that (2.4.12′) is a modification of the classical convolutional property of the
Laplace transform:

L {f ∗ g; ζ} = L {f ; ζ}L {g; ζ} (2.4.17)

with (∗) as in (2.1.1), (2.4.16).
For the Gelfond-Leontiev operators lρ,µ, Dρ,µ with µ = 1 (considered by Tkachenko

[488]-[489] and Dimovski [72]-[73]), the “generalized Borel transform” follows from (2.4.4),
(2.4.6), has the form

Bρ,1 {f ; ζ} = ρ
(
e−iθζ

)ρ
ζ−1

∞∫

0

exp
[
−tρ

(
e−iθζ

)ρ]
tρ−1dt (2.4.18)

and has properties which are corollaries of Theorems 2.4.2, 2.4.3, 2.4.4 for µ = 1.
Note. Let us mention that the Borel type integral transform, strictly corresponding to
Erdélyi-Kober fractional integration operator (2.1.4) L = xβδI

γ,δ
β , instead of to the Džr-

bashjan-Gelfond-Leontiev operator lρ,µ, has the form

Bβ,γ {f(x); z} = β

∞∫

0

exp
(
−zxβ

)
xβ(γ+1)−1f(x)dx. (2.4.19)

Its convolutions are given by operations (2.1.7) and its relation (5.6.18) with the Laplace
transform can be seen in Section 5.6.

— || —

The main results of Chapter 2 have been published in: Dimovski and Kiryakova [77]-[78]
and Kiryakova [196], [206].
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3 Hyper-Bessel differential and
integral operators and equations

The theory of the one-tuple (m = 1) operators of fractional integration and differenti-
ation, i.e. of the classical Riemann-Liouville and Erdélyi-Kober fractional integrals and
derivatives, seems to be comparatively complete. Their study and applications traced
back to the pioneers of the fractional calculus: Leibnitz, Liouville, Riemann, Euler, Abel
and continued in our century by Kober, Erdélyi, Sneddon and many other contemporary
mathematicians. The basic facts can be found in a large number of papers, including the
proceedings of the international conferences of fractional calculus [404], [291], [329] as
well as in the Samko, Kilbas, Marichev encyclopaedia on this subject [434]. In Chapters
1 and 2 we have simply added a few results and new interpretations: a unified approach
to the Erdélyi-Kober fractional integrals and derivatives, convolutions related to them,
interpretations of the Gelfond-Leontiev operators and corresponding generalized Borel
transforms, etc.

The two-tuple (m = 2) fractional integrals (1.1.19), the so-called hypergeometric
fractional integrals have been also investigated in detail and intensively used in analysis
and mathematical physics; see Love [262], Kalla and Saxena [177]-[178], Saigo [415]-[421],
McBride [289]-[291], Sprinkhuizen-Kuiper [457], etc. In Chapter 1 we have just mentioned
some of their applications and stressed the interpretation of the corresponding hypergeo-
metric fractional derivatives.

However, multiple (m > 2) operators of fractional integration like those introduced
in Chapter 1 (Definition 1.1.1):

I
(γk),(δk)

β,m f(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ

have not been investigated to any great extent and have not been used effectively. Some
authors, e.g. Kalla [157]-[161], [164], Parashar [355] have studied fractional integration
operators involving the arbitrary G

m,n
p,q -functions of Meijer but usually only a chain of

rules and formal inversion formulas are derived. In particular, no relations to corre-
sponding differential (differintegral) operators and Laplace-type integral transforms are
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mentioned. Together with the lack of a decomposition representation like

I
(γk),(δk)

β,m f(x) =

[
m∏

k=1

I
γk,δk
β

]
f(x)

=

1∫

0

. . .

1∫

0

[
m∏

k=1

(1− σk)δk−1 σ
γk
k

Γ (δk)

]
f

[
x (σ1 . . . σm)

1

β

]
dσ1dσ2 . . . dσm,

this fact has prevented their wide applications.
A good example of multiple (m-tuple, m ≥ 2) Erdélyi-Kober fractional integrals

I
(γk),(δk)

β,m and derivatives D
(γk),(δk)

β,m with various interpretations and application, is pro-
vided by the hyper-Bessel integral and differential operators, considered in this chapter.

The hyper-Bessel differential operators, called Bessel type differential operators of
arbitrary order m > 1 are introduced by Dimovski (1966) in the form

B = xα0
d

dx
xα1

d

dx
xα2 . . .

d

dx
xαm , 0 < x < ∞.

In a series of papers [64]-[71] he proposes several approaches in building operational
calculi for the hyper-Bessel operators. One of them is the direct algebraic method of
Mikusinski based on the notion of convolution of a linear operator mapping a linear space
into itself (see Definition 2.1.1, Chapter 2). Another approach is to use transmutation
operators (here we call them Poisson-Sonine-Dimovski transformations) which allow us
to transfer the results of the classical (Mikusinski’s) operational calculus to the case of
hyper-Bessel operators. Last but not least, we mention the use of the Obrechkoff integral
transform [339] proposed by Dimovski as an analogue of the Laplace transform. For
the same operators, McBride [289]-[291] finds a decomposition representation in terms
of the Erdélyi-Kober operators and fractional powers, represented by integral operators
involving Meijer’s G

m,0
m,m-function. Special cases (m = 2, or m > 2 but with particular

parameters) have been considered in a large number of papers, by different authors and
methods (see Examples in Section 3.3) and have found various applications.

Here we consider the hyper-Bessel operators as generalized “fractional” integrals and
derivatives of multiorder δ = (1, 1, . . . , 1). These considerations have a two-fold role.
First, the general theory of Chapter 1 is illustrated particularly by useful results which
allow us to deal easily with the hyper-Bessel operators and hyper-Bessel differential
equations

By(x) = λy(x) + f(x).

On the other hand, the generalized fractional calculus clarifies the important role of
Meijer’s G-functions in the theory of hyper-Bessel operators and equations. They can
serve either as kernel-functions of the generalized “fractional” (hyper-Bessel) integrals, or
as solutions of initial value problems for the corresponding O.D.E. Finally, the Obrechkoff
integral transform (Sections 3.9 and 3.10) turns out to be a G-transformation and what
is more, a composition of the Laplace transform with a suitable transmutation (Sonine-
Dimovski) operator (which in turn is a multiple fractional integral too!).
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Hence, in terms of the generalized fractional calculus and Meijer’s G-functions, we
give a unified exposition and a new insight on this topic, combined with new results and
applications.

3.1. The hyper-Bessel operators as generalized fractional differintegrals

3.1.i. Definitions and notations
Let m > 1 be an arbitrary integer. We consider special kinds of m-th order differential
operators on the half-line 0 ≤ x < ∞ which are far-reaching generalization of the second
order Bessel differential operator. As in Chapter 1, the basic functional space suitable
for practical applications is the space of real-valued functions which are continuous (or
sufficiently smooth) on [0,∞) and may have power singularities at x = 0, namely:

C
(k)
α :=

{
f(x) = xpf̃(x); p > α, f̃ ∈ C(k)[0,∞)

}
, (3.1.1)

C
(0)
α := Cα,

with arbitrary real α and integer k ≥ 0 (see Section 1.1.i). It is easily seen that α1 ≤ α2

and k1 ≤ k2 yield C
(k1)
α1

⊇ C
(k2)
α2

and f ∈ C
(k)
α , α ≥ 0 yields lim

x→+0
f(x) = 0.

Definition 3.1.1. By a hyper-Bessel differential operator, or a Bessel type differential
operator of order m > 1 we mean each linear differential operator of the form

B = xα0
d

dx
xα1

d

dx
. . . xαm−1

d

dx
xαm (3.1.2)

with arbitrary real α0, α1, . . . , αm such that

β := m− (α0 + α1 + · · ·+ αm) > 0;

or of the alternative forms:

B = x−βQm

(
x

d

dx

)
= x−β

m∏

k=1

(
x

d

dx
+ βγk

)
, (3.1.3)

where β > 0, Qm is an m-th degree polynomial of the Euler differential operator δ = x d
dx

with zeros µk = −βγk, k = 1, . . . , m; and

B = x−β
(

xm dm

dxm + a1x
m−1 dm−1

dxm−1
+ · · ·+ am−1x

d

dx
+ am

)
, (3.1.4)

with β > 0 and arbitrary real a1, . . . , am.
Originally, the hyper-Bessel diffrential operators were introduced by Dimovski [64]-

[71] under the name Bessel type operators of arbitrary order.
The assumption that x is a real positive variable and the parameters in (3.1.2)-

(3.1.4) are real is not essential since most of the results can be easily transferred
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to the case of a complex variable in starlike domains (as in Sections 2.3, 2.4 and
5.5) and complex values of parameters, e.g. complex α0, α1, . . . , αm such that β :=
R [m− (α0 + α1 + · · ·+ αm)] > 0.

It is seen that (3.1.2), (3.1.3) and (3.1.4) are equivalent representations for the same
differential operators B, defined by means of the (m + 1)-tuples:

{α0, α1, . . . , αm} with m− (α0 + · · ·+ αm) > 0, (3.1.2′)
{β > 0; γ1, . . . , γm} , (3.1.3′)
{β > 0; a1, . . . , am} . (3.1.4′)

For example, (3.1.2) and (3.1.3) follow each from the other by choosing:

γk =
1
β

(αk + αk+1 + · · ·+ αm −m + k) , k = 1, . . . , m, (3.1.5)

or conversely,

α0 = −β − βγ1 + 1; αk = βγk − βγk+1 + 1; k = 1, . . . , m− 1; αm = βγm. (3.1.6)

Taking into account relation (3.1.6) and the formulas
(

x
d

dx
− µk

)
= xµk+1 d

dx
x−µk , k = 1, . . . ,m,

from (3.1.2) we obtain:

B = x−β
(

x−βγ1+1 d

dx
xβγ1

)(
x−βγ2+1 d

dx
xβγ2

)
. . .

(
x−βγm+1 d

dx
xβγm

)

= x−β
m∏

k=1

(
x

d

dx
+ βγk

)
= z−βQm

(
x

d

dx

)
,

i.e. representation (3.1.3). Conversely, for fixed β > 0 and different arrangements of
γ1, . . . , γm in (3.1.3) (i.e. of the zeros µ1, . . . , µm of Qm) there are different ways (just
m! if γi 6= γj for i 6= j) of putting the operator B into the form (3.1.2) with α’s as in
(3.1.6). However, if we assume that

γ1 ≤ γ2 ≤ · · · ≤ γm, or strictly:
γ1 ≤ γ2 ≤ · · · ≤ γs < γs+1 = · · · = γm, 0 ≤ s ≤ m− 1,

(3.1.7)

then representation (3.1.2) is uniquely determined. The case s = 0 corresponds to a
multiple (m-tuple) zero µ = −βγ of the polynomial Qm(µ), i.e.

γ1 = γ2 = · · · = γm.

Hyper-Bessel operators (3.1.2), (3.1.3) can also be put in the form

B = xκ dm

dxm + a1x
κ−1 dm−1

dxm−1
+ · · ·+ amxκ−m, κ = m− β, (3.1.8)
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i.e. (3.1.4), where the coefficients (3.1.4′) are defined by means of (3.1.5) and

am−k =
k∑

j=0

[
(−1)j

j!(k − j)!

m∏

i=1

(βγi + k − j)

]
, k = 0, 1, . . . , m− 1. (3.1.9)

This representation, as well as the more general representation of polynomials of

hyper-Bessel differential operators Pn(B) =
n∑

k=0

cn−kBk as polynomials of the usual

differentiation D = d
dx , namely:

Pn(B) = Pn

[
x−βQm

(
x

d

dx

)]
=

mn∑
s=0

dmn−s(x)
(

d

dx

)s

, (3.1.10)

dmn−s(x) =
n∑

j=[ s+m−1

m ]



xs−βjcn−j

s∑

l=0


 (−1)l

l!(s− l)!

j∏

i=1

(βγi + (s− l)(m− β − 1))






 ,

can be obtained by (3.1.3) and the formula:

δn =
(

x
d

dx

)n

=
n∑

k=1

(
n

n− k

)
B

(k)

n−kxk dk

dxk
, (3.1.11)

where B
(k)

l stand for the generalized Bernoulli numbers (see [272]).

Representations (3.1.4), (3.1.8), (3.1.10) generalize the results of Osipov [342]-[343]
for the Bessel type operator Bα = x−α d

dxxα+1 d
dx . Klučantčev [216]-[218] considers hyper-

Bessel operators only of the form (3.1.4), (3.1.8) with κ = 0, i.e. β = m. On the other
hand, it is seen that the substitution y = xβ reduces the hyper-Bessel operators with an
arbitrary β > 0 into operators with β = 1, since δx = x d

dx = βy d
dy = βδy.

To examine the hyper-Bessel operators (3.1.2)-(3.1.4) from the point of view of the
generalized hypergeometric functions, let us consider the general differential equation of
order max(p, q) satisfied by Meijer’s function y(x) = G

m,n
p,q (x) (see (A.19), also [106, I]):

[ q∏

k=1

(
x

d

dx
− bk

)
− (−1)p−m−nx

p∏

k=1

(
x

d

dx
− ak + 1

)]
y(x) = 0.

If we put n = p = 0, q = m, bk = −γk, k = 1, . . . , m and divide by x 6= 0, we obtain:
[
x−1

m∏

k=1

(
x

d

dx
+ γk

)
− (−1)m

]
y(x) = 0, (3.1.12)

i.e.
By(x) = (−1)my(x).
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This equation characterizes the hyper-Bessel operators B as special cases of the “gene-
ralized hypergeometric operators”:

H = (−1)mx−1

m∏

k=1

(
x

d

dx
− bk

)
− (−1)p−n

p∏

k=1

(
x

d

dx
− ak + 1

)

= B(1) −B(0),

(3.1.13)

being differences of two hyper-Bessel differential operators: the former B(1) with β = 1 >

0 and the latter B(0) with β = 0 (i.e. a differential operator of Euler type). An example
of a hypergeometric operator (3.1.13), viz.

x−m
(

d

dx

)n

+
n∑

i=1

bix
n−i

(
d

dx

)i

= B(1) −B(0),

is related to the differential equation of n-th order, considered by Bainov and Shopolov
[26], following the method of Karanikoloff [184] for the equation

x−m dn

dxny(x) = y(x).

Differential equation (3.1.12) and the hyper-Bessel operators B (3.1.2)-(3.1.4) have
two singular points: x = 0 (a regular one) and x = ∞ (an essential singularity). Further
we study in detail, the fundamental system of solutions of ODE (3.1.12) and its general
solution in terms of Meijer’s G-function (see Section 3.4).

All these notes characterize the hyper-Bessel differential operators as singular linear
differential operators of arbitrary order and with variable coefficients, written down in
the equivalent forms (3.1.2), (3.1.3), (3.1.4).

3.1.ii. The hyper-Bessel operators as multiple Erdélyi-Kober derivatives and
integrals

Lemma 3.1.2. The hyper-Bessel differential operator (3.1.3) of order m > 1:

B = x−β
m∏

k=1

(
x

d

dx
+ βγk

)
= βmx−β

m∏

k=1

(
1
β

x
d

dx
+ γk

)

is a generalized operator of fractional differentiation of the form (1.5.20) and multiorder
δ = (1, 1, . . . , 1), namely:

B = βmx−βD
(γk−1),(1)

β,m = βmD
(γk),(1)

β,m x−β . (3.1.14)
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Proof. Since δk = 1 yields δk = ηk = 1, k = 1, . . . , m and I
(γk+ηk),(0,...,0)

β,m = I is the
identity operator in Cα, then from (1.6.3) and (1.5.19) (see Definition 1.5.4),

βmD
(γk),(1)

β,m x−β = βmx−βD
(γk−1),(1)

β,m

= βmx−β

[
m∏

k=1

(
1
β

x
d

dx
+ (γk − 1) + 1

)]
I
(γk+ηk),(0)

β,m

= x−β
m∏

k=1

(
x

d

dx
+ βγk

)
= B,

i.e. B is a generalized (m-tuple) fractional derivative (1.5.20) with

δ0 = 1 and δ1 = · · · = δm = 1.

By the way, from (3.1.14) and (1.6.2) the following useful corollary follows: the B-
image of the power functions f(x) = xp is:

B {xp} = βmxp−β
m∏

k=1

Γ
(
γk + p

β + 1
)

Γ
(
γk + p

β

) ,

i.e.

B {xp} =





βmxp−β
m∏

k=1

(
γk + p

β

)
if p 6= −βγk, k = 1, . . . ,m

0, if p = −βγk for some k = 1, . . . , m.
(3.1.15)

It is seen that for functions f(x) ∈ C
(l)
α′ , l ≥ m, α′ ≥ α + β, the hyper-Bessel differential

operator B reduces the powers by β > 0 and the order of smoothness l by m. That is
why it does not map C

(l)
α′ into itself:

B : C
(l)
α′ −→ C

(l−m)

α′−β
*C

(l)
α′ . (3.1.16)

On the other hand, sometimes it is more convenient to deal with linear operators mapping
a linear space into itself (the so-called endomorphisms) and especially, the general notion
of convolution of Dimovski [73] is related to these kinds of operators.

Hence, when solving problems related to the hyper-Bessel differential operators B

(like Cauchy problems), we naturally deal with their right inverse (integral) operators
L, defined by suitable initial conditions and mapping Cα into itself. Let us recall the
following general definition.

Definition 3.1.3. Let X be a linear space, XB its subspace and let B : XB → X be
a linear operator. A linear operator L : X → XB is said to be a right inverse of B if
BLf = f for each f ∈ X .
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To look upon the hyper-Bessel differential operators B as right-invertible operators
(see Przeworska-Rolewicz [365], also Dimovski [73]), we consider them not in the basic
space X = Cα but in the subspace

X = C
(m)

α+β ⊂ Cα.

Then, L is sought so that

Cα
L−→

(
C

(m)

α+β ⊂ Cα

)
B−→Cα (3.1.17)

and BLf(x) = f(x) for each f ∈ Cα, α = max
1≤k≤m

[−β (γk + 1)].

Definition 3.1.4. The linear right inverse operator L of B (3.1.2) defined by the solution
y(x) = Lf(x) of the initial value problem

By(x) = f(x)

lim
x→+0

Bky(x) = lim
x→+0

xαk
d

dx
xαk+1 . . .

d

dx
xαmy(x) = 0, k = 1, . . . , m,

(3.1.18)

is said to be a hyper-Bessel integral operator of order m > 1, or Bessel type integral
operator. Let us note that initial conditions (3.1.18) can be stated alternatively to
correspond with representations (3.1.3), (3.1.4) of B, namely, (3.1.18) are equivalent to

lim
x→+0

Bky(x) = lim
x→+0


xβγk

m∏

j=k+1

(
x

d

dx
+ βγj

)
 y(x) = 0, k = 1, . . . , m. (3.1.18′)

Also, “classical” initial value conditions

lim
x→+0

y(k−1)(x) = βk, k = 1, . . . , m (3.1.19)

that correspond to (3.1.4) can be considered, in this case with βk = 0, k = 1, . . . , m.
The form of the hyper-Bessel integral operator L in Cα with

α = max
0≤k≤m−1

(α0 + α1 + · · ·+ αk − k − 1) = max
1≤k≤m

[−β (γk + 1)] , (3.1.20)

corresponding to (3.1.2) and (3.1.18), is found by Dimovski [64]-[65] in terms of a multiple
integral, namely:

Lf(x) =x−αm

x∫

0

x
−αm−1

1 dx1

x1∫

0

x
−αm−2

2 dx2

. . .

xm−1∫

0

x−α0
m f(xm)dxm.
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After a substitution, this gives:

Lf(x) =
xβ

βm

1∫

0

. . .

1∫

0

[
m∏

k=1

x
γk
k

]
f

[
x (x1 . . . xm)

1

β

]
dx1dx2 . . . dxm. (3.1.21)

However, according to (1.1.7) and Theorem 1.2.10 integral operator (3.1.21) is nothing
but a generalized (Riemann-Liouville) fractional integral (in the sense of Definition 1.1.1):

Lf(x) =
xβ

βm I
(γk),(1)

β,m f(x)

of multiorder δ = (1, 1, . . . , 1).
The same result (3.1.21) together with an alternative single integral representation of

L by means of the Meijer’s G-function also follows directly by the general investigations
in Chapter 1. Thus, we obtain the following theorem.

Theorem 3.1.5. The hyper-Bessel integral operator L, defined in Cα as a solution of
the initial value problem defined by conditions (3.1.18′):

By(x) = f(x),

lim
x→+0

Bky(x) = lim
x→+0


xβγk

m∏

j=k+1

(
x

d

dx
+ βγj

)
 y(x) = 0, k = 1, . . . ,m,

is a generalized fractional integral

L =
xβ

βm I
(γk),(1)

β,m (3.1.22)

and possesses the single integral representation equivalent to (3.1.21):

y(x) = Lf(x) =
xβ

βm

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + 1)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ, (3.1.23)

whose kernel-function is Meijer’s G-function of the form (1.1.11).
Proof. Due to Theorem 1.5.5,

D
(γk−1),(1)

β,m I
(γk−1),(1)

β,m = I in Cα, α = max
k

[−β (γk + 1)]

and therefore, the linear right inverse operator of B = βmx−βD
(γk−1),(1)

β,m is (see also
(1.3.3)):

L =
1

βm I
(γk−1),(1)

β,m xβ =
xβ

βm I
(γk),(1)

β,m .
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It remains to establish that (3.1.22) satisfies the zero initial conditions (3.1.18′). To this
end, we consider the expressions BkLf(x), k = 1, . . . , m. Since

xβγk

m∏

j=k+1

(
x

d

dx
+ βγj

)
= βm−kxβγk

m∏

j=k+1

(
1
β

x
d

dx
+

(
γj − 1

)
+ 1

)

= βm−kxβγkD
(γj−1)m

k+1
,(1)

β,m−k

and due to (1.3.12):

L = I
(γj−1)m

1
,(1)

β,m

xβ

βm = I
(γj−1)m

k+1
,(1)

β,m−k I
(γj−1)k

1
,(1)

β,k

xβ

βm ,

then according to Theorem 1.5.5 again,

BkLf(x) = βm−kxβγkD
(γj−1)m

k+1
,(1)

β,m−k I
(γj−1)m

k+1
,(1)

β,m−k I
(γj−1)k

1
,(1)

β,k

xβ

βmf(x)

= βm−kxβγkI
(γj−1)k

1
,(1)

β,k

xβ

βmf(x)

=
xβ(γk+1)

βk
I
(γj)k

1
,(1)

β,k f(x),

by (1.3.3). But if f ∈ Cα, then I
(γj)k

1
,(1)

β,k f ∈ C
(k)
α and therefore,

BkLf(x) ∈ C
(k)

α+β(γk+1) = C
(k)

β(γk−γ1)
⊆ C

(k)
0 ,

since γ1 ≤ γk, k = 1, . . . , m. This means,

lim
x→+0

BkLf(x) = 0, k = 1, . . . , m,

i.e. (3.1.18′) are fulfilled.
From Corollary 1.2.16,

L : Cα −→ C
(m)

α+β ⊂ Cα (3.1.24)

is an operator mapping Cα, α = max
k

[β (γk + 1)] into itself.

Once we have shown that the hyper-Bessel integral operator L is a generalized frac-
tional integral in the sense of Chapter 1, we can use directly all the results stated there
to simplify and shorten the considerations and calculations related in particular with the
hyper-Bessel operators and equations. Hence, from Lemmas 1.2.1 and 1.2.2 we obtain
immediately the L-images of some elementary and special functions as shown bellow.

Lemma 3.1.6. For p > α, α = max
k

[β (γk + 1)],

L {xp} = cpx
p+β , (3.1.25)
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where

cp = β−m
m∏

k=1

Γ
(
γk + p

β + 1
)

Γ
(
γk + p

β + 2
) =

[
βm

m∏

k=1

(
γk +

p

β
+ 1

)]−1

.

Lemma 3.1.7. If a Meijer G-function

f(x) = G
µ,ν
σ,τ

[
ωxβ

∣∣∣∣
(ci)

σ
1(

dj
)τ
1

]

belongs to Cα, then its L-image is another G-function belonging to C
(m)

α+β, namely:

Lf(x) =
xβ

βm I
(γk),(1)

β,m f(x) =
1

ωβmG
µ,ν+m
σ+m,,τ+m

[
ωxβ

∣∣∣∣
(−γk + 1)m1 , (ci + 1)σ1(
dj + 1

)τ
1

, (−γk)m1

]
, (3.1.26)

provided (as in Lemma 1.2.2),

min
1≤j≤µ

dj + min
1≤k≤m

γk > −1, σ 6= τ, ω 6= 0,

ρ = µ + ν − σ + τ

2
, | arg ω| < ρπ, ci − dj 6= 1, 2, 3, . . .

i = 1, . . . , ν; j = 1, . . . , µ.

Lemma 3.1.8. For p > α, λ ≥ 0,

L

{
xp exp

(
−λx

β
m

)}
=β−m

√
m(2π)1−m

(m

λ

)m
(

p
β +1

)

×G
m,m
m,2m

[(
λ

m

)m

xβ

∣∣∣∣∣
(−γk + 1)m1(

p
β + k

m + 1
)m−1

0
, (−γk)m1

]
.

(3.1.27)

Proof. The function

f(x) = xp exp
(
−λx

β
m

)
= λ

−pm
β G

1,0
0,1

[
λx

β
m

∣∣∣∣
pm

β

]

is a distinguished representative of the subspace Ω = Cexp
α ⊂ Cα of the functions which

are Obrechkoff transformable (see Section 3.9 on the Obrechkoff transform). These are
the functions from Cα having an exponential growth near x = ∞. The image of this
particular function, being a G-function, can be found as in Lemma 3.1.6 but using the
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more general integral formula (A.28) (see Appendix), namely:

Lf(x) =
xβ

λ
pm
β βm

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + 1)m1
(γk)m1

]
G

1,0
0,1

[(
λx

β
m

)
σ

1
m

∣∣∣∣
pm

β

]
dσ

= β−m
√

m(2π)1−m
(m

λ

)pm
β

xβG
m,m
m,2m

[(
λ

m

)m

xβ

∣∣∣∣∣
(−γk)m1(

p
β + k

m

)m−1

0
, (−γk − 1)m1

]

=

√
m(2π)1−m

(m
λ

)pm
β +m

βm G
m,m
m,2m

[(
λ

m

)m

xβ

∣∣∣∣∣
(−γk + 1)m1(

p
β + k

m + 1
)m−1

0
, (−γk)m1

]
.

3.2. Defining projectors (initial operators) of the hyper-Bessel operators

The following notion plays an important role in the algebraical analysis and theory of
right-invertible operators (see Przeworska-Rolewicz [365]) and in operational calculus
(Dimovski [70], [73]).

Definition 3.2.1. ([365]) A linear operator F : XF −→ X is said to be a defining
projector (initial operator or operator of the initial conditions) of the operator L : X −→
XB ⊂ X , linear right inverse of the a linear operator B : XB −→ X , if:

a) XB ⊆ XF ⊂ X ,

b) the range of F coincides with the kernel-space of B, i.e.

F (XF ) = ker B := {f : Bf = 0} ,

c) F is a projector, i.e. F 2 = F ,

d) F is a left annihilator of L, i.e. FL = 0.

We recall the following general assertion.

Theorem ([365]). If L is a linear right inverse operator of the right-invertible operator
B : XB −→ X , i.e. BL = I, then the operator defined in XF = XB by

F = I − LB, (3.2.1)

where I is the identity operator, is a defining projector of L. Furthermore, the restriction
of each defining projector F of L to the subspace XB coincides with operator (3.2.1).

In particular, for the hyper-Bessel operators B, L we have:

X = Cα, XB = C
(m)

α+β (3.2.2)

with α = max
k

[β (γk + 1)].

Before specifying the domain XF of F , we formulate the following auxiliary result.

108



Lemma 3.2.2. Let us suppose the condition

γ1 < γ2 < · · · < γm < γ1 + 1 (3.2.3)

for the parameters γk of operators B. The fundamental system of solutions of the homo-
geneous hyper-Bessel differential equation

By(x) =

[
x−β

m∏

k=1

(
x

d

dx
+ βγk

)]
y(x) = 0 (3.2.4)

in a neighbourhood of the origin x = 0 consists of the power functions

yk(x) = x−βγk = x−αk−αk−1−···−αm+m−k, k = 1, . . . ,m. (3.2.5)

Then, the solution of (3.2.4) under initial conditions of the form (3.1.18′):

lim
x→+0

Bky(x) = lim
x→0


xβγk

m∏

j=k+1

(
x

d

dx
+ βγj

)
 y(x)

= bk, k = 1, . . . , m,

(3.2.6)

has the form

y(x) =
m∑

i=1

cix
−βγi ∈ C

(m)
α ⊂ Cα (3.2.7)

with constants defined as follows:

ci =




m∏

j=k+1

β
(
γj − γk

)


−1

bi, i = 1, . . . , m. (3.2.8)

Proof. After multiplying by xβ 6= 0, equation (3.2.4) becomes an m-th order Euler
differential equation

Qm

(
x

d

dx

)
y(x) =

[(
x

d

dx
+ βγ1

)
. . .

(
x

d

dx
+ βγm

)]
y(x) = 0.

Conditions (3.2.3) yields that the zeros µk = −βγk, k = 1, . . . , m of Qm(µ) = 0 are all
different and so, the f.s.s. of equation By = 0 consists of the functions (3.2.5):

yk(x) = xµk = x−βγk ∈ C
(∞)
α , k = 1, . . . , m.

Due to (3.2.3) again, they belong to C
(∞)
α ⊂ C

(m)
α ⊂ Cα since in this case:

α = max
1≤i≤m

[−β (γi + 1)] = −β (γ1 + 1) ;

−βγk ≥ −β (γ1 + 1) , k = 1, . . . , m.
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Then, the general solution of By = 0 is a linear combination (3.2.7). Suppose it
satisfies initial conditions (3.2.6). Let us consider the expressions

Bky(x) =
m∑

i=1

ciBk {yi(x)} =
m∑

i=1

ciBk

{
x−βγi

}
.

Using the formula ([272, p. 24, (3)]):



m∏

j=k+1

(
x

d

dx
+ βγj

)
 xp = xp

m∏

j=k+1

(
p + βγj

)
,

we find

Bk

{
x−βγi

}
=





xβ(γk−γi)
m∏

j=k+1

[
β

(
γj − γi

)]
, i ≤ k

0 i > k.

Since i < k yields γi < γk,

lim
x→+0

Bk

{
x−βγi

}
=





0, i < k
m∏

j=k+1

[
β

(
γj − γk

)]
, i = k

0, i > k

and therefore,

lim
x→+0

Bky(x) =
m∑

i=1

ci lim
x→+0

Bk

{
x−βγi

}
= ck

m∏

j=k+1

[
β

(
γj − γk

)]
= bk,

whence we determine the constants

ck =




m∏

j=k+1

β
(
γj − γk

)


−1

bk, k = 1, . . . , m,

as in (3.2.8).
It is seen that condition (3.2.3) is to ensure that the characteristic polynomial

Qm(µ) = 0 has m different zeros and the corresponding functions yk ∈ Cα. In essence, it
means that the parameters γk, k = 1, . . . , m, of the hyper-Bessel operator B are different
and do not differ by integers:

γi − γj 6= l, l = 0,±1,±2, . . . .

Conversely, if we admit coincidence of two or more parameters γk, k = 1, . . . ,m, then a
multiple zero of Qm(µ) = 0 arises, leading to the so-called logarithmic case. It is well
known that if µi = −βγi is an s-tuple zero of Qm(µ) = 0, 1 ≤ s ≤ m, then the functions

x−βγi , x−βγi ln x, . . . , x−βγi(ln x)s−1 (3.2.9)
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form a part (or the whole) f.s.s. of By = 0. More about the special logarithmic case

B =
d

dx
x

d

dx
. . . x

d

dx
= x−1

(
x

d

dx

)m

; γ1 = · · · = γm = 0

can be found , for example in Ditkin and Prudnikov [87], Botashev [36] and especially,
for a f.s.s., in Adamchik and Marichev [5].

Meanwhile, Lemma 3.2.2 shows that the kernel-space of B in the case (3.2.3) coincides
with the set of all linear combinations of functions (3.2.5), i.e.

ker B = span
{

x−βγk

}m

k=1
⊂ C

(m)
α ⊂ Cα, (3.2.10)

and so it is not in the domain XB = C
(m)

α+β of B (chosen to make B right-invertible) but

lies in the wider subspace C
(m)
α .

That is why it is suitably to choose the domain XF of the defining projector F to be

XF = ker B ⊕XB

=
[
span

{
x−βγk

}m

k=1
⊕ C

(m)

α+β

]
⊂ C

(m)
α ⊂ Cα = X ,

(3.2.11)

the wider space of functions of the form

f(x) =
(
f1x

−βγ1 + · · ·+ fmx−βγm
)

+ f̂

=
◦
f + f̂ , where

◦
f ∈ kerB, f̂ ∈ C

(m)

α+β .
(3.2.11′)

Now we can find the explicit form of the defining projector of the hyper-Bessel integral
operator L.

Theorem 3.2.3. Let XF ⊂ X = Cα be defined by (3.2.11). Then, the operator F defined
in XF as

F = I − LB,

is a defining projector of L and in the case (3.2.3) has the representation

Ff(x) =
m∑

k=1

ck(f)x−βγk (3.2.12)

with coefficients

ck(f) =




m∏

j=k+1

β
(
γj − γk

)


−1

lim
x→+0

Bkf(x). (3.2.13)

Proof. Since
[
XB = C

(m)

α+β

]
⊂

[
XF = span

{
x−βγk

}m

k=1
⊕ C

(m)

α+β

]
⊂ [X = Cα] ,
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then the condition a) of Definition 3.2.1 is fulfilled.

The operator F is defined in XF . Indeed, for f =
◦
f + f̂ as in (3.2.11′), we have

B

(◦
f

)
= 0, LB

(◦
f

)
= 0 (due to the regularity of the operator L, i.e. L{0} = 0) and

therefore,

F (f) = F

(◦
f

)
+ F (f̂) =

◦
f − LB

(◦
f

)
+ F

(
f̂
)

,

F (f) =
◦
f + F

(
f̂
)

= f − LB
(
f̂
)

,

(3.2.14)

the latter expression being well defined for f̂ ∈ XB. Then,

B (Ff) = B

(◦
f + f̂ − LB

(
f̂
))

= B
◦
f + Bf̂ − (BL) Bf̂

= 0 + Bf̂ −Bf̂ = 0,

i.e. condition b) is also satisfied for F = I − LB in XF .
The other conditions c), d) are easily verified, namely:

FLf = (I − LB) Lf = Lf − L (BL) f = Lf − Lf = 0, f ∈ X = Cα,

F 2f = F (I − LB) f = Ff − FL (Bf) = Ff.

This means F = I − LB is a defining projector also in XF ⊃ XB.
Condition b) and Lemma 3.2.2 yield that the defining projector F has the form

(3.2.12) with coefficients as follows:

ck(f) =




m∏

j=k+1

β
(
γj − γk

)


−1

lim
x→+0

BkFf(x).

But for functions f =
◦
f + f̂ ∈ XF (i.e. f̂ ∈ C

(m)

α+β):

f1 = Bf = B
◦
f + Bf̂ = Bf̂ ∈ X = Cα,

and therefore, by Definition 3.1.4 of operator L, the function LBf = Lf1 satisfies the
initial conditions

lim
x→+0

Bk(LBf(x)) = 0, k = 1, . . . , m.

Then,
lim

x→+0
BkFf(x) = lim

x→+0
Bkf(x) = bk (as in (3.2.6)),

i.e. we obtain (3.2.13).
Representation (3.2.12)-(3.2.13) justifies the alternative name initial operator, opera-

tor of the initial conditions for the hyper-Bessel defining projector F = I−LB. Another
proof of the same representation can be seen in Kiryakova [190], Dimovski and Kiryakova
[74].
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Corollary 3.2.4. The hyper-Bessel defining projector F = I − LB of the form (3.2.12)
vanishes identically on the subspace

[
XB = C

(m)

α+β

]
⊂ XF :

F |XB
≡ 0, (3.2.15)

i.e. the operators B and L are mutually inverse in C
(m)

α+β ⊂ Cα : BL = LB = I.

Proof. We show that if f̂ ∈ C
(m)

α+β , then

lim
x→+0

Bkf̂(x) = 0, k = 1, . . . , m.

Indeed, if f̂ ∈ C
(l)
α′ , then Bkf̂ ∈ C

(l−(m−k))
α′+βγk

. For l = m, α′ = α + β = −βγ1 (if (3.2.3) is
satisfied), we find subsequently:

Bmf̂(x) = xβγm f̂(x) ∈ C
(m)

β(γm−γ1)
⊂ C

(m)
0 , since β (γm − γ1) > 0;

...
...

Bkf̂(x) ∈ C
(m−m+k)

β(γk−γ1)
⊂ C

(k)
0 , since β (γk − γ1) > 0;

...
...

B1f̂(x) ∈ C
(m−m+1)
0 = C

(1)
0 , since β (γ1 − γ1) = 0.

But property Bkf̂ ∈ C
(k)
0 yields immmediately lim

x→+0
Bkf̂(x) = 0 and this means that

in (3.2.12) all the coefficients are:

ck

(
f̂
)

= 0, k = 1, . . . , m, i.e. F f̂
∣∣∣
C(m)

α+β

≡ 0,

provided (3.2.3) holds: γ1 < γ2 < · · · < γm < γ1 + 1.

Corollary 3.2.5. In the subspace kerB ⊂ XF the defining projector F coincides with
the identity operator:

F |ker B = I, i.e. F

{
m∑

k=1

fkx−βγk

}
=

m∑

k=1

fkx−βγk . (3.2.16)

Combining Corollaries 3.2.4 and 3.2.5 we find that for an arbitrary function f =
◦
f + f̂ ∈ XF , the coefficients ck(f) in (3.2.12) coincide with coefficients fk, k = 1, . . . , m,

of
◦
f ∈ kerB, namely:

Ff(x) =
m∑

k=1

fkx−βγk (3.2.17)

with

fk =




m∏

j=k+1

β
(
γj − γk

)


−1

lim
x→+0

Bkf(x).

113



¤

3.3. Examples of hyper-Bessel differential operators and their use in mathe-
matical physics

The best-known example giving rise to the name Bessel type operators for differential
operators (3.1.2), (3.1.3), (3.1.4), is:

a) The second order differential operator of Bessel (m = β = 2, γ1 = ν
2
, γ2 =

−ν
2
):

Bν = x−2

(
x

d

dx
+ ν

)(
x

d

dx
− ν

)
= xν−1 d

dx
x−2ν+1 d

dx
xν

= x−ν−1 d

dx
x2ν+1 d

dx
x−ν =

d2

dx2
+

1
x

d

dx
− ν2

x2
,

(3.3.a)

related to the Bessel function y(x) = Jν(x), satisfying the equation Bνy(x) = −y(x), i.e.

x2y′′(x) + xy′(x) +
(
x2 − ν2

)
y(x) = 0.

If ν ≥ 0, then the basic functional space is X = Cν−2 with α = ν − 2, while XB = C
(2)
ν .

The corresponding Bessel integral operator has the representations

Lνf(x) =
x2

4

1∫

0

1∫

0

x
−ν

2
1 x

ν
2
2 f (x

√
x1x2) dx1dx2

=
x2

4

1∫

0

G
2,0
2,2

[
σ

∣∣∣∣
ν
2

+ 1,−ν
2

+ 1
ν
2
,−ν

2

]
f

(
x
√

σ
)
dσ

=
x2

4

1∫

0

(1− σ)σ−
ν
2 2F1 (−ν + 1, 1; 2; 1− σ) dσ.

(3.3.a′)

In relation to Section 3.2, the defining projector Fν in

XFν
=

{
f(x) = f0x

ν + f̂(x), f̂ ∈ C
(2)
ν

}

has the form following from (3.2.12) :

Fνf(x) = f0x
ν , where f0 = lim

x→+0
x−νf(x) (3.3.a′′)

(see Dimovski [73, p. 155]).
Among the other popular and useful Bessel type operators of second order (m = 2),

it is worth mentioning also:
b) The Weinstein operator

Bk =
d2

dx2
+

k

x

d

dx
= x−k d

dx
xk+1 d

dx
, k ≥ 1 (3.3.b)
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from the so-called Darboux-Weinstein relation (see [509]). This differential operator
appears very often in the PDEs of mathematical physics, for instance in the generalized
(Bessel) heat equation

y′′xx(x, t) +
k

x
y′x(x, t) = ay′t(x, t), 0 < x < ∞, 0 ≤ t < ∞

and other equations of GASP theory (Weinstein [508]). Recently, operator (3.3.b) has
been investigated by Dimovski [70] (as an illustrative case of his general theory), Ko-
prinski [234] (operational calculus for the purposes of the generalized heat equation) and
Sprinkhuizen-Kuiper [457] (negative powers of Bk).

In this case β = m = 2, γ1 = k−1
2

, γ2 = 0, α = −2 and hence the hyper-Bessel integral
operator for which the operational calculi are developed is Lk : C−2 −→ C

(2)
0 ,

Lkf(x) =
x2

4

1∫

0

1∫

0

x
k−1

2
1 f (x

√
x1x2) dx1dx2

=
x2

4

1∫

0

(1− σ) 2F1

(
3− k

2
, 1; 2; 1− σ

)
f

(
x
√

σ
)
dσ.

(3.3.b′)

The defining projector (Koprinski [234]) has the form

Fkf(x) = (I − LkBk) f(x) = c1 + c2x
1−k

=
1

k − 1
lim

x→+0

(
xkf ′(x)

)
+ x1−k lim

x→+0
f(x).

(3.3.b′′)

In the subspace XBk
= C

(2)
0 : c1 = c2 = 0 ⇒ Fk ≡ 0.

c) The so-called Bessel-Clifford operators

Bν =
d2

dx2
+

ν + 1
x

d

dx
= x−ν d

dx
x1+ν d

dx

=
d

dx
x1−ν d

dx
xν ; m = 2, β = 1, γ1 = ν, γ2 = 0

(3.3.c)

coincide in essence with operators (3.3.b) but have been considered by many authors
under this name and form. They are closely related to the Bessel-Clifford functions Cν(x)
and operational calculi for them have been developed in different ways (both algebraic
and transform approaches). Let us note the paper [126] of Hayek, proposing a full
investigation of the Bessel-Clifford functions (differential equation, properties, integral
representations, zeros, asymptotic expansions and relation to other special functions and
integral transforms). Following the algebraic approach of Mikusinski, Meller [298]-[299]
developed an operational calculus for the operator Bν with −1 < ν < 1 and found a
convolution for its right inverse operator (i.e. for (3.3.b′)) by the method of similarity.
Koh [221]-[222] and Rodriguez [398] extended these results to the cases of ν ∈ [−1,∞)
and arbitrary ν. Osipov [342]-[343] found an expansion of a polynomial Pn (Bν) of this

115



operator in powers of the usual differentiation (similar to (3.1.10)). In the special case
ν = 0 (respectively k = 0) operators (3.3.c), (3.3.b) turn into the operator B0 = d

dxx d
dx ,

considered by Ditkin [85].
d) The most general Bessel type differential operator of second order:

B = xα0
d

dx
xα1

d

dx
xα2 (3.3.d)

has been considered by McBride [289]-[290] (fractional powers of its right inverse operator
L), Betancor [32] (generalized Hankel transforms and Cauchy problems of the form

{ ∂
∂tu (x, t) = P (B)u (x, t)
u (x, t0) = φ0(x),

where P is a polynomial, B is acting on variable x), etc. From the point of view of the
Operational Calculus and Integral Transforms, various special cases of (3.3.d) like:

Bν = x−ν−1 d

dx
x2ν+1 d

dx
x−ν , Bµ,ν = x−ν−µ−1 d

dx
x2ν+1 d

dx
xµ−ν ,

Bα,β = x1−α−β d

dx
xα d

dx
xβ ,

Bµ =
d2

dx2
− 4µ2 − 1

4x2
= x−µ− 1

2
d

dx
x2µ+1 d

dx
x−µ− 1

2 ,

have been investigated by different authors: see Rodriguez [395]-[398], Zemanian [519]
and Gonzalez [121] (integral transforms of Watson type).

e) The operators of Tricomi and Gelersted

B1 =
1
x

d2

dx2
, Bn = x−n d2

dx2
, n > 0 integer;

arise in PDEs of mixed type, e.g. in the Tricomi and Gelersted equations

xu′′yy + u′′xx = 0; xnu′′yy − u′′xx = 0,

the latter considered by Nahoushev [312]-[313]. Usually, the boundary conditions imposed
on the solution u(x, y) are combinations of its fractional derivatives on both characteristic
lines. Now, the corresponding hyper-Bessel integral operator L and the defining projector
of L have the form

Lf(x) =
xn+2

(n + 2)2

1∫

0

1∫

0

x
− 1

n+2

1 f
[
x (x1x2)

1
n+2

]
dx1dx2, f ∈ C−n−1;

Ff(x) = f(0) + xf ′(0).

PDEs of mixed type involving Bessel type operators of the form (3.3.c), (3.3.d) are also
considered.
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Let us consider now the case of an arbitrary integer m > 2.
f) The simplest higher order hyper-Bessel differential operator is the operator of

m-fold differentiation:

B = Dm =
(

d

dx

)m

, m > 1 integer, (3.3.f)

with parameters

{α0 = α1 = · · · = αm = 0, β = m} or
{

β = m, γk =
k

m
− 1, k = 1, . . . , m

}
,

and alternative representation

B = x−m
{(

x
d

dx

)(
x

d

dx
− 1

)
. . .

(
x

d

dx
−m + 1

)}
(3.3.f′)

(cf. Luke [272]). Then, the linear right inverse operator of B, i.e. the operator of m-fold
integration can be represented by the G-functions in two different ways:

Lf(x) = lmf(x) =

x∫

0

(x− t)m−1

(m− 1)!
f(t)dt

= xm

1∫

0

G
1,0
1,1

[
σ

∣∣∣∣
m

0

]
f (xσ) dσ = xmI

0,m
1 f(x)

(3.3.1)

and

Lf(x) = lmf(x) =
( x

m

)m
1∫

0

. . .

1∫

0

[
m∏

k=1

σ
k
m−1

k

]
f

[
x (σ1 . . . σm)

1
m

]
dσ1 . . . dσm

=
( x

m

)m
1∫

0

G
m,0
m,m

[
σ

∣∣∣∣∣

(
k
m

)m

1(
k
m − 1

)m

1

]
f

(
xσ

1
m

)
dσ =

( x

m

)m
I

(
k
m−1

)
,(1)

m,m f(x),

(3.3.2)
the latter corresponding to (3.3.f′).

These two different representations of the m-fold integration L = lm = Rm are due to
the alternative representations (3.3.f) and (3.3.f′) of B =

(
d
dx

)m
and also to the relation

between the kernel G-functions of operators I

(
k
m−1

)
,(1)

m,m and I
0,m
1 , namely:

G
1,0
1,1

[
σ

∣∣∣∣
m

0

]
= m1−mG

m,0
m,m

[
σm

∣∣∣∣∣

(
k−1
m + 1

)
(

k−1
m

)
]

=
( σ

m

)m−1
G

m,0
m,m

[
σm

∣∣∣∣∣

(
k
m

)
(

k
m − 1

)
]

,
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see, for example, [286, p. 6, (1.2.5)].

The defining projector Fm = I − LB = I − lmDm in this example has the form of a
Taylor polynomial:

Fmf(x) =
m−1∑

k=0

f (k)(0)
k!

xk, (3.3.3)

depending on the initial conditions f(0), f ′(0), . . . , f (m−1)(0).

g) It seems the first operational calculi combined also with integral transforms
for a higher order differential operator with variable coefficients were developed by Ditkin
and Prudnikov [86]-[87], [89] and Botashev [36]-[37]. They considered the m-th order
differential hyper-Bessel operator

Bm =
d

dx
x

d

dx
. . . x

d

dx
=

1
x

(
x

d

dx

)m

(3.3.g)

with β = 1, γ1 = γ2 = · · · = γm = 0, an example of a logarithmic case hyper-Bessel
differential operator (multiple zeros of the characteristic polynomial). A convolution of
the integral operator

Lmf(x) = x

1∫

0

. . .

1∫

0

f (xσ1 . . . σm) dσ1 . . . dσm

= x

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
1, 1, . . . , 1
0, 0, . . . , 0

]
f(xσ)dσ

(3.3.g′)

in the space C−1 was found and corresponding operational calculi as well as Meijer-
Obrechkoff type integral transforms were proposed. For the f.s.s. of ODE Bmu(x) +
u(x) = 0, see Adamchik and Marichev [5].

h) Further generalization of the Bessel operators belongs to Krätzel [235]-[239].
He developed an operational calculus for the differential operator

Bn,ν =
d

dx
x

1
n−ν

(
x1− 1

n
d

dx

)n−1

xν+1− 2
n (3.3.h)

and investigated the corresponding Laplace type integral transformation Ln,ν (convolu-
tion, properties, inversion formulae, etc.). In this case,

m → n; α0 = 0, α1 = 1− ν, α2 = · · · = αn−1 = 1− 1
n

, αn = ν + 1− 2
n

;

i.e.

β = 1, γ1 = 0, γk = ν +
k − 2

n
, k = 2, . . . , n; α = −1 ⇒ Cα+β = C−1.
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More exactly, the operational calculus and the convolution are related to the correspond-
ing integral operator which, according to our results, can be written in C−1 by means of
a G

n,0
n,n-function:

Ln,νf(x) = x

1∫

0

G
n,0
n,n

[
σ

∣∣∣∣∣
1,

(
ν + k+n−2

n

)n

k=2

0,
(
ν + k−2

n

)n

k=2

]
f(xσ)dσ. (3.3.h′)

i) While not having this purpose in mind, in 1958 the Bulgarian mathematician
Nikola Obrechkoff [339] introduced and investigated a rather general integral transform
of Laplace type, which can be used as a transform for the operational calculus for the
most general hyper-Bessel operator (3.1.2) of arbitrary order m > 1. This was establised
later by Dimovski [66]-[67] who called it the Obrechkoff transform. It turned out that
the Obrechkoff transform incorporates as special cases all the other integral transforms,
related to particular hyper-Bessel operators like (3.3.a), (3.3.c), (3.3.d), (3.3.g), (3.3.h),
etc. It is suitable for a hyper-Bessel operator of order m = p + 1 > 1:

B = xβp
d

dx
xβp−1−βp+1 d

dx
. . . xβ1−β2+1 d

dx
xβ1

d

dx
, (3.3.i)

which is in essence the general hyper-Bessel operator but with β = 1 and αp+1 = 0,
namely:

α0 = βp; αk = βp−k − βp−k+1 + 1, k = 1, . . . , p− 1; αp = −β1; αp+1 = 0;

i.e.
β = 1; γk = −βp−k+1 − 1, k = 1, . . . , p; γp+1 = 0.

The condition (3.2.3): γ1 < γ2 < · · · < γp+1 < γ1 + 1, was imposed by Obrechkoff too, in
his denotation:

−1 < β1 < β2 < · · · < βp < 0.

More details about Obrechkoff’s results [339] and their extensions, due to Dimovski
and Kiryakova [74]-[76], Kiryakova [190], [192]-[193], [196], [201], Nikolic-Despotovic and
Kiryakova [320], can be seen in Sections 3.9 and 3.10.

j) A rather general hyper-Bessel differential operator was investigated by Del-
sarte in 1957 (see [61, II, p. 893-948]):

B = x−1

n∏

j=1

[
x

qj
sj

+1 d

dx
x

1
sj

+1 d

dx
x

2
sj

+1 d

dx
. . . x

−qj+sj−1

sj
+1 d

dx

]

= x−1

n∏

j=1

[(
x

d

dx
+

q

m
− qj

sj

)(
x

d

dx
+

q

m
− qj + 1

sj

)
. . .

(
x

d

dx
+

q

m
− qj + sj − 1

sj

)]
,

(3.3.j)
where sj and qj , j = 1, . . . , n, are integers and s1 + · · ·+sn = m. In a sense, this operator
is more particular and involved than (3.3.i). Delsarte stated, for the first time, and solve
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in part the problem of the transmutation operator, related to (3.3.j). These are are related
to the generalized Poisson-Sonine-Dimovski transformations (see Section 3.5) found by
Dimovski [68]-[71]. Since Delsarte’s works [61] were published posthumously in 1972, his
result has had little influenced on the development of the Bessel type operational calculi
the later authors.

k) For the general hyper-Bessel differential operator of arbitrary order m > 1

B = xα0
d

dx
xα1

d

dx
. . . xαm−1

d

dx
xαm, β = m− (α0 + · · ·+ αm) > 0 (3.3.k)

the first fully developed operational calculus, following Mikusinski’s scheme, belongs
to Dimovski [64]-[65], [68]-[70]. Recently, elements of such operational calculi have been
developed by Hayek and Hernandez [129], following Delerue [60] and Dimovski’s approach
(for m = 3 see also Hayek and Hernandez [127]-[128]).

3.4. Solutions to the homogeneous hyper-Bessel differential equations.
Hyper-Bessel functions

It is to point out that the history of the Bessel functions and corresponding differential
operators can be traced back to Bernoulli (about 1700) and since Euler (1764) and
Poisson (1823) they have been associated mainly with the partial differential equations
of potential, wave motion or diffusion. Actually, in these kinds of problems as well as in
generalized axially/biaxially symmetric potential equations, equations of elasticity and
hydro-aerodynamics and other PDE-s of mathematical physics, hyper-Bessel operators
arise quite often, at least in one of the variables x, y (Cartesian coordinates) or r (polar,
cylindrical or spherical coordinates), for example in the forms:

1
r

∂

∂r
r,

1
r

∂

∂r
r2,

1
rn

(
∂

∂r

)2

,
∂

∂r

1
r

∂

∂r
r

∂

∂r
. (3.4.1)

Usually, by separating variables or applying a suitable integral transforms one can re-
duce these problems to initial value problems for ordinary differential equations involving
hyper-Bessel operators.

Definition 3.4.1. Let B be an arbitrary Bessel-type operator (3.1.2), (3.1.3) or (3.1.4)
of order m > 1. An ordinary differential equation of the form

By(x) = λy(x) + f(x), λ = const, f(x) a given function, (3.4.2)

is said to be a hyper-Bessel differential equation.

Cauchy (initial value) problems for equations (3.4.2) can be stated either in terms of
the classical initial conditions

lim
x→+0

y(k−1)(x) = βk, k = 1, . . . ,m, (3.4.3)
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or by means of the equivalent set of Bessel type initial conditions (of type (3.1.18)-
(3.1.18′)):

lim
x→+0

Bky(x) = bk, k = 1, . . . , m, (3.4.4)

where Bk are the “truncated” hyper-Bessel operators

Bk = xβγk

m∏

j=k+1

(xD + βγj) = xαkDxαk+1 . . . Dxαm , k = 1, . . . , m− 1,

Bm = xβγm = xαm .

In view of this, the problem of finding a fundamental system of solutions of hyper-
Bessel equation (3.4.2) and the solution of initial value problem (3.4.2), (3.4.4) in the
general case, as is our purpose here, seems to be important. Till now, many authors have
tried to find solutions of (3.4.2) in various particular cases (mainly for m = 2) as in more
as possible general cases. Here we shall mention only several authors whose results are
closely related to our topic. First of all, the papers of Kummer [241] and Delerue [60]
should be distinguished. In the latter, unfortunately not very popular paper, the so-called
hyper-Bessel functions J

(n)
ν1,...,νn(x) (see Appendix) are introduced as generalizations of

the Bessel functions and as solutions of a hyper-Bessel differential equation of (n + 1)-
th order. Further, Klučantčev [216]-[217] has considered the following three kinds of
Bessel-type equations

By(x) = 0, By(x) = f(x), By(x) = λy(x) (3.4.5)

with B of the form (3.1.4) and β = m. He proposes an algorithm for solving such equa-
tions by means of a Poisson-type integral transformation. We have extended the same
transmutation method in [79]-[80], [196]-[197], [210] by representing the more general
transformation of Dimovski [68], [71] in a concise form and obtaining the solutions of
(3.4.5) in a closed explicit form. Section 3.5 goes on further in this direction. In another
paper [218] Klučantčev studies the hyper-Bessel functions and the generalized trigono-
metric functions of order m > 1 (see Appendix), considered as solutions of the equations
By(x) = λy(x). For special cases of 2n-th order self-adjoint hyper-Bessel operators, the
same equation has been solved by Exton [111] and Agarwal [6] in terms of the “n-Bessel”
(for n = 1: “di-Bessel”) functions; see also Sarabia [435] and Gonzalez [122]. Recently,
investigations of the so-called Bessel-Clifford functions of order n have been made by
Hayek and Hernandez [127]-[129], considering them as solutions of Bessel type equations.
Solutions of other hyper-Bessel differential equations have been found also by Hriptun
[138], Bondarenko [34], Paris [356], Paris and Wood [357] and Trimeche [494].

Fundamental systems of solutions for a more general case, in neighbourhoods of the
singular points x = 0 and x = ∞, have been proposed by Adamchik and Marichev
[5] and Adamchik [1] in terms of Mellin-Barnes-type integrals, and especially, a more
sophisticated investigation of the so-called “logarithmic” cases has been carried out there.

A relation between Meijer’s G-functions and the hyper-Bessel operators has been
observed in Kiryakova [192]-[193], [196] and Dimovski and Kiryakova [75], [79]. First

121



it has been shown that the kernel-function of the Obrechkoff transform is nothing but
a G

m,0
m,m-function. Later, the fractional powers of the integral operators L have been

represented by integral operators involving the G
m,0
0,m-function (see also McBride [289]).

The transmutation operators between two different hyper-Bessel operators of order m > 1
are also representable by integral transforms with G-functions in the kernel. We have also
established that the G

m,0
0,m-function is one of the solutions of the equation By(x) = λy(x).

On the other hand, the hyper-Bessel and the n-Bessel functions as well as the solutions
found by Adamchik [1] and Adamchik and Marichev [5] in terms of Mellin-Barnes type
integrals are also particular cases of the G-function. For the non homogeneous equation
By(x) = f(x), its solution y(x) = Lf(x), L being the linear right inverse operator of B,
has been expressed in [79], [193], [196] as an integral operator of f(x) whose kernel is the
G

m,0
0,m-function. It has become clear that Meijer’s G-functions are playing an important

role in the theory of hyper-Bessel operators. Our aim here is to find the explicit solutions
of the initial-value problems for (3.4.2), (3.4.5), all of them represented in terms of the
G-functions.

For simplicity, throughout this section we consider only the non logarithmic case:

γ1 < γ2 < · · · < γm < γ1 + 1. (3.4.6)

The details concerning the logarithmic case, when some of the parameters γ1, γ2, . . . , γm

coincide or differ by an integer, could be easily settled by following the pattern of Adam-
chik and Marichev [1], [5].

The functional space in which we seek the solutions is a weighted version of the space
of functions continuous and m-times differentiable on [0,∞), namely of the form (3.2.11),

X = kerB ⊕ C
(m)

α+β =
{

y(x) = y0(x) + Y (x); y0 ∈ span
{

x−βγk

}m

1
, Y ∈ C

(m)

α+β

}
.

(3.4.7)
First of all, let us recall that the initial value problem (3.2.4), (3.2.6) for the simplest

Bessel type equation: {
By(x) = 0
lim

x→+0
Bky(x) = bk, k = 1, . . . , m

(3.4.8)

has been solved in Lemma 3.2.2 and its solution is:

y(x) =
m∑

i=1

cix
−βγi ∈ C

(m)
α (3.4.9)

with constants ci, defined by (3.2.8).
The next step is to solve explicitly the non homogeneous hyper-Bessel differential

equations of the form By = f under arbitrary initial conditions.

Theorem 3.4.2. Let (3.4.6) be satisfied and f ∈ Cα. Consider the non homogeneous
hyper-Bessel differential equation

By(x) = f(x), that is, xα0Dxα1D . . . xαm−1Dxαmy(x) = f(x) (3.4.10)
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and the initial value problem for it, defined by the conditions (3.4.4). Its solution y(x) ∈
X has the representation

y(x) = y0(x) + Y (x)

with

y0(x) =
m∑

k=1

ckx−βγk ; ck =




m∏

j=k+1

β(γj − γk)



−1

bk (as in (3.2.8))

and

Y (x) = Lf(x) = β−mxβ
∫ 1

0

G
m,0
m,m

[
σ

∣∣∣∣
(γi + 1)m1

(γi)
m
1

]
f(xσ

1

β ) dσ. (3.4.11)

Proof. Denote by Y (x) = Lf(x) the linear right inverse operator of B defined by
zero initial conditions. This is the solution (3.1.23) of the initial value problem

By(x) = f(x); lim
x→+0

Bky(x) = 0, k = 1, . . . , m, (3.4.12)

given by Theorem 3.1.5 and having the form (3.4.11).
Then, the sought solution can be found as a sum

y(x) = y0(x) + Y (x),

where Y (x) ∈ C
(m)

α+β is the solution (3.4.11) of (3.4.12) and y0(x) ∈ span
{

x−βγk

}
= ker B

has the form (3.4.9), according to Lemma 3.2.2. Therefore, y(x) ∈
[
X = kerB ⊕ C

(m)

α+β

]

and this completes the proof.
Further, we consider the last of the hyper-Bessel differential equations (3.4.5), namely:

By(x) = λy(x). Solving the initial value problem for it is related to the important problem
of finding the resolvent of the hyper-Bessel operator. In a particular form, we have solved
this problem in [190], generalizing the result of Obrechkoff [339]. In [192] we have shown
that the kernel-function of the Obrechkoff transform, namely the G-function:

y(x) = G
m,0
0,m

[
(−1)m

λxβ

βm

∣∣∣∣∣ (−γi)
m
1

]
(3.4.13)

is a solution of this m-th order differential equation, having in general m lineary inde-
pendent solutions. Now we prove to complete result.

Theorem 3.4.3. Let conditions (3.4.6) be satisfied. Then, the fundamental system of
solutions of the hyper-Bessel equation:

By(x) = λy(x), λ = const, (3.4.14)

in a neighbourhood of x = 0 consists of Meijer’s G-functions:

yk(x) = G
1,0
0,m

[
−λxβ

βm

∣∣∣∣∣− γk,−γ1, . . . ,−γk−1,−γk+1, . . . ,−γm

]
, (k = 1, 2, . . . , m)

(3.4.15)
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or, up to constant multipliers, of the “Bessel-type” generalized hypergeometric functions

ỹk(x) =

(
λxβ

βm

)−γk

0Fm−1

(
(1 + γj − γk)j 6=k;

λxβ

βm

)
, k = 1, . . . , m, (3.4.16)

which belong to the space X = span]
{

x−βγk

}m

1

⊕
C

(m)

α+β. Then the solution of the initial

value problem (3.4.14), (3.4.4) is given by the linear combination

y(x) = a1ỹ1(x) + · · ·+ amỹm(x) (3.4.17)

with coefficients:

ak = bk.λγkβk−m(γk+1)




m∏

j=k+1

(γj − γk)



−1

, k = 1, . . . , m− 1,

am = bm.λγmβ−mγm .

Proof. We consider equation (3.4.14) written in the form:

λxβ −

m∏

j=1

(
x

d

dx
+ βγj

)
 y(x) = 0. (3.4.18)

After the substitution t = λxβ

(−β)m
, it turns into a special case of the generalized hyper-

geometric differential equation, namely:

(−1)−mt1 −

m∏

j=1

(t
d

dt
+ γj)


 ŷ(t) = 0, where ŷ(t) := y(x).

According to [106, I, p. 206, (2)] the G-functions (3.4.15) form a fundamental system
of solutions of equation (3.4.18) near the singular point x = 0. Moreover, each of the
G-functions:

G
m,0
0,s

[
(−1)s(

λxβ

βm )

∣∣∣∣∣ (−γk)m1

]
, 1 ≤ s ≤ m,

is also a solution of (3.4.18), that is, of (3.4.14) and, especially, this is true for the
particular G

m,0
0,m-function (s = m) in Kiryakova [192]. Up to the constant multipliers

dk = exp(πiγk)
∏

j 6=k

(1 + γj − γk), k = 1, . . . , m,

the G-functions (3.4.15) are the generalized hypergeometric functions (3.4.16):

ỹk(x) = dkyk(x), k = 1, . . . , m
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(see [106, I, p. 215, (1)]) which satisfy the “modified” initial conditions:

lim
x→+0

Biỹk(x) = cik =





(βm(γk+1)−k)

λγk

[
m∏

j=k+1

(γj − γk)

]
, if i = k,

0, if i 6= k, i = 1, . . . , m.

Thus, the theorem is proved.
It is worth mentioning that the generalized hypergeometric functions (3.4.16) are

closely related to the so-called hyper-Bessel functions (D.3), (D.5) introduced by Delerue
[60] as generalizations of the Bessel functions with respect to the number of indices (see
Appendix, Section D), namely, the following assertion equivalent to Theorem 3.4.3 holds
and explains the use of the name hyper-Bessel differential operators given to the operators
B, (3.1.2)-(3.1.4).

Corollary 3.4.4. For γ1 < γ2 < · · · < γm < γ1 + 1 the hyper-Bessel functions of
Delerue:

J
(m−1)
1+γ1−γk,...,∗,...,1+γm−γk

[
(−λ)

1
m

m

β
x

β
m

]
, k = 1, . . . , m (3.4.19)

form a fundamental system of solutions of the hyper-Bessel differential equation By(x) =
λy(x) in a neighbourhood of x = 0.

Till now, we have managed to find explicit solutions to Cauchy (initial) value problems
for the hyper-Bessel differential equations of the forms (3.4.5): By(x) = 0, By(x) = f(x),
By(x) = λy(x), (Lemma 3.2.2, Theorem 3.4.2, Theorem 3.4.3) in terms of Meijer’s G-
functions. We can state also the following corollary.

Corollary 3.4.5. The solution of the initial value problem:
{

By(x) = λy(x) + f(x), λ 6= 0, f 6= 0
lim

x→+0
Bky(x) = bk, k = 1, . . . , m of form (3.4.4), (3.4.20)

for the most general non homogeneous hyper-Bessel differential equation (3.4.2) can be
found as a sum

y(x) = y0(x) + ỹ(x) (3.4.21)

of a particular solution y0(x) of the problem
{

By(x) = λy(x) + f(x),
lim

x→+0
Bky(x) = 0, k = 1, . . . , m

(3.4.20′)

and the solution ỹ(x) of Bỹ(x) = λỹ(x) with arbitrary initial conditions (3.4.4), found
in Theorem 3.4.3, namely:

ỹ(x) =
m∑

i=1

Aiλ
γi

βm(γi+1)−i




m∏

j=i+1

Γ
(
γj − γi

)


−1

ỹi(x), (3.4.22)
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where ỹi(x), i = 1, . . . , m are the generalized hypergeometric functions (3.4.16).

Since the particular solution y0(x) of (3.4.20′) is easier to find again found (also in
terms of the G-functions) by the method of transmutations, considered in Section 3.5,
we give it after in Section 3.8. In this way, the general Cauchy problem (3.4.20) for the
hyper-Bessel differential equations will be completely solved.

Now, let us consider some examples of equation (3.4.14) and show the relation with
some special and elementary functions like the cosm-function, the n- (di-) Bessel func-
tions, the hyper-Bessel functions, etc. These results are corollaries of Theorem 3.4.3.

Example 3.4.6. Let B be a hyper-Bessel differential operator (3.1.3) with β = m and one
of the parameters γk being zero, for example:

β = m > 1; γ1 < γ2 < · · · < γm = 0 < γ1 + 1.

Consider the Cauchy initial value problem for (3.4.14) with λ = −1:

{
By(x) = −y(x),
y(0) = 1, y′(0) = · · · = y(m−1)(0) = 0.

(3.4.23)

These initial conditions can be written in the Bessel-type form (3.4.4) as follows:

lim
x→+0

Bky(x) = bk = 0, k = 1, . . . , m− 1; lim
x→+0

Bmy(x) = bm = 1.

Then, according to Theorem 3.4.3, the solution of (3.4.23) is:

y(x) = amym(x) =
am

dm
ỹm(x) = 0Fm−1((1 + γj)

m−1
1 ;−

( x

m

)m
)

= j
(m−1)
γ1,...,γm−1

(x),
(3.4.24)

that is, a normalized hypergeometric function (D.4) of order (m−1) (also called a Bessel-
Clifford function of order (m − 1), see Appendix). For different initial conditions other
modifications of the hyper-Bessel functions (D.3) appear as solutions.

If we take the same problem but with λ = 1, that is, for the equation By(x) = y(x),
then we obtain the solution

y(x) = 0Fm−1((1 + γj)
m−1;

( x

m

)m
) = i

(m−1)
γ1,...,γm−1

(x), (3.4.25)

namely, the normalized version (D.6) of the so-called modified hyper-Bessel function

I
(m−1)
γ1,...,γm−1

(x),

defined by (D.5) and analogous to the Bessel function Iν(x). For details, see Appendix
and as well as [60], [218], [80].
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Example 3.4.7. The simplest case of problem (3.4.23) occurs for the “hyper-Bessel” op-
erator

B = Dm =
(

d

dx

)m

with β = m; γk =
k

m
− 1, k = 1, . . . , m.

Then, the initial value problem
{

y(m)(x) = λy(x), λ = ±1
y(0) = 1, y′(0) = · · · = y(m−1)(0) = 0

(3.4.26)

is a special case of Example 3.4.6, and its solution is given by the generalized cosine
function of m-th order (D.9), respectively by the m-ht order hyperbolic hm-function
(D.14).

In particular, for m = 2 the classical trigonometric functions cos(x), cosh(x) turn out
to be the solutions of (3.4.26) (for λ = ±1), namely of the problems:

y′′(x) = ±y(x); y(0) = 1, y′(0) = 0.

Now, let us see how Theorem 3.4.3 works in the case m = 3.

Example 3.4.8. (Hayek and Hernandez [127]) Consider the following problem: find a
fundamental system of solutions of the general 3-rd order Bessel type differential equation
in a neighbourhood of x = 0:

x3y′′′(x) + (λ1 + λ2 + 3)x2y′′(x) + (1 + λ1 + λ2 + λ1λ2)xy′(x) + xy(x) = 0, (3.4.27)

if its parameters fulfil the conditions:

λ1, λ2 ∈ R; λ1, λ2, λ1 − λ2 6= integers.

This means that condition (3.4.6) holds and the case is non logarithmic. Equation (3.4.27)
can be written in the form By(x) = −y(x), with

B = x−1(xD + λ1)(xD + λ2)xD = x−λ1Dxλ1−λ2+1Dxλ2+1D,

λ = −1, m = 3, β = 1; γ1, γ2, γ3 −→ 0, λ1, λ2.

According to Theorem 3.4.3, in terms of G-functions, the f.s.s. (3.4.15) is:

G
1,0
0,3 [x |0,−λ1,−λ2 ] , G

1,0
0,3 [x |−λ1,−λ2, 0] , G

1,0
0,3 [x |−λ2,−λ1, 0] ,

or in the form (3.4.16):

ỹ1(x) = x−λ1
0F2(1 + λ2 − λ1, 1− λ1;−x),

ỹ2(x) = x−λ2
0F2(1 + λ1 − λ2, 1− λ2;−x),

ỹ3(x) = 0F2(1 + λ1, 1 + λ2;−x),
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or by means of the hyper-Bessel functions (3.4.19):

xλ1−λ2J
(2)

λ2−λ1,−λ1
(3x), xλ2−λ1J

(2)

λ1−λ2,−λ2
(3x), x−λ1−λ2J

(2)

λ1,λ2
(3x).

The latter system can be written also in terms of the equivalent Bessel-Clifford functions
of third order [127], viz.:

Cλ1,λ2
(x), x−λ1C−λ1,λ2−λ1

(x), x−λ2C−λ2,λ1−λ2
(x).

Then each solution of (3.4.27) has the form:

y(x) = c1ỹ1(x) + c2ỹ2(x) + c3ỹ3(x)

with c1, c2, c3 defined by the initial value conditions (3.4.3): y(0), y′(0), y′′(0), or by
(3.4.4):

y(0),
[
xλ2+1y′(x)

]
x=0

,

[
xλ1−λ2+1

(
xλ2+1y′(x)

)′]

x=0

.

Example 3.4.9. Consider the third order hyper-Bessel equation (Hriptun [137]):

x3y′′′(x) + (
3
2
)x2y′′(x)− 6p2 + 3p + 1

2
xy′(x) + (2p3 + 3p2 − (

1
4
)x3)y(x) = 0, (3.4.28)

with a parameter p ∈ R, p 6= k
3
, p 6= 2k−3

6
, k = 0,±1,±2, . . . This can be rewritten in

the form By(x) = λy(x) with λ = 1
4

and

B = D3 +
3
2
.
1
x

D2 − 6p2 + 3p + 1
2

1
x2

D + (2p3 + 3p2)
1
x3

of the form B = x−3Q3(xD). Now m = 3, β = 3 and the zeros of Q3 are p, p + 3
2
,

−2p. The conditions on p ensure that none of them coincide or differ by an integer,
that is, the case is non logarithmic. From Theorem 3.4.3 we obtain that the generalized
hypergeometric functions (being also hyper-Bessel functions J

(2)
ν1,ν2

):

yp(1) = xp
0F2(

1
2
, p + 1;

1
4

x3

2
7) =

∞∑
n=0

(x
3

)p+3n

(2n)!Γ(n + p + 1)
,

yp(2) = xp+ 3
2 0F2(

3
2
, p +

3
2
;
1
4

x3

2
7) =

∞∑
n=0

(
x
3

)p+3n+ 3
2

(2n + 1)!Γ(n + p + 3
2
)
,

yp(3) = x−2p
0F2(1− p,−p +

1
2
;
1
4

x3

2
7) =

∞∑
n=0

Γ(2p + 2n)
(x

3

)−2p+3n

Γ(2p)n!
,

are three linearly independent solutions of (3.4.28). They coincide with the power series
solutions found by Hriptun [137] in a different manner.
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Example 3.4.10. The hyper-Bessel equation

dny(x)
dxn ± xqy(x) = 0 (3.4.29)

has been studied by different authors under some restrictions on the parameters n, q.
A fundamental system of solutions has been proposed by Delerue [60, p. 267-268], if
n + q > 0. Kummer [241] shows that for integer q = m > 0, the integral

y(x) =

∞∫

0

um−1 exp
(
− um+n

m + n

)
ψ(xu)du

gives a solution of (3.4.29), provided ψ(x) satisfies the equation

dn+1ψ(x)
dxn+1

= xm−1ψ(x).

For arbitrary values of q, Karanikoloff [184] finds a series solution and later Bainov and
Shopolov [26] use the same method for solving a more general hypergeometric equation
involving the Bessel type operator x−q dn

dxn . Equations (3.4.29) incorporate the so-called
Airy equation

d2u(x)
dx2

− xu(x) = 0 (n = 2, q = 1).

In [191] and Section 3.7 we give a new explanation of the Stokes phenomenon for the
Airy functions (see also Heading [132]-[133]).

Here, from Theorem 3.4.3 we obtain a fundamental system of solutions of (3.4.29)
and specify the initial value conditions satisfied by these solutions, namely:

Equation (3.4.29) can be rewritten in the form

x−q
(

d

dx

)n

y(x) = −y(x)

with B = x−q
(

d
dx

)n
, β = n + q > 0, γk = k−n

n+q , k = 1, . . . , n, and the condition
γ1 < γ2 < · · · < γn = 0 < γ1 + 1 is satisfied. Then, the functions

yk(x) = G
1,0
0,n

[
xn+q

(n + q)n

∣∣∣∣
n− k

n + q
,

(
n− j

n + q

)

j 6=k

]
, k = 1, . . . , n, (3.4.30)

or equivalently, the hyper-Bessel functions

ỹk(x) =
[

xn+q

(n + q)n

]n−k
n+q

0Fn−1

((
1 +

j − k

n + q

)

j 6=k
;− xn+q

(n + q)n

)

= (n + q)−
n(n−k)

n+q xn−kj
(n−1)(
1+

j−k
n+q

)
j 6=k

(
n

n + q
x

n
n+q

)
, k = 1, . . . , n,

(3.4.30′)
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form a f.s.s. of (3.4.29). This system (3.4.30′) of hyper-Bessel functions can be shown to
be equivalent to the system proposed by Delerue [60] in the form:

Jk(x) = x
n−1

2 J
(n−1)

1
n+q , 2

n+q ,...,n−k−1
n+q , −k

n+q ,..., −1
n+q

(
n

n + q
x

n
n+q

)
, k = 1, . . . , n. (3.4.30′′)

Let us consider also some examples of hyper-Bessel equations By(x) = λy(x) and
the corresponding hyper-Bessel functions in the logarithmic case, i.e. provided condition
(3.4.6) is not fulfilled. It is seen that by the arguments and approaches used in [1], [5],
the results of Theorem 3.4.3 work again.

Example 3.4.11. Consider the following initial value problem for the 2n-th order self-
adjoint ODE:

{
By(x) = y(x), that is , [(xD)n(xD + ν)n − x] y(x) = 0,

y(0) = {Γ(ν + 1)}−n , y′(0) = · · · = y(2n−1)(0) = 0
(3.4.31)

with
B = x−1(xD)n(xD + ν)n,

that is,
m = 2n, β = 1, γ1 = · · · = γn = 0, γn+1 = · · · = γ2n = ν.

The solution of (3.4.31) is expressible by means of the n-Bessel functions (D.20):

y(x) = (−x)−
ν
2 Aν,n

(
2i
√

x
)
,

as shown in Agarwal [6].

Example 3.4.12. The initial value problem (3.4.31) for n = 2 has the form
{

[(xD)2(xD + ν)2 − x] y(x) = (xν+3y′′)′′ + (ν + 1)(xν+1y′)′ − xνy = 0,

y(0) = {Γ(ν + 1)}−2 , y′(0) = y′′(0) = y′′′(0) = 0.
(3.4.32)

The solution of this fourth order self-adjoint ODE, according to Exton [111], is the di-
Bessel function y(x) = (−x)−

ν
2 Aν(2i

√
x).

3.5. The transmutation method. The Poisson-Sonine-Dimovski transforma-
tions

Along with the algebraic approach of Mikusinski [306] and the method based on a suit-
able integral transform (like the Laplace transform), there is also another approach for
building operational calculi for linear operators in the general sense of Dimovski [73].
This is the widely used similarity method (or transmutation method), an extention to
Meller’s approach [299]. It is based on the use of transmutation operators (similarity
operators, transmutations, transformation operators, etc) for isomorphic transfer of some
(known) elements from the theory of a right-invertible operator B̃ into corresponding
(new) elements for another, more complicated or less familiar operator B.
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The essence of this method lies in the natural striving for seeking solutions of new
complicated problems by their reduction to well-known or simpler ones, by means of a
specific “translator”. In a narrow sense, the notion of transmutation operator originates
from the works of Delsarte and Lions [61, I, p. 427], [62], [259]-[261]. If B̃ : X −→ X and
B : X −→ X are operators acting in a space X , then the isomorphism T : X −→ X is said
to transmute B̃ into B, if TB̃ = BT in X . In this sense, the transmutation method has
been widely used in mathematical analysis and mainly in differential equations and prob-
lems of mathematical physics (see Delsarte [61], Delsarte and Lions [62], Lions [259]-[261],
Hearsh [134], Bregg [43], Khachatrjan [185]-[187], Klučantčev [216]-[217]) in operational
calculus (see Carroll [53]-[59]), etc. For applications to analysis and operational calculus,
one can see Meller [299], Dimovski [68]-[71], [73], Bozhinov [38]-[39], Koprinski [234], etc.
Some of these authors use “similarities” in a wider sense, as below.

Definition 3.5.1. (Dimovski [70], [73]). An isomorphism T : X̃ −→ X of the linear
space X into another linear space X , is said to be a similarity (similarity operator) from
a linear operator L̃ : X̃ −→ X̃ to the linear operator L : X −→ X , if TL̃ = LT holds in
X . We say also that the operator L̃ is similar to L under similarity T .

The similarity relation
TL̃ = LT in X̃ (3.5.1)

can be represented also by means of the commutative diagram

X̃ L̃−−−→ X̃
T

y
yT

X −−−→
L

X
(3.5.2)

or written in the forms

L̃ = T−1LT in X̃ , or L = T L̃T−1 in X . (3.5.3)

Definition 3.5.2. If the operators L̃ and L are the corresponding linear right inverses
of the right-invertible operators B̃ :

[
X̃B ⊂ X̃

]
−→ X̃ and B : [XB ⊂ X ] −→ X , we say

also that operator T transmutes (transforms) B̃ into B (in a wider sense), although the
relation TB̃ = BT may not always be fulfilled.

Lemma 3.5.3. If T transmutes the rigth-invertible linear operator B̃ : X̃B −→ X into
the right-invertible operator B : XB −→ X and if F̃ , F are the corresponding defining
projectors (initial operators) of their right inverse operators L̃, L, then the following
relations hold:

TB̃ = BT −BTF̃ in X̃B ⊂ X̃ ,

T−1B = B̃T−1 −−B̃T−1F in XB ⊂ X .
(3.5.4)

The proof is trivial. If BTF̃ ≡ 0 (e.g. if we have zero initial conditions), it follows
that B̃ and B are also similar.
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Now, the right-invertible operators B̃ and B can be two arbitrary hyper-Bessel dif-
ferential operators of the same order m > 1.

First, dealing with functions of many variables x1, . . . , xm in {xk > 0, k = 1, . . . , m}
Dimovski [70]-[71] showed that the linear transformation

Xf (x1, . . . , xm) =

(
m∏

k=1

x
γk
k

)
f

[
β

m
β (x1 . . . xm)

1

β

]
(3.5.5)

is a similarity from the hyper-Bessel integral operator (3.1.22)-(3.1.23) to the operator
Λm of multiple integration with respect x1, . . . , xm:

Λmf (x1, . . . , xm) =

x1∫

0

. . .

xm∫

0

f (τ1, . . . , τm) dτ1 . . . dτm, (3.5.6)

namely:
XL = ΛmX (3.5.7)

and the inverse transformation has the form

X−1f (x1, . . . , xm) =
(

1
β

x
β
m

)γ1+···+γm

f

[
1
β

x
β
m , . . . ,

1
β

x
β
m

]
. (3.5.8)

Now let B̃ and B be two arbitrary hyper-Bessel differential operators of order m >

1 whose parameters, right inverse operators, transformations (3.5.5), spaces, etc., are
denoted by

{
β̃, γ̃k, k = 1, . . . , m

}
and {β, γk, k = 1, . . . , m}, respectively L̃ and L̃, X̃ and

X , Cα̃ and Cα, etc.

Theorem (Dimovski [70]-[71]). The transformation

T = X−1ZX̃, (3.5.9)

where Z is a correcting operator defined as a product of Riemann-Liouville fractional
integrals R

δk
k with respect to the variables xk, k = 1, . . . , m:

Z =
m∏

k=1

R
λ+γk−γ̃k
k , (3.5.10)

λ being an arbitrary real such that

λ >
α

β
− α̃

β̃
, λ ≥ max

1≤k≤m
(γ̃k − γk) , (3.5.11)

is a similarity from L̃ to L, i.e.

TL̃ = LT in X̃ = Cα̃. (3.5.12)
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The explicit integral representation of transformation (3.5.9), T : Cα̃ −→ Cα, is found
by Dimovski in [70]:

Tf(x) = β−mλxλβ

1∫

0

. . .

1∫

0

m∏

k=1

[
(1− tk)λ+γk−γ̃k−1

Γ (λ + γk − γ̃k)
t
γ̃k
k

]

× f




(
β̃

β

)m
β

x
β

β̃ (t1 . . . tm)
1

β̃


 dt1 . . . dtm,

(3.5.13)

where λ > max
1≤k≤m

(γ̃k − γk). If, however,

max
k

(γ̃k − γk) >
α

β
− α̃

β̃

then we can choose λ = max
k

(γ̃k − γk) and in this way we reduce the number of integra-

tions in (3.5.13) by one, i.e. we represent T by means of an (m − 1)-tuple integration.
In the simplest case:

γ̃1 − γ1 = · · · = γ̃m − γm = λ >
α

β
− α̃

β̃
,

we have simply

Tf(x) = xλβf

(
x

β

β̃

)
.

Also, if some of the differences ∆k = γ̃k− γk, k = 1, . . . , s, are equal, then we can reduce
by their number s the multiplicity of integral (3.5.13).

Since the transformation T , defined by (3.5.9), (3.5.13) generalizes the classical trans-
formations of Poisson and Sonine, related to the Bessel operator

Bν =
d2

dx2
+

2ν + 1
x

d

dx
,

we adopt the following definition.

Definition 3.5.4. The transformations (transmutation operators) (3.5.9),(3.5.13) which
are similarities from the hyper-Bessel integral operator L̃ to another hyper-Bessel ope-
rator L, are said to be Poisson-Sonine-Dimvoski (P.-S.-D.) transformations. Their par-
ticular specifications for the cases: L̃ = lm (i.e. B̃ =

(
d
dx

)m
) and arbitrary L; arbitrary

L̃ and L = lm (i.e. B =
(

d
dx

)m
), will be called Poisson-Dimovski (P.-D.) and Sonine-

Dimovski (S.-D.) transformations, respectively.
Further, our aim is to find a simpler representation of the P.-S.-D. transformations

(3.5.13) by means of single integrals with Meijer’s G-functions in the kernel. Then, using
these new concise representations of the transmutation operators T , we propose some
new applications of the transmutation method in the theory of hyper-Bessel operators
and equations.
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Theorem 3.5.5. Let Ξ be the transformation

Ξ : f(x) −→ f̃(x) = f

(
cx

β

β̃

)
with c =

(
β̃

β

)m
β̃

. (3.5.14)

Then, the P.-S.-D. transformation (3.5.13) can be represented as a generalized operator
of fractional integration

Tf(x) =
xλβ

βmλ
I
(γ̃k),(λ+γk−γ̃k)
β,m Ξf(x), (3.5.15)

having the explicit integral representation

Tf(x) =
xλβ

βmλ

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(λ + γk)m1
(γk)m1

]
f




(
β̃

β

)m
β̃

x
β

β̃ σ
1

β̃


 dσ. (3.5.16)

Proof. The theorem follows from (3.5.13) and Theorem 1.2.10. It finds exclusively
many applications. For instance, we are able to obtain immediately the following inver-
sion formula.

Theorem 3.5.6. (Inversion formula for the P.-S.-D. transformation). Let us denote

δk = λ−∆k = λ+γk− γ̃k > 0, ηk =
{

[δk] + 1, if δk is non integer
δk, if δk is integer

, k = 1, . . . , m.

(3.5.17)

If f ∈ Cα̃, then g = Tf ∈ C
(η1,...,ηm)
α and the following inversion formula for transfor-

mation T holds:

f(x) = T−1g(x) = β̃mλD
(γ̃)
η I

(λ+γk),(ηk−λ−γk+γ̃k)
β̃,m

{
x−λβ̃g

((
β

β̃

)m
β

x
β

β̃

)}

= β̃mλx−β̃λD
(γ̃−λ)
η I

(γk),(ηk−λ−γk−γ̃k)
β̃,m

{
g

((
β

β̃

)m
β

x
β

β̃

)}
,

(3.5.18)

where the differential operator D(γ̃) is the following polynomial of the Euler differential
operator δx = x d

dx :

D(γ̃) =
m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γ̃k + j

)
. (3.5.19)
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Otherwise, formula (3.5.18) takes the explicit differintegral form:

f(x) =β̃mλx−β̃λ
m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γ̃k + j

)

×
1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(ηk + γ̃k − λ)m1
(γk)m1

]
g

((
β

β̃

)m
β

x
β

β̃ σ
1

β

)
dσ.

(3.5.20)

Proof. The obvious inversion of the Ξ-transform is:

Ξ−1g(x) = g

[(x

c

) β̃
β

]
.

Also, if f ∈ Cα̃, then f̃ = Ξf ∈ C
α̃β

β̃

. The operator I
(γ̃k),(λ+γk−γ̃k)
β,m preserves the power

function and therefore, since λ > α
β − α̃

β̃
,

Tf =
xλβ

βmλ
I
(γ̃k),(λ+γk−γ̃k)
β,m f̃ ∈ C

(η1+···+ηm)
α̃β

β +λβ
⊂ C

(η1+···+ηm)
α .

Due to Lemma 1.3.3 with ω = β
β̃

> 0, equality (3.5.15) can be written in the form:

g(x) = Tf(x) =
xλβ

βmλ
I
(γ̃k),(δk)
β=β̃ω,m

Ξf(x)

=
xλβ

βmλ
ΞI

(γ̃k),(δk)
β̃m

f(x), where δk := λ + γk − γ̃k, k = 1, . . . , m.

Then,

f(x) = T−1g(x) =
{

I
(γ̃k),(δk)
β̃,m

}−1
{

Ξ−1

[
βmλ

xλβ
g(x)

]}

=
(
β̃
)mλ

{
I
(γ̃k),(δk)
β̃,m

}−1
{

x−λβ̃g

[(x

c

) β̃
β

]}

=
(
β̃
)mλ

{
I
(γ̃k),(δk)
β̃,m

}−1

{G(x)} ,

where

G(x) = x−λβ̃g




(
β̃

β

)−m
β

x
β̃
β


 .
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Then, according to the inversion formula for the generalized fractional integrals (1.5.26),
we have

β̃mλ
{

I
(γ̃k),(δk)
β̃,m

}−1

G(x) = β̃mλI
(λ+γk),(∆k−λ)
β̃,m

G(x)

= β̃mλ




m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γ̃k + j

)
 I

(λ+γk),(ηk−λ−γk−γ̃k)
β̃,m

G(x)

which gives (3.4.18). Let us note that the multiplier x−β̃λ in G(x) can be moved in front
of the differintegral operator, in accordance with Lemmas 1.3.1 and 1.6.2:

I
(λ+γk),(∆k−λ)
β̃,m

x−β̃λ = x−β̃λI
(γk),(∆k−λ)
β̃,m

= x−β̃λ




m∏

k=1

ηk∏

j=1

(
1
β

x
d

dx
+ γ̃k + j

)
 I

(γk),(ηk−λ−γk+γ̃k)
β̃,m

.

Hence, (3.5.20) is also obtained.

Let us consider the cases when one of the hyper-Bessel differential operators B̃, B

is the simplest operator of m-th order, for instance, B̃ = Dm =
(

d
dx

)m
, (3.3.f)-(3.3.f′).

Then, its linear right inverse operator is the operator of m-fold integration, represented
(see 3.3, Example f), (3.3.1)-(3.3.2)) either in the form

L̃f(x) = lmf(x) =
( x

m

)m
I

(
k
m−1

)
,(1)

m,m f(x), (3.5.21)

or equivalently,
L̃f(x) = lmf(x) = xmI

0,m
1 f(x). (3.5.21′)

Then, the corresponding Poisson-Dimovski and Sonine-Dimovski transformations
(Definition 3.5.4) follow from the general form (3.5.15), (3.5.16) of the P.-S.-D. trans-
formation by a suitable choice of the parameters β̃, γ̃k, k = 1, . . . , m of B̃ (or β, γk,
k = 1, . . . , m of B).

3.5.i. Poisson-Dimovski transformation

Let us choose 



B̃ = Dm =
(

d
dx

)m
with parameters

β̃ = m, γ̃k = k
m − 1, k = 1, . . . ,m, so that

γ̃1 < γ̃2 < · · · < γ̃m = 0 < γ̃1 + 1 ⇒ α̃ = −1.

(3.5.22)

and 



B = x−β
m∏

k=1

(
x d

dx + βγk

)
arbitrary, with parameters

β > 0, γ1 ≥ γ2 ≥ · · · ≥ γm ⇒ α = −β (γm + 1) .

(3.5.23)
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Since
max

k
∆k = max

k
(γ̃k − γk) = −γm >

α

β
− α̃

β̃
=

α

β
+

1
m

,

we can choose for convencience,

λ = max
k

∆k, i.e. λ = −γm. (3.5.24)

Then, the generalized Poisson type transformation, proposed by Dimovski [70], has
the multiple integral form:

Pf(x) =c

(
xβ

βm

)λ 1∫

0

. . .

1∫

0

m∏

k=1

[
(1− tk)λ−∆k−1 t

γ̃k
k

Γ (λ−∆k)

]

× f

[
m

β
x

β
m (t1 . . . tm)

1
m

]
dt1 . . . dtm

=c

(
xβ

βm

)−γm 1∫

0

. . .

1∫

0

m∏

k=1


(1− tk)γk−γm− k

m t
k
m−1

k

Γ
(
γk − γm − k

m + 1
)




× f

[
m

β
x

β
m (t1 . . . tm)

1
m

]
dt1 . . . dtm,

(3.5.25)

where c stands for the constant

c =
√

m

(2π)m−1

m∏

k=1

Γ (γk + 1) . (3.5.26)

This transformation is a similarity between the integral operators L̃ = lm (3.5.21)-
(3.5.21′) and L (the linear right inverse of B, (3.5.23)):

Plm = LP. (3.5.27)

Denote

∆k = γ̃k − γk =
k

m
− 1− γk; pk = λ−∆k = γk − γm + 1− k

m
> 0;

ηk =
{

[pk] + 1, if pk is non integer
pk, if pk is integer

, k = 1, . . . , m.

Then, from Theorems 3.5.5 and 3.5.6 we obtain immediately:

Theorem 3.5.7. The Poisson-Dimovski transformation (3.5.25),

P : C−1 −→ Cα = C−β(γm+1), (3.5.28)
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is a generalized fractional integral of multiorder (p1, . . . , pm) = (p1, . . . , pm−1, 0), namely:

Pf(x) = c

(
xβ

βm

)λ

I

(
k
m−1

)
,(λ−∆k)

β,m f

(
m

β
x

β
m

)

= c

(
xβ

βm

)−γm

I

(
k
m−1

)
,(pk)

β,m−1
f

(
m

β
x

β
m

)

= c

(
xβ

βm

)−γm 1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣∣
(γk − γm)m−1

1(
k
m − 1

)m−1

1

]
f

(
m

β
x

β
m σ

1
m

)
dσ,

(3.5.29)

acting from C−1 onto C
(n1+···+nm−1)
−β(γm+ 1

m) ⊂ C
(n1+···+nm−1)
α . The corresponding inversion

formula is:

f(x) = P−1g(x) =
1
c
β−mγmDnI

(γk−γm),
(
nk+γm−γk+ k

m−1
)

m,m−1

×
{(

m

β

)−mγm

xβγmg

[(
β

m

)
x

m
β

]}
,

(3.5.30)

where

Dn =
m∏

k=1

ηk∏

j=1

(
1
m

x
d

dx
+

k

m
+ j − 1

)

=
m∏

k=1

[
xm−k dnk

(dxm)nk
xk+mnk−m

]
.

(3.5.31)

Let us recall now Lemmas 1.3.3 and 1.6.3 according to which, by means of of trans-
formation Ξ (i.e. a substitution) we can consider generalized fractional integrals (deriva-
tives) with a parameter β1 > 0 instead of a parameter β > 0.

Then, for simplicity of notation and expressions, we can consider hyper-Bessel ope-
rators with parameter β = m.

The P.-D. transformation (3.5.29):

P : C−1 −→ C
(n1+···+nm−1)
−mγm−1 ⊂ C−m(γm+1),

then takes the simpler form:

Pf(x) = c
( x

m

)−mγm
I

(
k
m−1

)
,(pk)

m,m−1 f(x)

= c
( x

m

)−mγm

1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣∣
(γk − γm)m−1

1(
k
m − 1

)m−1

1

]
f

(
xσ

1
m

)
dσ

(3.5.32)
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and its inversion is:

f(x) = P−1g(x) =
1
c
m−mγmDnI

(γk−γm),(nk−pk)
m,m−1 {xmγmg(x)}

=
1
c
m−mγm




m∏

k=1

nk∏

j=1

(
1
m

x
d

dx
+ γm +

k

m
+ j − 1

)
 I

(γk−γm),(nk−pk)
m,m−1 g(x).

(3.5.33)

Due to (3.5.27), the P.-D. transformation transmutes B̃ = Dm =
(

d
dx

)m
into the

hyper-Bessel differential operator B with parameters as in (3.5.23′). Namely, we have
the following relationship.

Lemma 3.5.8. In the space XF̃ = span]
{

xk
}m−1

0
⊕ C

(m)
m−1 the transmutation relation

holds:

P

(
d

dx

)m

= BP −BPF̃ , (3.5.34)

where F̃ is the initial operator (defining projector) (3.3.3) of L̃ = lm, i.e. the Taylor
polynomial:

F̃ f(x) =
m−1∑

k=0

f (k)(0)
k!

xk. (3.5.35)

Corollary 3.5.9. On the subspace
[
XB̃ = C

(m)
m−1

]
⊂ XF̃ there is a similarity relation

between both differential operators:

P

(
d

dx

)m

= BP. (3.5.36)

In particular, (3.5.36) holds for the so-called m-even functions (see Klučantčev [216]-
[217]):

f ∈ C
(m)
m−1 ⊂ C(m), f ′(0) = · · · = f (m−1)(0) = 0. (3.5.37)

In the literature (e.g. Delsarte [61, I]-[62]) by a Poisson transformation the following
transformation is meant:

Pνf(x) =
2√
π

.
Γ(ν + 1)
Γ(ν + 1

2
)
x−2ν

x∫

0

f(τ)

(x2 − τ 2)
1
2
−ν

dτ

=
2√
π

.
Γ(ν + 1)
Γ(ν + 1

2
)

1∫

0

(
1− σ2

)ν− 1
2 f (xσ) dσ, ν > −1

2
.

(3.5.38)

This transformation transmutes B̃ =
(

d
dx

)2
into the classical Bessel differential op-

erator B = Bν = d2

dx2 + 2ν+1
x

d
dx (see Section 3.3, Example a)). It can be obtained as
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a special case of the Poisson-Dimovski transformation (3.5.29) by taking m = β = 2,
γ1 = ν

2
, γ2 = −ν

2
.

3.5.ii. Sonine-Dimovski transformation
Now we consider a generalization of the Sonine transformation

Sνf(x) =
2
(x

2

)ν+1

Γ
(
ν + 1

2

)
1∫

0

(
1− σ2

)ν− 1
2 σ1−νf(xσ)dσ

=

(x
2

)ν+1

Γ
(
ν + 1

2

)
1∫

0

(1− t)ν−
1
2 t−

ν
2 f(x

√
t)dt,

(3.5.39)

related to the Bessel operator Bν (see Delsarte [61, I]-[62] again).
We specialize the Poisson-Sonine-Dimovski transformation (3.5.13), (3.5.15) when:





B̃ = x−β
m∏

k=1

(
x d

dx + βγk

)
is arbitrary with

β̃ > 0, γ̃1 ≤ γ̃2 ≤ · · · ≤ γ̃m, α̃ = −β̃ (γ̃1 + 1)
(3.5.40)

and 



B = Dm =
(

d
dx

)m
is with rearranged (!) parameters:

β = m, γk = m−k+1
m − 1 = −k−1

m , k = 1, . . . , m, so that
γ1 ≥ γ2 ≥ · · · ≥ γm ⇒ α = −1.

(3.5.41)

For this choice of the parameters, max
k

∆k = max
k

(
γ̃k + k−1

m

)
= γ̃m + m−1

m which is

greater than α
β − α̃

β̃
= − 1

m + γ̃1 + 1 and we can choose

λ = max
k

∆k = γ̃m +
m− 1

m
. (3.5.42)

Further, for convenience we write only B, β, γk, α, . . . instead of B̃, β̃, γ̃k, α̃, . . . ,
i.e. for an arbitrary hyper-Bessel differential operator B, (3.5.40) we assume

β > 0, γ1 ≤ γ2 ≤ · · · ≤ γm, α = −β (γ1 + 1) . (3.5.43)

In this way the P.-S.-D. transformation (3.5.13) reduce to the Sonine-Dimovski trans-
formation (Definition 3.5.4) introduced by Dimovski [70]:

S : Cα −→ C−1,

Sf(x) =
( x

m

)m(γm+1)−1
1∫

0

. . .

1∫

0

m−1∏

k=1

[
(1− tk)λk−1t

γk
k

Γ (λk)

]

× f

[(
β

m

)m
β

x
m
β (t1 . . . tm−1)

1

β

]
dt1 . . . dtm−1,

(3.5.44)
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where
λk = γm − γk +

k

m
> 0, k = 1, . . . , m− 1. (3.5.45)

This transformation is a similarity from the hyper-Bessel integral operator L (corre-
sponding to (3.5.43)) to the m-fold integration lm:

SL = lmS in Cα. (3.5.46)

Up to a constant multiplier in the argument of f(x), the S.-D. transformation (3.5.44)
coincides with the isomorphism ϕf(x), used by Dimovski [68]-[69] to transfer the results
from the Heaviside-Mikusinski operational calculus (for lm) to an operational calculus for
the hyper-Bessel operators B, L, namely:

ϕf(x) =
xm(γk+1)−1

m−1∏
k=1

Γ (λk)

1∫

0

. . .

1∫

0

m−1∏

k=1

[
(1− tk)λk−1 t

γk
k

]

× f
[
x

m
β (t1 . . . tm−1)

1

β

]
dt1 . . . dtm−1.

(3.5.47)

The relation between (3.5.44) and (3.5.47) is:

ϕf(x) = mm(γm+1)−1Sf

(
m

β
x

)
. (3.5.48)

Due to Lemmas 1.3.3 and 1.6.3 again, without loss of generality one can consider only
the simpler case of hyper-Bessel operators with β = m.

Let us use then the representation of the S.-D. transformation S as a generalized
fractional integral and write down its inversion formula. An inversion formula for the al-
ternative transformation (3.5.47) was found by Dimovski [68]-[69] but of the form (1.2.34)
(Chapter 1), viz.

f(x) = ϕ−1g
[
(x1 . . . xm−1)

1

β

]
=

(
m−1∏

k=1

x−γk

)
∂λ1+···+λm−1

∂xλ1
1 . . . ∂x

λm−1

m−1

×
{

g
[
(x1 . . . xm−1)

1
m

] m−1∏

k=1

x
k+1

m
k

}
.

(3.5.49)

Theorem 3.5.10. The Sonine-Dimovski transformation (3.5.44) is an (m − 1)-tuple
generalized fractional integral of multiorder (λ1, . . . , λm−1) and for β = m it has the
form:

Sf(x) =
( x

m

)m(γm+1)−1
I
(γk),(λk)
m,m−1 f(x)

=
( x

m

)m(γm+1)−1
1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣

(
γm + k

m

)

(γk)

]
f

(
xσ

1
m

)
dσ

(3.5.50)
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with the λk’s defined by (3.5.45). If we denote

ηk =
{

[λk] + 1, if λk is non integer
λk, if λk is integer

, k = 1, . . . , m

then S : Cα −→ C
(η1+···+ηm−1)
m(γm−γ1)−1

⊂ C−1 and the inversion formula is:

f(x) = S−1g(x) =
( x

m

)−m(γm+1)+1
DηI

(
k+1
m −1

)
,(ηk−λk)

m,m−1 g(x), (3.5.51)

where

Dη =
m∏

k=1

ηk∏

j=1

(
1
m

x
d

dx
+ γk − γm +

1
m
− j

)
.

Note. The corresponding results for arbitrary β > 0 are obtained (according to Lemma
1.3.3) by means of the transformation

Ξ : f(x) −→ f̃(x) = f

[(
β

m
x

)m
β

]
with ω =

m

β
> 0,

as follows:

Sf(x) =
( x

m

)m(γm+1)−1
I
(γk),(λk)
m,m−1 {Ξf(x)}

=
( x

m

)m(γm+1)−1
Ξ

{
I
(γk),(λk)
β,m−1

f(x)
}

.

Hence, for instance:

ϕf(x) = Ξ
{

xβ(γm+
m−1
m )I(γk),(λk)

β,m−1
f(x)

}
, (3.5.52)

or

ϕf

(
x

β
m

)
= xβ(γm+

m−1
m )I(γk),(λk)

β,m−1
f(x). (3.5.52′)

The same representation is obtained in a direct way in Dimovski and Kiryakova [79] and
an inversion formula for ϕ is found there in the symbolic form

f(x) = ϕ−1g(x) = x−β(γm+
m−1

m )I
(

k−m+1
m

)
,(−λk)

β,m−1
g

(
x

β
m

)
. (3.5.53)

According to Definition 1.5.3 we have to interpret this fractional integral of negative
multiorder in the following way:

f(x) = ϕ−1g(x) = x−β(γm+
m−1
m )D(γk−γm−m−1

m ),(γk)
β,m−1

g

(
x

β
m

)

= x−β(γm+
m−1
m )DηI

(
k−m+1

m

)
,(ηk−λk)

β,m−1
g

(
x

β
m

) (3.5.54)
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with

Dη =
m∏

k=1

ηk∏

j=1

(
1
m

x
d

dx
+ γk − γm +

m− 1
m

+ j

)
,

i.e. as a generalized fractional derivative.

By Definition 3.5.4, the S.-D. transformation S transmutes the hyper-Bessel differen-
tial operator B (with γ1 ≤ γ2 ≤ · · · ≤ γm) into

(
d
dx

)m
. Namely, from (3.5.46) we obtain

the following relationship.

Lemma 3.5.11. In the subspace XF = kerB ⊕Cm
(α+β)

the transmutation relation holds:

SB =
(

d

dx

)m

S −
(

d

dx

)m

SF, (3.5.55)

where F = I − LB stands for the initial operator (defining projector) (3.2.12) of L. In
particular, if

f ∈ C
(m)

α+β ⊂ XF ⇒ SBf =
(

d

dx

)m

Sf. (3.5.56)

3.6. Applications of the transmutation method to the hyper-Bessel opera-
tional calculus.

We illustrate some applications of the Poisson-Sonine-Dimovski transformations for find-
ing some elements of the operational calculi for the hyper-Bessel operators: convolutions,
representations of the fractional powers of the basic operators, etc. In [64]-[65], [69]-[70]
Dimovski developed such operational calculi based on a family of convolutions of the
hyper-Bessel integral operators L in the space Cα.

Theorem (Dimovski [69]). For f, g ∈ Cα consider the auxiliary operation

(f ◦ g) (x) = xβ

1∫

0

. . .︸︷︷︸
(m)

1∫

0

f
[
x (t1 . . . tm)

1

β

]
g

[
x ((1− t1) . . . (1− tm))

1

β

]

×
m∏

k=1

[tk (1− tk)]γk dt1 . . . dtm,

(3.6.1)

and the “correcting” operators T : C2α+β −→ Cα, defined by

Tf(x) = xβγm

1∫

0

. . .︸︷︷︸
(s)

1∫

0

f
[
x (t1 . . . tm)

1

β

] s∏

k=1

[
t
2γk
k

(1− tk)γm−γk−1

Γ (γm − γk)

]
dt1 . . . dts, (3.6.2)
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if γ1 ≤ γ2 ≤ · · · ≤ γs < γs+1 = · · · = γm, or by

Tλf(x) = xβλ

1∫

0

. . .︸︷︷︸
(m)

1∫

0

f
[
x (t1 . . . tm)

1

β

] m∏

k=1

[
t
2γk
k

(1− tk)λ−γk−1

Γ (λ− γk)

]
dt1 . . . dtm, (3.6.3)

with λ > max
k

γk = γm. Then, the operations

(f ∗ g) (x) = T (f ◦ g) (x),
(
f

λ∗ g
)

(x) = Tλ (f ◦ g) (x), (3.6.4)

are convolutions of L in Cα without divisors of zero.

Obviously, T and Tλ are generalized (s- and m-tuple) fractional integrals:

T = xβγmI
(2γk),(γm−γk)
β,s , Tλ = xβλI

(2γk),(λ−γk)
β,m

and T follows from Tλ for λ = γs+1 = · · · = γm, i.e. both operators (3.6.2), (3.6.3) are
represented by

Tλ = xβλI
(2γk),(λ−γk)
β,m with λ ≥ max

k
γk = γm. (3.6.5)

Thus we can state the following theorem.

Theorem 3.6.1. The operation

(
f

λ∗ g
)

(x) = Tλ (f ◦ g) (x) = xβλI
(2γk),(λ−γk)
β,m {(f ◦ g) (x)} , (3.6.6)

where (◦) is the auxiliary operation (3.6.1), Tλ is the generalized fractional integral
(3.6.5), λ ≥ max

k
γk, is a convolution of the hyper-Bessel integral operator

L =
xβ

βm I
(γk),(1)

β,m (3.6.7)

in Cα, without divisors of zero.

The new representation (3.6.6) for these convolutions has some advantages, namely, in
their representations by means of (m+1)-tuple integrals only instead of 2m-tuple integrals
(3.6.4), and also in using the common rules for the generalized fractional integrals from
Chapter 1.

For example, once calculating that

xp ◦ xq = xp+q+β
m∏

k=1

Γ
(
γk + p

β + 1
)

Γ
(
γk + q

β + 1
)

Γ
(
2γk + p+q

β + 2
) ,
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from Lemma 1.2.1 we find immediately the convolutional product

xp λ∗ xq = xp+q+β+βλ
m∏

k=1

Γ
(
γk + p

β + 1
)

Γ
(
γk + q

β + 1
)

Γ
(
2γk + p+q

β + 2
)

Γ
(
2γk + p+q

β + 2
)

Γ
(
γk + λ + p+q

β + 2
)

= xp+q+β(1+λ)

m∏

k=1

Γ
(
γk + p

β + 1
)

Γ
(
γk + q

β + 1
)

Γ
(
γk + λ + p+q

β + 2
) .

(3.6.8)

One can find another explicit expression for a convolution of L in Cα by means of
the Sonine type transformation ϕ, written in the form (3.5.52), i.e.

ϕf(x) = xm(γm+
m−1
m )

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣

(
γm + k

m

)m

1

(γk)m1

]
f

(
x

m
β σ

1

β

)
dσ. (3.6.9)

To this end, the following theorem for the convolutions of similar operators can be used.

Theorem (Dimovski [73]). If T : X −→ X̃ is a similarity from L in X to L̃ in X̃ , i.e.
L = T−1L̃T in X and ∗̃ : X̃ × X̃ → X is a convolution of L̃ in X̃ , then the operation

f ∗ g = T−1 (Tf ∗̃Tg) (3.6.10)

is a convolution of L in X .

In particular, we take T = ϕ to be the Sonine-Dimovski transformation (3.6.9), use
the similarity relation

ϕL =
(

m

β
l

)m

ϕ in X = Cα, (3.6.11)

and the Duhamel convolution (∗̃) of the integration operator l (also of its powers like(
m
β l

)m
):

(f ∗̃g) (x) =

x∫

0

f(x− t)g(t)dt = x

1∫

0

f [x (1− σ)] g (xσ) dσ. (3.6.12)

Then, the following result holds.

Theorem (Dimovski [68], [73]). The operation

f~g = ϕ−1 [(ϕf) ∗̃ (ϕg)] , (3.6.13)

where (∗̃) denotes the Duhamel convolution (3.6.12), is defined for all f, g ∈ Cα and is a
convolution of the hyper-Bessel integral operator L in Cα.
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However, let us note that instead of the multiple integral representation (3.5.47) of
transfomation ϕ and the same kind of inversion formula (3.5.49), we use in (3.6.13) the
simpler representation (3.6.9) and inversion formulas (3.5.53)-(3.5.54).

By using convolution (3.6.13), it is possible to build an operational calculus for L

similar to the Mikusinski operational calculus. In the corresponding field of quotients
in Cα, we can consider rational expressions of the element S := 1

L . The integer pow-
ers (positive, negative or zero) of L are well defined in this field. Now we resume the
application of convolution (3.6.13) for representing the fractional powers of L.

Definition 3.6.2. (Dimovski [65], [69]). Let λ be an arbitrary real number. The frac-
tional power Lλ is defined by means of the following convolutional product of elements
of the corresponding operational (quotient) field:

Lλf := L[λ]−s





xβ({λ}+s−δ−1)
m∏

k=1

Γ ({λ}+ s− δ + γk)





~ f, (3.6.14)

where s =
[

α
β + δ + 2

]
, δ ≥ max

k
γk and ~ is the convolution (3.6.13).

If λ > α
β + δ + 1, then the power Lλ has a simpler representation by means of a

function lλ ∈ Cα, namely:

Lλ =





xβ(λ−δ−1)
m∏

k=1

Γ (λ− δ + γk)





= {lλ} , i.e. Lλf = {lλ}~f. (3.6.15)

Furthermore, if γ1 < γ2 < · · · < γm < γ1 + 1, then we can choose δ = γm and therefore,
α
β + δ + 1 > 0.

Definition 3.6.2 is justified by the following theorem.

Theorem (Dimovski [65]). If λ, µ are arbitrary real numbers, then

LλLµ = Lλ+µ,

and for integer λ = n > 0 : Ln = L.L. . . . .L︸ ︷︷ ︸
n times

.

We prove here the following result.

Theorem 3.6.3. If λ > 0 is arbitrary, then the fractional power Lλ of the hyper-Bessel

integral operator L = xβ

βm I
(γk),(1)

β,m is also a generalized fractional integral but of multiorder
(λ, . . . , λ), viz.

Lλ =

(
xβ

βm

)λ

I
(γk),(λ)

β,m (3.6.16)
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and has the single integral representation

Lλf(x) =

(
xβ

βm

)λ 1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + λ)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ. (3.6.17)

Proof. A direct proof can be found in Dimovski and Kiryakova [79]. There, repre-
sentation (3.6.9) of ϕ is used and the expression ϕ−1

(
m
β l

)m
ϕ is calculated by means of

formula (A.29) for integrals of the product of two G-functions, used several times. It is
the same technique as that used in Chapter 1 for deriving the common properties of the
generalized fractional integrals.

Here we establish (3.6.16) on the basis that these properties are already proved. For
simplicity, we consider the case

λ > 0, λ >
α

β
+ δ + 1 = γm − γ1,

when Lλ is represented by (3.6.15), i.e.

Lλf(x) = Ξ {lλ}~f(x) = ϕ−1 {(ϕlλ) ∗ ϕf(x)} .

Due to Lemma 1.2.1, we evaluate

ϕlλ =





xβ(γm+
m−1
m )I(γk),(λk)

β,m−1




xβ(λ−γm−1)
m∏

k=1

Γ (λ− γm + γk)








=
(

m

β

)mλ xmλ−1

Γ(mλ)
.

Further,
xmλ−1

Γ (mλ)
∗ ϕf(x) = lmλ {ϕf(x)} ,

whence

Lλf(x) = ϕ−1

(
m

β
l

)mλ

ϕf(x).

It is convenient now to use an alternative representation of the Riemann-Liouville
fractional integral lmλ as an m-tuple Erdélyi-Kober operator (cf. the alternative repre-
sentations (3.3.1), (3.3.2) of lm in Section 3.3, Example f),

lmλ =
( x

m

)mλ
I

(
k
m−1

)
,(λ)

m,m =
( x

m

)mλ
I

1
m−1,λ
m I

(
k+1
m −1

)m−1

1
,(λ)

m,m−1 .
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Further, we use repeatedly Lemma 1.3.3 for the transformation

ξ : f(x) −→ f
(
x

m
β

)
with ω =

m

β
> 0,

and also Lemma 1.3.1, property (1.3.3). Operators ϕ and ϕ−1 are used in the forms
(3.5.52), (3.5.54), namely:

ϕ = Ξxβ(γm+
m−1
m )I(γk),(λk)

β,m−1
,

ϕ−1 = x−β(γm+
m−1

m )D(γk−γm−m−1
m ),(λk)

β,m−1
Ξ−1

= x−β(γm+
m−1
m )I

(
k+1
m −1

)
,(−λk)

β,m−1
Ξ−1.

Then,

Lλf(x) = x−β(γm+
m−1
m )I

(
k+1
m −1

)
,(−λk)

β,m−1
Ξ−1 1

βmλ
xmλI

(
k+1
m −1

)
,(λ)

m,m−1

× I
( 1

m−1),(λ)
m,1 Ξxβ(γm+

m−1

m )I(γk),(λk)
β,m−1

f(x)

=
1

βmλ
xβ(−γm−m−1

m )I
(

k+1

m −1
)
,(−λk)

β,m−1
Ξ−1xmλΞxβ(γm+

m−1
m )

× I

(
γm+ k

m

)
,(λ)

β,m−1
I
(γm),(λ)
β,1 I

(γk),(λk)
β,m−1

f(x)

=
1

βmλ
xβ(−γm−m−1

m )I
(

k+1
m −1

)
,(−λk)

β,m−1
xβ(γm+λ+1− 1

m)

× I

(
γm+ k

m

)
,(λ)

β,m−1
I
(γk),(λk)
β,m−1

I
γm,λ
β,1 f(x).

Now, it remains to use the index law (1.3.10) (Theorem 1.3.8) and relation γm + k
m =

γk + λk, k = 1, . . . , m− 1:

Lλf(x) =

(
xβ

βm

)λ [
I

(
γm+ k

m

)
,(λ−λk)

β,m−1
I
(γk),(λk)
β,m−1

]
I
γm,λ
β f(x)

=

(
xβ

βm

)λ

I
(γk),(λ−λk+λk)
β,m−1

I
γm,λ
β f(x)

=

(
xβ

βm

)λ

I
γm,λ
β,m f(x).
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This ends the proof.

Note. It is possible to consider also hyper-Bessel integral operators of Weyl type (as in
McBride [289], Kiryakova [191], Dimovski and Kiryakova [79]), namely:

Mf(x) =

(
xβ

βm

)
W

(−γk−1),(1)

β,m f(x)

=
xβ

βm

∞∫

1

G
m,0
m,m

[
1
σ

∣∣∣∣
(−γk + 1)m1
(−γk)m1

]
f

(
xσ

1

β

)
dσ,

(3.6.18)

defined in C∗α∗, α∗ ≤ min
k

βγk (see Section 1.4, (1.4.3)). For the fractional powers of

integral operator M we find analogously the representation

Mλf(x) =

(
xβ

βm

)λ

W
(−γk−1),(λ)

β,m f(x)

=

(
xβ

βm

)λ ∞∫

1

G
m,0
m,m

[
1
σ

∣∣∣∣
(−γk + λ)m1
(−γk)m1

]
f

(
xσ

1

β

)
dσ, λ > 0.

(3.6.19)

Note. Integral representations of fractional powers of operators L, M of the same forms
(3.6.17), (3.6.19) were found earlier by McBride [289] but without using convolutions and
notions of the generalized fractional calculus. He used the classical Erdélyi-Kober ope-
rators and the theory of Mellin multipliers which became a basis of his general approach
of finding fractional powers of linear operators (see McBride [288], [290]). These results
were extended further by Lamb [243]-[245], Lamb and McBride [246] and McBride and
Spratt [292]-[294].

Kiryakova [190], Dimovski and Kiryakova [75]-[76], McBride [289], Kiryakova [192]-
[193], Dimovski and Kiryakova [79] seem to be the first to use Meijer’s G-functions for
dealing with Bessel type operators and equations. Recently, this approach has found
extension in the papers of other authors (see Dimovski and Kiryakova [80], Adamchik
and Marichev [5], Adamchik [1]-[2], Kiryakova and Spirova [213], Kiryakova and McBride
[212], Hayek and Hernandez [127]-[129], etc.).
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3.7. Application of the Poisson-Sonine-Dimovski transmutations to the
hyper-Bessel differential equations and functions.

3.7.i. Obtaining generalized Poisson type integrals for the hyper-Bessel func-
tions

It is seen that the Poisson-Dimovski transformation P (3.5.29), (3.5.32) has its simplest
representation for operators (3.5.23) with β = m and γm = min

k
γk = 0. We shall use such

a transformation to obtain a new integral representation for the hyper-Bessel functions
of Delerue J

(m−1)
ν1,...,νm−1

(x), see (D.3), Appendix. To this end, we consider the m-th order
Bessel type differential operator

B = x−m

[
m−1∏

k=1

(
x

d

dx
+ mνk

)]
x

d

dx
(3.7.1)

with β = m; γk = νk, k = 1, . . . , m − 1, γm = 0, supposing that all the νk’s are non
negative, for example:

ν1 ≥ ν2 ≥ · · · ≥ νm−1 ≥ 0. (3.7.2)

Then, for the corresponding Poisson-Dimovski transformation denoted by P0, the
following corollary of Theorem 3.5.7 its true.

Corollary 3.7.1. The Poisson-Dimovski transformation (3.5.25), (3.5.29) correspond-
ing to operator (3.7.1) maps the space C−1 as well as each its subspace C

(l)
ε ⊆ C−1,

ε ≥ −1, l ≥ 0 into itself, and has the form

P0f(x) = c.I

(
k
m−1

)
,
(
νk− k

m+1
)

m,m−1 f(x)

= c.

1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣∣
(νk)m−1

1(
k
m − 1

)m−1

1

]
f

(
xσ

1
m

)
dσ

(3.7.3)

with c =
√

m
(2π)m−1

m−1∏
k=1

Γ (νk + 1). This transform keeps the values of the functions at

the origin:
(P0f)(0) = f(0) (3.7.4)

as well as the other initial-value conditions, up to constant multipliers c.dj, namely:

(P0f)(j) (0) = c.djf
(j)(0), j = 1, . . . , l, (3.7.4′)

where f ∈ C
(l)
ε and dj =

m−1∏
k=1

Γ
(

k−j
m

)
Γ
(
νk+

j
m+1

) .

Representation (3.7.3) and P0 : C−1 → Cα = C−m follow from Theorem 3.5.7. Up

to the constant c, P0 is the multiple Erdélyi-Kober fractional integral I

(
k
m−1

)
,
(
νk− k

m+1
)

m,m−1
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and therefore,

P0 : C−1 → C
(η)
−1 ⊂ C−1, also P0 : C

(l)
ε → C

(l+η)
ε ⊂ C

(l)
ε ,

(see (1.2.33)). Relationships (3.7.4), (3.7.4′) follow from (1.3.4) (Lemma 1.3.2).
Let us note that as a generalized fractional integral (3.7.3), or written alternatively

as multiple integrals:

P0f(x) = c.

1∫

0

. . .

1∫

0

m−1∏

k=1


(1− tk)νk− k

m t
k
m−1

k

Γ
(
νk − k

m + 1
)


 f

(
xσ

1
m

)
dσ, (3.7.5)

transmutation P0 is defined also under the weaker condition (cf. with (3.7.2))

νk ≥
k

m
− 1, k = 1, . . . , m− 1 (3.7.6)

and according to the principle of analytical continuation, it remains then a similarity
operator from L̃ = lm to L : P0l

m = LP0.
Consider the hyper-Bessel functions of Delerue [60] of multiindex (ν1, . . . , νm−1) (see

Appendix, Section D.i):

J
(m−1)
ν1,...,νm−1

(x) =

( x
m

)ν1+···+νm−1

Γ (ν1 + 1) . . . Γ (νm−1 + 1)0Fm−1

(
(νk + 1) ;−

( x

m

)m)
, (3.7.7)

where
jν(x) = j

(m−1)
ν1,...,νm−1

(x) = 0Fm−1

(
(νk + 1) ;−

( x

m

)m)

=
∞∑

j=0

[
m−1∏

k=1

Γ (νk + 1)
Γ (νk + j + 1)

]
(−1)j

j!

( x

m

)mj (3.7.8)

are the so-called “normalized” hyper-Bessel functions (Klučantčev [218]-[219]), or Bessel-
Clifford functions (Hayek [126], Hayek and Hernandez [127]-[129]).

The latter functions (3.7.8), denoted also by Cν1,...,νm−1
(D.8) satisfy the initial value

conditions (D.7):
jν(0) = 1, j′ν(0) = · · · = j

(m−1)
ν (0) = 0. (3.7.9)

Our aim is to use transformation P0 in order to find a generalization of the well-
known Poisson integral representations of the Bessel functions Jν(x), Iν(x), ν > −1

2
,

viz.:

Jν(x) =
2
(x

2

)ν

√
πΓ

(
ν + 1

2

)
π
2∫

0

cos (x sin θ) (cos θ)2νdσ

=
2
(x

2

)ν

√
πΓ

(
ν + 1

2

)
1∫

0

(
1− t2

)ν− 1
2 cos xtdt =

(x
2

)ν

Γ(ν + 1)
Pν {cos x}

(3.7.10)
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and

Iν(x) =

(x
2

)ν

Γ(ν + 1)
Pν {ch x} . (3.7.11)

Instead of cos(x), ch(x) we now use the generalized trigonometric functions from
Section D.i (Appendix) and especially the generalized cosine function and hyperbolic
functions of order m:

cosm(z) = 0Fm−1

((
k

m

)m−1

1

;−
( x

m

)m
)

=
∞∑

j=0

(−1)jxmj

(mj)!
,

(3.7.12)

h1,m(z) = 0Fm−1

((
k

m

)m−1

1

;
( x

m

)m
)

=
∞∑

j=0

xmj

(mj)!
. (3.7.13)

Theorem 3.7.2. The Poisson-Dimovski transformation P0, defined by (3.7.3), (3.7.5)
for νk ≥ k

m − 1, k = 1, . . . , m− 1, maps the generalized cosine function (3.7.12) of order
m ≥ 2 into a normalized hyper-Bessel function of order (m− 1):

jν(x) = j
(m−1)
ν1,...,νm−1

(x) = P0 {cosm x}

=
√

m

(2π)m−1

m−1∏

k=1

Γ (νk + 1)

1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣∣
(νk)m−1

1(
k
m − 1

)m−1

1

]
cosm

(
xσ

1
m

)
dσ.

(3.7.14)
Therefore, the following integral representation of Poisson type holds for the hyper-Bessel
functions (3.7.7) under conditions (3.7.6):

J
(m−1)
ν1,...,νm−1

(x) =
√

m

(2π)m−1

( x

m

)∑
νk

1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣∣
(νk)m−1

1(
k
m − 1

)m−1

1

]
cosm

(
xσ

1
m

)
dσ.

(3.7.15)
Analogously, for the modified hyper-Bessel functions (D.5), (D.6) the generalized
Poisson-type integrals have the forms:

i
(m−1)
ν1,...,νm−1

(x) = P0

{
h1,m(x)

}
=

√
m

(2π)m−1

m−1∏

k=1

Γ (νk + 1)

×
1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣∣
(νk)m−1

1(
k
m − 1

)m−1

1

]
h1,m

(
xσ

1
m

)
dσ

(3.7.16)
and

I
(m−1)
ν1,...,νm−1

(x) =
√

m

(2π)m−1

( x

m

)∑
νk

1∫

0

G
m−1,0
m−1,m−1

[
σ

∣∣∣∣∣
(νk)m−1

1(
k
m − 1

)m−1

1

]
h1,m

(
xσ

1
m

)
dσ,

(3.7.17)
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under the same conditions (3.7.6).

Proof. Consider the initial value problems (3.4.23), (3.4.26), namely:

Bu(x) = λu(x); u(0) = 1, u′(0) = · · · = u(n−1)(0) = 0; (3.7.18)

and (
d

dx

)m

ũ(x) = λũ(x); ũ(0) = 1, ũ′(0) = · · · = ũ(m−1)(0) = 0, (3.7.19)

where λ = ±1 and B is the hyper-Bessel differential operator (3.7.1) with condition
(3.7.6). As we have already shown in Examples 3.4.6 and 3.4.7, their solutions are the
functions:

u(x) = j
(m−1)
ν1,...,νm−1

(x), ũ(x) = cosm(x) if λ = −1, (3.7.20)

u(x) = i
(m−1)
ν1,...,νm−1

(x), ũ(x) = h1,m(x) if λ = 1. (3.7.21)

Now we establish that the Poisson-Dimovski transmutation P0, (3.7.3), (3.7.5) trans-
forms the solution ũ(x) of (3.7.19) into the solution u(x) of (3.7.18), i.e. u(x) = P0ũ(x).
Indeed, from Lemma 3.5.8,

P0

(
d

dx

)m

ũ(x) = BP0ũ(x)−BP0

{
F̃ ũ(x)

}
,

where F̃ is the Taylor polynomial:

F̃ ũ(x) =
m−1∑

k=0

ũ(k)(0)
k!

xk.

Let us consider the term BP0

{
F̃ ũ(x)

}
. The initial value conditions in (3.7.19) yield

ũ(x) = 1 + f̃ with f̃ ∈ C
(m)
m−1

and from Corollary 3.5.9, for the m-even function f̃ we have F̃ f̃ = 0, whence F̃ ũ(x) =
F̃ {1} = 1. Further, P0{1} = 1 and then, since d

dx{1} = 0,

BP0F̃ ũ(x) = B{1} =

[
x−m

m−1∏

k=1

(
x

d

dx
+ mνk

)]
d

dx
{1} = 0,

i.e.

P0

(
d

dx

)m

ũ = BP0ũ.

Then,
(

d
dx

)m
ũ = λũ yields Bu = λu for u = P0ũ.
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Now let us see how P0 transforms the initial conditions for ũ(x) in (3.7.19). From
Corollary 3.7.1, (3.7.4) and (3.7.4′) give:

u(0) = (P0ũ) (0) = ũ(0) = 1,

u(j)(0) = (P0ũ)(j) (0) = cdj ũ
(j)(0) = 0, j = 1, . . . , m− 1,

i.e. u = P0ũ is the solution of the initial value problem (3.7.18).
Combining this result with (3.7.20), respectively (3.7.21), we find

j
(m−1)
ν = P0 {cosm(x)} , i

(m−1)
ν = P0

{
h1,m(x)

}
,

i.e. representations (3.7.14), (3.7.16) for the normalized hyper-Bessel functions. Mul-

tiplying by

[
m−1∏
k=1

Γ (νk + 1)

]−1 ( x
m

)∑ νk , we obtain the generalized Poisson integrals

(3.7.15), (3.7.17).

Corollary 3.7.3. Using integral representation (3.7.5) of P0, we obtain multiple gene-
ralized Poisson type integral representations of the form:

J
(m−1)
ν1,...,νm−1

(x) =
√

m

(2π)m−1

( x

m

)∑
νk

1∫

0

. . .

1∫

0




m−1∏

k=1

(1− tk)νk− k
m t

k
m−1

k

Γ
(
νk − k

m + 1
)




× cosm
[
x (t1 . . . tm−1)

1
m

]
dt1 . . . dtm−1,

(3.7.22)

I
(m−1)
ν1,...,νm−1

(x) =
√

m

(2π)m−1

( x

m

)∑
νk

1∫

0

. . .

1∫

0




m−1∏

k=1

(1− tk)νk− k
m t

k
m−1

k

Γ
(
νk − k

m + 1
)




× h1,m

[
x (t1 . . . tm−1)

1
m

]
dt1 . . . dtm−1.

(3.7.23)

Note. Such a generalization of the Poisson integral has been proposed by Delerue [60,
p.259] in the form:

J
(m−1)
ν1,...,νm−1

(x) =
mm− 1

2

(2π)
m−1

2

( x

m

)ν1+···+νm−1+k−m+1

×
1∫

0

. . .
(m−1)

1∫

0

m−k−1∏

i=1


(1− ζi)

νi−1− i
m ζk+i

i

Γ
(
νi − i

m

)



×
m−1∏

i=m−k


(1− ζi)

νi− i
m ζk+i−m

i

Γ
(
νi − i

m + 1
)


 f

(m)

k+1
(xζ1 . . . ζm−1) dζ1 . . . dζm−1,

(3.7.24)
where f

(m)
m (x) = cosm(x); f

(m)

k+1
(x) = sinn,k+1(x), k = 0, . . . , m− 2.
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The multiple integral formula (3.7.22) was also obtained by Klučantčev [218, p. 55]
(with a misprint in the factor with the Γ-functions). However, single integral representa-
tions involving G-functions, did not appear in the literature until Dimovski and Kiryakova
[80]-[81].

Let us consider some special cases of the generalized Poisson integrals (3.7.15),
(3.7.17). Naturally, for m = 1 formulas (3.7.15), (3.7.17) turn into Poisson integrals
(3.7.10), (3.7.11).

Corollary 3.7.4. According to (D.21), from Theorem 3.7.2 we obtain the following Pois-
son type integral representation for the n-Bessel functions of Agarwal (D.20), ν > −1

2
:

Aν,n

{
21−n

( z

n

)n}
=

√
nπ1−2n

2n(ν+1)−1 [Γ(ν + 1)]n

×
1∫

0

G
2n−1,0
2n−1,2n−1


σ

∣∣∣∣∣∣∣

ν, ν, . . . , ν︸ ︷︷ ︸
n

, 0, . . . , 0︸ ︷︷ ︸
n−1(

k
2n − 1

)2n−1

1


 cos2n

(
zσ

1
2
n
)

dσ

=

√
nπ1−2n

2n(ν+1)−1 [Γ(ν + 1)]n

1∫

0

. . .

1∫

0

n∏

k=1


 (1− ζk)ν−

k
2n

Γ
(
ν − k

2n + 1
)




×
2n−1∏

k=n+1


(1− ζk)−

k
2n

Γ
(
1− k

2n

)



2n−1∏

k=1

[
ζ

k
2n−1

k

]

× cos2n

[
z (ζ1 . . . ζ2n−1)

1
2
n
]
dζ1 . . . dζ2n−1.

(3.7.25)

Corollary 3.7.5. For the Bessel-Clifford functions of n-th order

C
(n)

λ1,λ2,...,λn
(x) =

∞∑

j=0

(−1)jxj

Γ (λ1 + j + 1) . . . Γ (λn + j + 1) j!
, (3.7.26)

closely related to functions (3.7.8), Hayek and Hernandez [129] found from Theorem
3.7.2 the Poisson type integral representation

C
(n−1)

λ1,λ2,...,λn−1
(x) =

√
n

(2π)n−1

1∫

0

G
n−1,0
n−1,n−1

[
t

∣∣∣∣
λ1, λ2, . . . , λn−1
1
n − 1, 2

n − 1, . . . , n−1
n − 1

]

× cosn
[
n(zt)

1
n

]
dt

(3.7.27)

with λk > k
n − 1, k = 1, . . . , n − 1; and in particular, for the Bessel-Clifford functions
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of third order (n = 3), these representations in [128] have the form

Cm,n =
9
√

3
2πΓ

(
m + 1

3

)Γ
(

n +
2
3

) 1∫

0

1∫

0

(
1− ξ3

)m− 2
3
(
1− η3

)n− 1
3 ξ

× f1(3ξη 3
√

z)dξdη,

(3.7.28)

Cm,n =
9
√

3z−
2
3

2πΓ
(
m− 1

3

)Γ
(

n− 2
3

) 1∫

0

1∫

0

(
1− ξ3

)m− 4
3
(
1− η3

)n− 5
3 ξη2

× f2(3ξη 3
√

z)dξdη,

(3.7.29)

Cm,n =
9
√

3
2πΓ

(
m + 1

3

)Γ
(

n− 1
3

) 1∫

0

1∫

0

(
1− ξ3

)m− 2
3
(
1− η3

)n− 4
3 η2

× f3(3ξη 3
√

z)dξdη,

(3.7.30)

where fi(x), i = 1, 2, 3 stand for the generalized trigonometric functions of third order:

f1(x) =
1
3

(
e−x + e−ωx + e−ω2x

)
, f2(x) =

1
3

(
e−x + ωe−ωx + ω2e−ω2x

)

f3(x) =
1
3

(
e−x + ω2e−ωx + ωe−ω2x

)
, with ω3 = 1.

(3.7.31)

3.7.ii. Applications of a differential Poisson-Dimovski transformation for
solving hyper-Bessel differential equations
Consider again the Poisson-Sonine-Dimovski transformation (3.5.29)

Pf(x) = c

(
xβ

βm

)λ

I

(
k
m−1

)
,(λ−∆k)

β,m f

(
m

β
x

β
m

)
, (3.7.32)

corresponding to the hyper-Bessel operators B̃ =
(

d
dx

)m
with γ̃k = k

m − 1, k = 1, . . . , m,

(see (3.5.22)) and B = x−β
m∏

k=1

(
x d

dx + βγk

)
with arbitrary β > 0; γ1, . . . , γm. The choice

λ = max
k

∆k = max
k

(γ̃k − γk), i.e. λ −∆k ≥ 0, k = 1, . . . , m, and λ > α
β − α̃

β̃
= α

β + 1
m ,

made in Section 3.5.i, ensure that (3.7.32) is a generalized fractional integral (of positive
multiorder) and P : C−1 → Cα.

Now, instead of taking λ = max
1≤k≤m

∆k, we can consider a Poisson-Dimovski transfor-

mation with
λ = min

1≤k≤m
∆k = min

k
(γ̃k − γk) >

α

β
+

1
m

. (3.7.33)

Then, λ−∆k ≤ 0, k = 1, . . . , m, and the multiorder of “integration” in (3.7.32) becomes

negative. This means the symbol I

(
k
m−1

)
,(λ−∆k)

β,m should be interpreted as a generalized
fractional derivative, according to Definitions 1.5.3 and 1.5.4, see (1.5.15).
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The special case of the so-called spherical hyper-Bessel differential operator B deserves
attention. Namely, suppose B is a hyper-Bessel operator with parameters β > 0, γk,
k = 1, . . . , m, chosen as follows:

β = m; γk = γ̃k − ηk =
k

m
− 1− ηk, k = 1, . . . , m− 1;

γm = −ηm = 0, ηk ≥ 0, k = 1, . . . , m being integers.
(3.7.34)

Then, all the differences ∆k = γ̃k − γk = ηk are non negative integers and at least
one of them is zero (∆m = 0). In accordance with (3.7.33), we choose λ = min

k
∆k = 0,

whence

λ−∆k = −∆k = γk − γ̃k = −ηk ≤ 0, k = 1, . . . ,m− 1; λ−∆m = 0,

i.e. the Poisson-Dimovski transformation (3.7.32) turns into a generalized “fractional”
differentiation operator of integer multiorder (η1, . . . , ηm), since

I
(γ̃k),(−ηk)
m,m−1 = D

(γk),(ηk)
m,m−1 = DηI

(γ̃k),(−ηk+ηk)
m,m−1 = Dη,

where

Dη =
m−1∏

k=1

ηk∏

j=1

(
1
m

x
d

dx
+ γ̃k − ηk + j

)
=

m−1∏

k=1

ηk∏

j=1

(
1
m

x
d

dx
+ γk + j

)
.

It is seen now that the special choice of a spherical hyper-Bessel differential operator
B leads to a Poisson-Dimovski type transformation, represented by pure a differential
operator. We will use it as a transmutation operator for solving corresponding hyper-
Bessel differential equations.

Definition 3.7.6. The differential operator Dη : C
(η1+···+ηm−1)
a → Ca, defined by

Dηf(x) =




m−1∏

k=1

ηk∏

j=1

(
xm d

d (xm)
+ γk + j

)
 f(x), (3.7.35)

is said to be a differential Poisson transformation corresponding to the spherical hyper-
Bessel differential operator B with parameters (3.7.34).

In particular, Dη : C
(∞)
a → C

(∞)
a . Let α = max

k
[−β (γk + 1)] = max

k
(mηk − k) and

X̃ = C
(∞)
−1 , X = C

(∞)
α . Then, for a = max(α,−1) and X̂ = C

(∞)
a = X̃ ∩X , we have that

Dη maps X̂ into itself:
Dη : X̂ → X̂ .

Lemma 3.7.7. The differential transform (3.7.35) is a similarity in C
(η1+···+ηm−1)
max(α,−1) from

L̃ = lm to the spherical hyper-Bessel integral operator L with parameters (3.7.34).
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Proof. We use the symbolic representations:

Dη = I
(γ̃k),(−ηk)
m,m−1 ; lm =

( x

m

)m
I
(γ̃k),(1)

m,m−1 ; L =
( x

m

)m
I
(γk),(1)

m,m−1

and similarly to the proof of Theorem 3.6.3, the product rules (1.3.3), (1.3.10), (1.3.11)
for the generalized fractional (differ)integrals to obtain

I
(γ̃k),(−ηk)
m,m−1

( x

m

)m
I
(γ̃k),(1)

m,m−1 =
( x

m

)m
I
(γ̃k+1),(−ηk)
m,m−1 I

(γ̃k),(1)

m,m−1 =
( x

m

)m
I
(γk),(1)

m,m−1 I
(γ̃k),(−ηk)
m,m−1 ,

which means:
Dηl

m = LDη in C
(η1+···+ηm−1)
max(α,−1) . (3.7.36)

Corollary 3.7.8. If ũ ∈ C
(∞)
m+max(α,−1) is a solution of the differential equation ũ(m)(x) =

λũ(x), then the image u = Dηũ ∈ C
(∞)
m+max(α,−1) is a solution of the spherical hyper-Bessel

differential equation (with parameters (3.7.34)): Bu(x) = λu(x), λ = const.

Example 3.7.9. We look for a solution of the m-th order ordinary differential equation

xy(m)(x)− n.m.y(m−1)(x) + axy(x) = 0, 0 < x < ∞, (3.7.37)

where m ≥ 2, n > 0 are integers, a = const.
Divided by x 6= 0, the equation takes the form

By(x) = −ay(x),

where

B = x−m
(

xm dm

dxm − nmxm−1 dm−1

dxm−1

)
= x−mQm

(
x

d

dx

)

is a hyper-Bessel differential operator. Since

xm dm

dxm = δ(δ − 1) . . . (δ −m + 1); xm−1 dm−1

dxm−1
= δ(δ − 1) . . . (δ −m + 2),

where δ = x d
dx , then

Qm(δ) = δ(δ − 1) . . . (δ −m + 2)(δ −mn−m + 1)

and its zeros are:

µk = k − 1, k = 1, . . . , m− 1; µm = m(n + 1)− 1.

Thus, the rearranged parameters of B are:

γ1 =
1
m
− (n + 1); γk =

k

m
− 1 = γ̃k, k = 2, . . . , m (i.e. γm = 0);
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∆1 = η1 = n > 0 is an integer and ∆k = ηk = 0, k = 2, . . . , m. The corresponding
differential transformation of Poisson type (3.7.35) takes the form

Dηf(x) =

[
n∏

k=1

(
xm d

d (xm)
+ γ1 + j

)]
f(x)

=
[
x(n+1)m−1

(
x1−m d

dx

)n

x1−m
]

f(x)

and if ỹ(x) is a solution of the equation

ỹ(m)(x) + aỹ(x) = 0,

then its image

y(x) = Dηỹ(x) =
[
x(n+1)m−1

(
x1−m d

dx

)n

x1−m
]

ỹ(x) (3.7.38)

is a solution of equation (3.7.37). The same relation between both solutions was found by
other methods by I. Zbornik (1957), see Kamke [155, p. 483, problem 5.6].

Example 3.7.10. Consider the third order hyper-Bessel differential equation

x2y′′′(x)− 3(p + q)xy′′(x) + 3p(3q + 1)y′(x)− x2y(x) = 0, 0 < x < ∞, (3.7.39)

where p > 0, q > 0 are integers.

We divide by x2 6= 0 and obtain the equation By = y, where B = x−3Q3

(
x d

dx

)

with m = β = 3. Since x3 d3

dx3 = δ(δ − 1)(δ − 2), x2 d2

dx2 = δ(δ − 1), x d
dx = δ, then

Q3(δ) = δ(δ2 + bδ + c) with coefficients b = −3(p+ q +1), c = (2+3q)(1+3p). The zeros
of Q3(µ) are µ1 = 3q+2, µ2 = 3p+1, µ3 = 0, therefore: γ1 = −q− 2

3
, γ2 = −p− 1

3
, γ3 = 0.

If p < q, then γ1 < γ2 < γ3 = 0. The differences ∆k are: ∆1 = q > 0, ∆2 = p > 0, ∆3 = 0
and we choose λ = min

1≤k≤3
∆k = 0. The Poisson type differential transform, corresponding

to this spherical hyper-Bessel operator B, is:

Dη = 3(p+q)

3∏

k=1

ηk∏

j′=1

(
x3 d3

dx3
+ γk + j′

)

= 3(p+q)

p−1∏

j=0

(
1
3
x

d

dx
− j − 1

3

) q−1∏

i=0

(
1
3
x

d

dx
− i− 2

3

)

=
p−1∏

j=0

(
x

d

dx
− 3j − 1

) q−1∏

i=0

(
x

d

dx
− 3i− 2

)
.
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If ỹ(x) is a solution of the simplest equation

ỹ′′′ = ỹ, i.e. ỹ(x) =
3∑

k=1

ckeωkx with ω3
k = 1,

then we find a solution of the spherical hyper-Bessel equation (3.7.39) of the form

y(x) = Dηỹ(x) =




p−1∏

j=0

(
x

d

dx
− 3j − 1

) q−1∏

i=0

(
x

d

dx
− 3i− 2

)
 ỹ(x), (3.7.40)

as found in [155, p. 466].

3.7.iii. Sonine-Dimovski transmutation operators of Weyl type and their use
for the explanation of Stokes phenomenon

For solving hyper-Bessel differential equations by the transmutation method, one can
use also the Sonine-Dimovski transformations S (3.5.44), (3.5.50), or ϕ (3.5.47), (3.5.52).
Then, the following scheme is used in general.

The hyper-Bessel equation Bu = λu (or Bu = f) is transformed by the Sonine type
transformation S into a simpler equation of the form:

(
d

dx

)m

ũ = λũ + (SFu)(m) (or
(

d

dx

)m

ũ = f̃ + (SFu)(m)).

Depending on the original initial value conditions determining the projector Fu, we could
solve the above equation explicitly and then the required solution is found by the inverse
Sonine transformation: u = S−1ũ.

Poisson-Sonine-Dimovski transformations can be also considered in spaces other then
those of functions defined in a neighbourhood of the origin x = 0. If instead of the
Riemann-Liouville type fractional integrations (3.5.15) we take their analogues of Weyl
type (see Section 1.4), then we obtain transmutation operators between the m-fold inte-
gration of Weyl type (near to infinity), see Example (1.1.a∗):

lm∗ f(x) = Wmf(x) =

∞∫

x

dx1

∞∫

x1

dx2 . . .

∞∫

xm−1

f (xm) dxm

=
1

(m− 1)!

∞∫

x

(τ − x)m−1f(τ)dτ

(3.7.41)
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and the hyper-Bessel integral operator of Weyl type (3.6.18):

Mf(x) =
xβ

βmW
(−γk−1),(1)

β,m f(x)

=
xβ

βm

∞∫

1

. . .

∞∫

1

(
m∏

k=1

σ
γk
k

)
f

[
x (σ1 . . . σm)

1

β

]
dσ1 . . . dσm

=
xβ

βm

∞∫

1

G
m,0
m,m

[
1
σ

∣∣∣∣
(−γk + 1)m1
(−γk)m1

]
dσ,

(3.7.42)

defined in the space C∗α∗, α∗ ≤ min
k

(βγk).

In [79], [196] we have shown that there exists a transmutation operator of Weyl type,
analogous to the Sonine-Dimovski transformation ϕ, (3.5.47), (3.5.52). Namely, we have
the following result.

Theorem 3.7.11. The generalized Weyl type fractional integral

ψf(x) = xm(γm+1)−1

∞∫

1

. . .

∞∫

1

[
m−1∏

k=1

(σk − 1)λk−1 σ
γk
k

Γ (λk)

]

× f
[
x

m
β (σ1 . . . σm−1)

1

β

]
dσ1 . . . dσm−1

= Ξ
[
xβ(γm+

m−1
m )W (−γk−λk),(λk)

β,m−1

]
f(x),

(3.7.43)

where Ξ : f(x) → f

[(
β
mx

)m
β

]
, is a transmutation operator ψ : C∗α∗ → C∗−1 from the m-

th order hyper-Bessel operator B to B̃ =
(

d
dx

)m
. Also, in C

∗(m)

α∗+β ⊂ C∗α∗ it is a similarity
between them:

ψB =
(

β

m
.
d

dx

)m

ψ. (3.7.44)

We state also the following inversion formula: if g(x) = ψf(x), then

f
[
(x1 . . . xm−1)

1

β

]
=(−1)[λ1]+···+[λm−1]+m−1

(
m−1∏

k=1

x
−γk
k

)

× ∂∗ λ1+···+λm−1

∂∗xλ1
1 . . . ∂∗xλm−1

m−1

{
g

[
(x1 . . . xm)

1
m

] m−1∏

k=1

x
k+1
m −1

k

}
,

(3.7.45)
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where

∂∗λk

∂∗xλk
c (x1, . . . , xm−1) :=

∂[λk]+1

∂x
[λk]+1

k

.
1

Γ (1− {λk})

×
∞∫

xk

c (x1, . . . , τk, . . . , xm−1)

(τk − xk){λk} dτk.

The same considerations hold not only for continuous type spaces C∗α∗ but also for
the spaces:

H∗α∗(Ω) =
{

f(z) = zqf̃(z); q < α∗, f̃ ∈ H∗(Ω)
}

(3.7.46)

where H∗(Ω) denotes the space of analytic functions in a domain Ω, starlike with respect
to infinity point z = ∞. Then, the similarity is:

ψBu(z) =
(

β

m
.
d

dz

)m

ψu(z) for u(z) ∈ H∗α∗+β . (3.7.47)

and the same inversion formula (3.7.45) holds.

We are now going to demonstrate an application of the Weyl type Sonine-Dimovski
transformations to solutions of differential equations and their different asymptotic be-
haviour in parts of the complex plane.

An explanation of the Stokes phenomenon
for the Airy equation

The Stokes phenomenon concerns the linear combinations of asymptotic solutions that
represent given continuous solutions of ordinary differential equations of the form

d2u

dz2
+ k2q(z)u = 0, k = const, q(z) is an entire function of z, (3.7.48)

in different parts of the complex plane. The zeros of q(z) are said to be turning (transi-
tion) points and the main terms of the asymptotic expansions of the solutions as |z| → ∞
are called WKB-solutions. Recently, interest in this phenomenon has been stimulated by
its applications in quantum mechanics and the theory of propagation of radiowaves, etc.
In this circle of problems, the simplest non trivial case (the so-called model equation) is
the Airy differential equation

d2u

dz2
− zu = 0. (3.7.49)

Important contributions to studying (3.7.49) and some of its generalizations have been
made by Heading [130]-[133], Olver [341], Millington [308], Kohno[224], Paris [356], Paris
and Wood [357] and others.

Let us consider the Airy equation in the complex domain

Ω = {δ < arg z < 2π + δ, |z| > 0} , δ > 0,
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which is starlike with respect to the infinity point z = ∞ and is obtained from C by
putting a cut from z = 0 to z = ∞. Since z 6= 0, equation (3.7.49) can be rewritten as a
hyper-Bessel differential equation

1
z
.
d2

dz2
u = u, i.e. Bu = u, (3.7.49′)

with parameters of B as follows: m = 2, β = 3, γ1 = −1
3
, γ2 = 0, α∗ = −1. The

transmutation operator (3.7.43) of Weyl type then has the form

ũ(z) = ψ̃u(z) = z

∞∫

1

(τ − 1)−
1
6

Γ
(

5
6

) τ−
1
3 u

(
z

2
3 τ

1
3

)
dτ, (3.7.50)

or

ũ
(√

z
)

=

∞∫

z

(ζ − z)−
1
6

Γ
(

5
6

) ζ−
1
3 u

(
ζ

1
3

)
dζ = W

5
6

{
ζ−

1
3 u

(
ζ

1
3

)
; z

}
,

where Wα {u (ζ) ; z} denotes the Weyl fractional integral of order α > 0, (1.1.b∗):

Wαu(z) = Wα {u (ζ) ; z} =
1

Γ(α)

∞∫

z

(ζ − z)α−1 u(ζ)dζ. (3.7.51)

On the real positive half-line {arg z = 2π, |z| > 0} the operator ψ, as a Sonine-
Dimovski type transmutation, transforms the Airy equation (3.7.49′) into the simpler
equation with constant coefficients

d2ũ

dz2
− 4

9
ũ = 0 (3.7.52)

in such a way that its exponentially decreasing solution ũ1(z) = exp
(−2

3
z
)

corresponds
to the solution u1(z) of (3.7.49′), exponentially decreasing on {arg z = 2π, |z| > 0}. The
latter can be obtained by using the inversion formula for ψ, as a particular case of (3.7.45),
namely:

u
(
z

1
3

)
= ψ−1ũ(z) = −z

1
3

d

dz

∞∫

z

(ζ − z)−
5
6

Γ
(

1
6

) ũ
(√

ζ
)

dζ. (3.7.53)

Thus we find

u1(z) =
2

3
4
3
√

π
z

1
2 K 1

3

(
2
3
z

3
2

)
=

(
2
√

π
)
3

5
6 Ai(z),

where Kν(z) and Ai(z) stand respectively for the Macdonald function (Bessel function
of third kind) (C.31) and for the Airy function of first kind, (C.32):

Ai(z) =
1
π

√
z

3
K 1

3

(
2
3
z

3
2

)
. (3.7.54)
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Indeed, the Airy function of the first kind Ai(z) is the entire solution of (3.7.49) which
is exponentially decreasing as |z| → ∞ on the real positive half-line.

To extend our considerations to the whole domain Ω and also, for the exponentially
increasing solutions u2(z) of the Airy equation and respectively ũ2(z) = exp

(
2
3
z
)

of the
transformed equation (3.7.52), we are to use the following relation between the Weyl
fractional integrals (3.7.51) (see [107, II, p. 201, (1)]):

Wα {u (γζ) ; z} = γ−αWα {u (ζ) ; γz} , (3.7.55)

where γ is an arbitrary complex constant.

So, if for example γ = e2πi, then the inverse operator ψ−1 is analytically continued
like

u
(
z

1
3

)
= −z

1
3

d

dz
W

1
6

{
ũ

(
ζ

1
2

)
; e2πiz

}

= e−
πi
3 z

1
3

d

dz
W

1
6

{
ũ

(
−ζ

1
2

)
; z

} (3.7.53′)

and transforms ũ2(z) into the second entire solution of the Airy equation, exponentially
increasing for |z| → ∞, arg z = 2π, namely:

u2(z) =
2e

4πi
3

3
4
3
√

π
z

1
2 K 1

3

(
−2

3
z

3
2

)
. (3.7.56)

In general, if we consider the set of the entire solutions of both equations (3.7.49) and
(3.7.52) in the whole complex plane, then we are to extend analogously transmutation
operators ψ and ψ−1 by suitable choices of the complex constant γ, depending on the
corresponding values of arg z.

For the transformed equation (3.7.52) the pair ũ1(z), ũ2(z) of linearly independent
solutions near the infinity point coincides with the pair of its WKB-solutions. However,
the general solution ũ(z) = Aũ1(z)+Bũ2(z) (where A, B are arbitrary constants) has an
essentially different asymptotic behaviour in different parts of the complex plane. The
following notions are accepted: the solution exponentially inceasing in some domain is
said to be a dominant solution and the exponentially decreasing solution there a subdom-
inant solution, while a solution whose modulus of the exponential multiplier is 1 is said
to be a neutral solution.

Our transmutation formula (3.7.50) relating the corresponding solutions u(z) and ũ(z)
shows the following phenomenon. If we consider the Airy equation in the domain Ω (with
the necessary cut to keep the single-valued solutions), i.e. for δ < arg z < 2π + δ, then
equation (3.7.52) should be considered in the corresponding domain Ω̃ : 3

2
δ < arg z <

3π + 3
2
δ. This latter domain is separated into four sections depending on the values of

arg z, namely:

(
Ĩ
)

=
(

3
2
δ,

π

2

)
,

(
ĨI

)
=

(
π

2
,
3π

2

)
,

(
ĨII

)
=

(
3π

2
,
5π

2

)
,

(
ĨV

)
=

(
5π

2
, 2π +

3
2
δ

)
.
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So, in the domains
(
Ĩ
)
,

(
ĨI

)
the solution ũ1(z) is

subdominant and ũ2(z) is dominant, and conversely, in(
ĨII

)
,
(
ĨV

)
ũ1(z) is dominant and ũ2(z) – subdominant.

In Poincaré sense, in each subdomain we should retain
from the linear combination ũ(z) = Aũ1(z) + Bũ2(z)
the dominant solution only. When crossing the lines
{Rz = 0}, i.e.

{
arg z = π

2
, 3π

2
, 5π

2

}
, the property of

dominance is transferred from one solution to the other,
i.e. they change roles. Such lines are called anti-Stokes lines (or conjugated Stokes lines).
Since none of the solutions is dominant on them, we retain both solutions in the case.
On the other hand, the dominant or subdominant properties of the solutions are best
revealed on the so-called Stokes lines, the lines {Im z = 0}, i.e. {arg z = π, 3π, 5π}.
If we denote by (∗) the dominant solution in each subdomain, then we can express the
asymptotic behaviour of the general solution of equation (3.7.52) in the following way:

(
Ĩ
)

: Aũ1(z) + Bũ∗2(z), i.e. ũ(z) ∼ Bũ∗2(z),
(
ĨI

)
: Aũ∗1(z) + Bũ2(z), i.e. ũ(z) ∼ Aũ∗1(z),

(
ĨII

)
: Aũ1(z) + Bũ∗2(z), i.e. ũ(z) ∼ Bũ∗2(z),

(
ĨV

)
: Aũ∗1(z) + Bũ2(z), i.e. ũ(z) ∼ Aũ∗1(z),

while on the three anti-Stokes lines we have:

ũ(z) ∼ Aũ1(z) + Bũ2(z).

Further, we consider the asymptotic behaviour of the solutions u1(z), u2(z) and u(z) =
Au1(z) + Bu2(z) of the Airy equation in the corresponding four subdomains of Ω =
{δ < arg z < 2π + δ}. For this equation, the Stokes lines correspond to

{
Im z

3
2 = 0

}
, i.e.

they are
{
arg z = 2π

3
, 4π

3
, 2π

}
and the anti-Stokes lines are

{
arg z = π

3
, π, 5π

3

}
when{

Rz
3
2

}
= 0.

Using transmutation formula (3.7.50), we find that in the subdomains of Ω:

(I) =
(
δ,

π

3

)
, (II) =

(π

3
,
π

3

)
, (III) =

(
π,

5π

3

)
, (IV) =

(
5π

3
, 2π + δ

)

the general solution u(z) of the Airy equation has the
following asymptotic behaviour for large values of |z|:

(I) : u(z) ∼ MU∗+,

(II) : u(z) ∼ NU∗−,

(III) : u(z) ∼ (M + iN)U∗+,

(IV) : u(z) ∼ iMU∗−,
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where M and N are new arbitrary constants and

U± = z−
1
4 exp

(
±2

3
z

3
2

)
(3.7.57)

are the WKB-solutions of the Airy equation. Therefore, on the anti-Stokes lines, we have:
{

arg z =
π

3

}
: u(z) ∼ MU+ + NU−,

{arg z = π} : u(z) ∼ (M + iN)U+ + NU−,{
arg z =

5π

3

}
: u(z) ∼ (M + iN)U+ + iMU−.

Thus, the Stokes phenomenon can be better explained for the case of the Airy equation,
if we consider seven smaller subdomains (subsectors) to which the domain Ω is divided
by all the six Stokes and anti-Stokes lines and by the cut {arg z = δ, arg z = 2π + δ}.
We denote them correspondingly by (1), (2), . . . , (7).

Then, we obtain the following asymptotic formulas :

(1) =
(
δ, π

3

)
: u ∼ MU∗+ + NU−,

(2) =
(π

3
, 2π

3

)
: u ∼ MU+ + NU∗−,

(3) =
(

2π
3

, π
)

: u ∼ (M + iN) U+ + NU∗−,

(4) =
(
π, 4π

3

)
: u ∼ (M + iN) U∗+ + NU−,

(5) =
(

4π
3

, 5π
3

)
: u ∼ (M + iN) U∗+ + iMU−,

(6) =
(

5π
3

, 2π
)

: u ∼ (M + iN) U+ + iMU∗−,

(7) = (2π, 2π + δ) : u ∼ (M + iN) U+ + NU∗−.

From these formulas we can derive the following rules
for determining the leaping changed of the constants in
the general asymptotic solution.

When crossing a Stokes line, let us denote by Ns and N ′
s the old and the new coef-

ficients associated with the subdominant solution and by Nd the coefficient associated
with the dominant solution. Then, N ′

s = Ns + c.Nd, where c is the so-called Stokes
multiplier. In particular, for the Airy equation the Stokes multipliers corresponding to
each of the three Stokes lines are given by c1 = c2 = c3 = i. Therefore, on each Stokes
line

{
arg z = 2π

3
, 4π

3
, 2π

}
the change of the coefficient of the subdominant solution is

according to the formula N ′
s = Ns + iNd. On the other hand, on crossing the cut

{arg z = δ, arg z = 2π+δ}, the rule is the following: the coefficients of the dominant and
subdominant solutions, multiplied by (−i), change their places. This scheme, described
here with the help of the transmutation method, coincides with the scheme for the change
of the coefficients given earlier by Heading, see [130]-[132]. To keep the continuity of the
asymptotic expansion of the solution in the different subdomains, a change of coefficient
always takes place in the subdomain where the corresponding solution is subdominant
and therefore, its modulus is less than the error exp

(
2
3
z

3
2

)
O

(
|z|− 7

4

)
, |z| → ∞, of the

asymptotic approximation of the dominant solution. In this way, only a formal leap in
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the coefficient of the subdominant solution appears, characterizing the so-called Stokes
phenomenon.

Some generalizations of the Airy equation, being also hyper-Bessel differential equa-
tions (and therefore the same Sonine-Dimovski transmutation technique is applicable),
like (cf. Example 3.4.10):

dnu(z)
dzn = (−1)nzmu(z), zndnu(z)

dzn = zqu(z)

have been considered by other techniques by Heading [133], Kohno [224], Paris [356],
Paris and Wood [357] and other authors. The following general problem can be stated.

Open problem 3.7.12. By using suitable analogues of the Poisson-Sonine-Dimovski trans-
formations of Weyl type (like (3.7.43)) and the transmutation method, give a description
and explanation of the corresponding Stokes phenomenon for the general hyper-Bessel
differential equations of m-th order: Bu(z) = λu(z). In this case, the Stokes phenomenon
will concern the change of the coefficients in the linear combinations of Delerue’s hyper-
Bessel functions (3.4.19) (or Meijer’s G

1,0
0,m-functions), representing the general asymp-

totic solution as |z| → ∞.

3.8. Solution of the non homogeneous hyper-Bessel equation

Having in mind the results of Section 3.4 (Corollary 3.4.5), it is seen that the only problem
that remains open in order to solve the general Cauchy (initial value) problem

{
By(x) = λy(x) + f(x), λ 6= 0, f 6= 0
lim

x→+0
Bky(x) = bk, k = 1, . . . , m of the form (3.4.4), (3.8.1)

is to find an explicit particular solution of the non homogeneous hyper-Bessel differential
equation By(x) = λy(x) + f(x), for instance, satisfying zero initial conditions. We show
that the G-functions play an important role again.

Theorem 3.8.1. Suppose the parameters of the hyper-Bessel operator (3.1.3) are ar-
ranged in a decreasing (increasing) order, for example

β > 0 ; γ1 ≥ γ2 ≥ ... ≥ γm , i.e. α := max
k

[−β(γk + 1)] = −β(γm + 1). (3.8.2)

Then the initial value problem
{

By(x) = λy(x) + f(x) , f ∈ Cα,

y(0) = y′(0) = ... = y(m−1)(0) = 0
(3.8.3)

has a solution y ∈ C
(m)

α+β, given by the series

y(x) =
xβ

βm

∞∑
r=0

(
λxβ

βm

)r

. Gr(x) , convergent for 0 ≤ x < ∞, (3.8.4)
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with Gr(x) , r = 0, 1, 2, ..., standing for the integrals of G-functions:

Gr(x) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + r + 1)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ. (3.8.5)

Proof. To solve the problem (3.8.3) we use the transmutation method (see Section
3.5). In this special case we are interested in a transmutation operator, transforming
the simplest m-th order hyper-Bessel differential operator B̃ = Dm =

(
d
dx

)m
into the

general operator B of the form (3.1.3). We shall use the Poisson-Dimovski transformation
P : C−1 → Cα which is a similarity between the integral operators lm and L, right
inverses of B̃ and B, respectively:

lmf̃(x) =

x∫

0

(x− t)(m−1)

Γ(m)
f̃(t)dt,

Lf(x) =
xβ

βm

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γi + 1)m1
(γi)m1

]
f(xσ

1

β )dσ,

(3.8.6)

namely:
Plmf̃(x) = LP f̃(x) for each f̃ ∈ C−1; (3.8.7)

see Sections 3.5 and 3.6. As shown there, this Poisson-Dimovski transform can be rep-
resented more simply as a generalized fractional integral, i.e. as an integral transform
with a G-function kernel:

Pf(x) =
√

m

(2π)m−1

[
m∏

k=1

Γ(γk + 1)

]
I

(−1+ k
m ),

(
1+γk−γm− k

m

)
β,m−1

f

(
m

β
x

β
m

)
. (3.8.8)

Since P transforms the simpler initial value problem for ỹ ∈ C−1:
{

Dmỹ(x) = ỹ(m)(x) = λỹ(x) + f̃(x), f̃ ∈ C−1,

ỹ(0) = ỹ′(0) = ... = ỹ(m−1)(0) = 0
(3.8.9)

into initial value problem (3.8.3) for y ∈ Cα (cf. the proof of Theorem 3.7.2, or Kiryakova
[196] and Dimovski and Kiryakova [80]), then P ỹ(x) = y(x) will be the required solution.

By the techniques of the operational calculus and the Laplace transform one can find
the solution of (3.8.9) as the Duhamel convolution

ỹ(x) = h(x) ∗ f̃(x) =

x∫

0

h(x− t)f̃(t)dt, (3.8.10)

where h(x) is a hyperbolic function hm,m(x) of order m, see (D.13) (if λ > 0), or a
generalized trigonometric function km,m(x), see (D.10), (if λ < 0) but in both cases it is
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represented by means of the G
1,0
0,m-function, and therefore by the power series:

h(x) =

√
(2π)m−1

m
G

1,0
0,m

[
−λ

( x

m

)m∣∣∣
(

i

m

)m−1

0

]

=
xm−1

(m− 1)!0
Fm−1

[(
1 +

i

m

)m−1

1

; λ
( x

m

)m
]

=
∞∑
r=0

λrxmr+m−1

(mr + m− 1)!
, convergent for |x| < ∞.

(3.8.11)

Therefore, the solution of the simpler problem (3.8.9) can be written down by the series

ỹ(x) =
∞∑
r=0

λr




x∫

0

(x− t)mr+m−1

(mr + m− 1)!
f̃(t) dt


 =

∞∑
r=0

λr lm(r+1) f̃(x) (3.8.12)

and according to (3.8.10) and [307], it belongs to C
(m)
m−1 ⊂ C−1. Then, the solution y(x)

as a P -image of (3.8.12) with f̃(x) = P−1f(x) is:

y(x) = P ỹ(x) =
∞∑
r=0

λr [
Plm(r+1)P−1

]
f(x) =

∞∑
r=0

λr Lr+1 f(x) , (3.8.13)

since Plm(r+1)P−1 = Lr+1 , due to (3.8.7), and putting P under the sign of the series
is justified by the absolute convergence of the series h(x) and the integral operator P in
C−1. To find y(x) in the form (3.8.4) it remains only to use the integral representation
for the powers Lr+1 , r = 0, 1, 2, ... of the hyper-Bessel integral operator L (see (3.8.6)),
found by McBride [289], [291] and later by Dimovski and Kiryakova [79], namely:

Lδf(x) =

(
xβ

βm

)δ

I
(γk),(δ,...,δ)
β,m f(x)

=

(
xβ

βm

)δ 1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δ)m1
(γk)m1

]
f(xσ

1

β ) dt , δ > 0 .

(3.8.14)

The absolute convergence of series (3.8.4) for all x ≥ 0 can be derived from conditions
(3.8.2), f ∈ Cα and the asymptotic behaviour of the G-functions involved in Gr(x), as the
same has been made for the generalized fractional integrals I

(γk),(δk)

β,m in Cα (see Chapter
1). The same result can however be shown alternatively, to illustrate the advantages of
the transmutation method. Let us go back to (3.8.10) and denote g(x) = Ph(x), i.e.
h(x) = P−1g(x) and f̃(x) = P−1f(x). The function g(x) can be evaluated as a P -image
of the G

1,0
0,m-function, according to the general formula (A.28) and this gives:

g(x) =

[
(−λ)γm+ 1

m−1
m∏

k=1

Γ (γk + 1)

]
G

1,0
0,m

[
−λ

xβ

βm

∣∣∣∣∣− γm; (−γk)m−1
1

]
, (3.8.15)
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therefore

g(x) = O (xq) as x → 0 with q = max
k

(−βγk) = −βγm = α + β,

i.e. g(x) = Ph(x) ∈ C
(m)

α+β . Further, we obtain

y(x) = P ỹ(x) = P
[(

P−1f
) ∗ (

P−1g
)]

(x) := f(x)∗̃g(x). (3.8.16)

Since the convolution (∗) is a convolution of lm, and P is a similarity from lm to L, then
according to the theorem for convolutions of similar operators (Dimovski [72, p. 36];
see Chapter 2, (2.2.47) with T = P−1), the new operation (∗̃) is a convolution of the
hyper-Bessel integral operator L in Cα, i.e. (∗̃) : Cα × Cα −→ Cα. In particular, for
f ∈ Cα, g ∈ C

(m)

α+β , by the arguments in Dimovski [72], Bozhinov [38] and Bozhinov and
Dimovski [39], if follows that

y(x) = P ỹ(x) = f(x)∗̃g(x) ∈ C
(m)

α+β .

The same conclusion holds for the equivalent series representation (3.8.4) of y(x). This
completes the proof.
Examples. Solutions to various special cases of hyper-Bessel ODEs can be obtained
from the above general results.

Example 3.8.2. Most of the elementary and special functions of mathematical physics are
only special cases of Meijer’s G-function. Thus, let us consider the case when f(x) is an
arbitrary G-function in Cα, that is:

f(x) = G
µ,ν
σ,τ

[
x

∣∣∣∣
(cα)σ1(
dβ

)τ
1

]
, 0 ≤ σ ≤ τ, (3.8.17)

min
1≤β≤µ

dβ + min
1≤k≤m

γk > −1,

where γk, k = 1, . . . , m, are the parameters of operator B (3.1.1) and for brevity we
assume β = m. Using general formula (A.28) one can evaluate the integrals Gr(x),
r = 0, 1, . . ., in (3.8.4), namely:

Gr(x) = A.G
mµ,mµ+m
mσ+m,mτ+m

[( x

mσ−τ

) ∣∣∣∣
∆(m, cα)ν1 ; (−γk)m1 ; ∆ (m, cα)σν+1

∆
(
m, dβ

)µ
1

; (−γk − r − 1)m1 ; ∆
(
m, dβ

)τ
µ+1

]
,

(3.8.18)
where the constant A stands for

A = (2π)(1−m)[µ+ν−σ+τ
2 ] m

∑
dβ−

∑
cα+1+

σ−τ
2

and the symbols ∆(m, c), ∆ (m, ci)
l
k denote

∆(m, c) =
(

c

m
,
c + 1
m

, . . . ,
c + m− 1

m

)
,

∆(m, ci)
l
k = (∆ (m, ck) , ∆(m, ck+1) , . . . , ∆(m, cl)) .
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Each of the G-functions (3.8.18) belong to Cα, and the solution y(x) takes the form of a
series, convergent for all x ≥ 0:

y(x) =A
( x

m

)m
∞∑
r=0

[
λ
( x

m

)m]r
(3.8.19)

×G
mµ,mν+m
mσ+m,mτ+m

[
λ
( x

mσ−τ

) ∣∣∣∣
∆(m, cα)ν1 ; (−γk)m1 ; ∆ (m, cα)σν+1

∆
(
m, dβ

)µ
1

; (−γk − r − 1)m1 ; ∆
(
m, dβ

)τ
µ+1

]
.

More details on the series in G-functions can be found in Luke [26, I] and some numerical
computational methods are discused in Luke [26, II] and Mathai and Saxena [286]-[287].

Example 3.8.3. The simplest but very common example in the case of the equation
By(x) = λy(x) + f(x) of arbitrary order m > 1 is with a right-hand side function

f(x) = xp, p > α ⇒ f ∈ Cα. (3.8.20)

Then integrals (3.8.5) turn into: Gr(x) = bp,rx
p, r = 0, 1, 2, . . . , with constants bp,r (see

formula (B.4)):

bp,r =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + r + 1 + p

β

)m

1(
γk + p

β

)m

1

]
dσ =

[
m∏

k=1

(
γk + 1 +

p

β

)
.

(
γk + 2 +

p

β

)

r

]−1

and series (3.8.4) takes the form

y(x) =

[
m∏

k=1

(βγk + p + β)

]−1

xp+β
∞∑
r=0

(1)r
m∏

k=1

(
γk + 2 + p

β

)
r

(
λxβ

βm

)r

r!

=

[
m∏

k=1

(βγk + p + β)

]−1

xp+β
1Fm

[
1;

(
γk + 2 +

p

β

)m

1

; λ
xβ

βm

]
, 0 ≤ x < ∞,

(3.8.21)
that is, the solution of the particular problem

By = λy + xp, y(0) = y′(0) = · · · = y(m−1)(0) = 0

is the generalized hypergeometric function xp+β
1Fm

(
λxβ

βm

)
in (3.8.21), and it is also a

G
1,1
1,m+1-function of Meijer.

In the following we confine ourselves to some well-known examples related to ODEs
involving the classical second-order operator of Bessel Bν (3.3.a) with β = m = 2, γ1 = ν

2
,

γ2 = −ν
2
, namely to equations of the form

x2y′′ + xy′ − (
ν2 ∓ x2

)
y = F (x), (3.8.22)
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i.e.
Bνy = λy + f with λ = ±1 and f(x) = x−2F (x). (3.8.22′)

It is worth pointing out that the corresponding Poisson-Dimovski transformation
(3.5.25), (3.5.29), transmuting D2 into Bν , is the well-known Poisson transformation
(3.5.38):

Pνf(x) =

[
2

(x
2

)ν

√
π

Γ
(

ν +
1
2

)] 1∫

0

(
1− σ2

)ν− 1
2 f (xσ) dσ, ν > −1

2
.

In this case Theorem 3.8.1 provides the following solutions:

Example 3.8.4. Consider equation (3.8.22′) with λ = +1, f(x) = xµ−1, that is, F (x) =
xµ+1, assuming ν > µ + 1 > 0. Series (3.8.4) turns into

y(x) =
(x

2

)2xµ−1

4

∞∑
r=0

(1)r(µ+ν+3
2

)
r

(
µ−ν+3

2

)
r

.

(
−x2

4

)
r

r!

= [(µ + ν + 1)(µ− ν + 1)]−1 xµ+1
1F2

(
1;

µ− ν + 3
2

,
µ + ν + 3

2
;−x2

4

)

= sµ,ν(x), the Lommel function (C.8),

(3.8.23)

known to be a solution y(x) with y(0) = y′(0) = 0 of the equation

x2y′′ + xy′ +
(
x2 − ν2

)
y = xµ+1 (3.8.24)

(compare with [272, I, p. 217-218, (1), (16)], [106, II, 7.5.5, (68)].

Example 3.8.5. Analogously (even as a special case of (3.8.23)), the solution y(x) of
equation (3.8.22′) with λ = +1, f(x) =

[
Γ

(
1
2

)
Γ

(
ν + 1

2

)]−1 (x
2

)ν−1, that is, of equation

x2y′′ + xy′ +
(
x2 − ν2

)
y =

4
(

x
2

)ν+1

Γ
(

1
2

)
Γ

(
ν + 1

2

) , ν > 0, (3.8.25)

is obtained as a Struve function Hν(x) (see [272, I, p. 217-218, (3), (21)], [106, II, 7.5.4,
(62)]:

y(x) =
[
Γ
(

3
2

)
Γ

(
ν +

3
2

)]−1 (x

2

)ν+1

1F2

(
1;

3
2
; ν +

3
2
; −x2

4

)

=
[
π2ν−1

(
1
2

)

ν

]−1

sν,ν(x) = Hν(x) .

(3.8.26)

Example 3.8.6. An example of the Bessel equation (3.8.22′) with λ = −1 and another
kind of right-hand side f(x) = exp(−x)xµ−1 is the following:

x2y′′ + xy′ − (
x2 + ν2

)
y = exp(−x).xµ+1, ν > µ + 1 > 0. (3.8.27)
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It has the solution (as a special case of series (3.8.4) in Theorem 3.8.1):

y(x) = [(µ− ν + 1) (µ + ν + 1)]−1 exp(−x)xµ+1

× 2F2

(
1, µ +

3
2
; µ− ν + 2, µ + ν + 2; 2x

)
= hµ,ν(x),

(3.8.28)

the so-called “associated Bessel function” (see [272, I, p. 219, (25), (27)].
It is easily seen that the solutions (3.8.23), (3.8.26) and (3.8.28), related to the Bessel

differential operator Bν , belong to the subspace

C
(∞)
ν ⊂ C

(2)
ν of the space C

(m)

α+β = C
(m)

−βγm
= C

(2)
ν ,

as suggested by Theorem 3.8.1.

3.9. The Obrechkoff integral transform. Relation to hyper-Bessel operators,
operational properties, inversion formulas, Abelian theorems

One of the most commonly used mathematical techniques for justifying the Heaviside
operational calculus for operator the D = d

dx is based on the Laplace transform

F (z) = L{f(x); z} =

∞∫

0

exp(−zx)f(x)dx. (3.9.1)

In this sense, the key role is played by its property to algebraize the operator D = d
dx ,

its powers and inverse integration operator lf(x) =
x∫
0

f(τ)dτ , namely:

L

{(
d

dx

)m

f(x); z
}

=zmL{f(x); z} − zm−1f(0)− . . . (3.9.2)

− zf (m−2)(0)− f (m−1)(0), m = 1, 2, . . . ,

L{lf(x); z} =
1
z
L{f(x); z}. (3.9.3)

Relations (3.9.2) allow us to reduce initial value problems for ordinary differential
equations with constant coefficients to an algebraical problem for solving linear equations.
The solution of the original equation is then found by the complex inversion formula of
Riemann-Mellin:

f(x) =
1

2πi

ρ+i∞∫

ρ−i∞
exp(xz)F (z)dz, (3.9.4)

or by the real inversion formula of Post-Widder:

f(x) = lim
k→∞

(−1)k

k!

(
k

x

)k+1

F (k)

(
k

x

)
. (3.9.5)
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More about the theory of Laplace transform can be found for example, in [510],
[107], [88], [90]. An integral transform of this kind, corresponding to the classical Bessel
differential operator Bν , (3.3.a) is the Meijer integral transform

Fν(z) = Kν{f(x); z} = 2

∞∫

0

(zx)
ν
2 Kν

(
2
√

zx
)
f(x)dx, (3.9.6)

where Kν stands for the Bessel function of third kind (Macdonald’s function) (C.31).

Many authors have introduced integral transforms, suitable in developing operational
calculi for Bessel type differential operators of special kinds, as those mentioned in Ex-
amples (3.3.c), (3.3.d), (3.3.g), (3.3.h): Ditkin [85], Meller [298], Prudnikov [366], Ditkin
and Prudnikov [86], [89], Botashev [37], Krätzel [235]-[239], etc. These are integral trans-
forms generalizing the Laplace transform (3.9.1) and Meijer transform (3.9.6) but all of
them turn out to be quite special cases of an integral transformation introduced and in-
vestigated by the Bulgarian mathematician N.Obrechkoff [339] in 1958, earlier than the
other authors mentioned above. For details see Section 3.10.

The original form of this transform is:

F (t) =

∞∫

0

Φ(tx)f(x)dx (3.9.7)

with a kernel-function (p ≥ 1)

Φ(x) =

∞∫

0

. . .

∞∫

0

u
β1

1 u
β2

2 . . . u
βp
p exp

(
−u1 − · · · − up − x

u1 . . . up

)
du1 . . . dup. (3.9.8)

Obrechkoff himself did not consider it as an integral transform but only as a formula for
representing real functions F (t) on the real half-line, a continuation of his results from
[337]-[338]. It was Dimovski [64] who acknowledged the priority of Obrechkoff in these
matters. He observed that a transformation (3.9.7) can be used as a transform basis of
an operational calculus for the Bessel type operator (3.3.i) of order (p + 1). In [65]-[70]
Dimovski proposed a suitable modification of this transform to make it useful for the
same purposes but for the most general hyper-Bessel differential operator (3.1.2)-(3.1.3):

B = xα0
d

dx
xα1...

d
dxxαm

= x−β
m∏

k=1

(
x

d

dx
+ βγk

)
,

β = m− (α0 + . . . αm) > 0, 0 < x < ∞.

(3.9.9)

He found also a convolution of this modified transform, analogous to the Duhamel con-
volution and other useful properties in the complex plane. We now call it simply the
Obrechkoff transform.
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Definition 3.9.1. (Dimovski [64]-[70]). Let γ1 ≤ γ2 ≤ · · · ≤ γm be a non decreasing
sequence of real numbers, β > 0 and

K(z) =

∞∫

0

. . .
(m−1)

∞∫

0

exp
(
−u1 − · · · − um−1 − z

u1 . . . um−1

) m−1∏

k=1

u
γm−γk−1

k du1 . . . dum−1.

(3.9.10)
The integral transform of the form

F (z) = O{f(x); z} = β

∞∫

0

xβ(γm+1)−1K
[
(zx)β

]
f(x)dx (3.9.11)

is said to be an Obrechkoff integral transform, corresponding to the hyper-Bessel operator
(3.9.9).

Transform (3.9.11) is defined in the subspace of the so-called Obrechkoff transformable
functions

Ω = Cexp
α =

{
f ∈ Cα; f(x) = O

(
exp

(
λx

β
m

))
, x →∞

}
⊂ Cα, (3.9.12)

where λ is a real number, α = max
k

[−β (γk + 1)] =

−β (γ1 + 1), and Cα is the basic space (3.1.1). For
f(x) ∈ Ω, the image F (z) = O{f(x); z} is an analytic
function in the truncated angle domain

Df =
{

z : Rz > λ, | arg z| < πm

2β

}
.

3.9.i. New definition and some properties of the Obrechkoff transform

First, the Obrechkoff transform was studied by Dimovski [64]-[70] by using multiple
integral representations (3.9.8), (3.9.10) of the kernel-functions Φ(x), K(z).

Now, we show that the kernel-function

λ(z, x) = xβ(γm+1)−1K
[
(zx)β

]
(3.9.13)

of the Obrechkoff transform (3.9.11):

O{f(x); z} = β

∞∫

0

λ(z, x)f(x)dx (3.9.11′)

is nothing but a Meijer’s G-function.

175



Lemma 3.9.2. ([190], [75], [192], [196]) The kernel-function of the Obrechkoff transform
(3.9.11)-(3.9.11′) is a Meijer’s G-function of order (m, 0; 0, m), namely:

λ(z, x) = z−β(γm+1)+1G
m,0
0,m

[
(zx)β

∣∣∣∣
(

γk −
1
β

+ 1
)m

1

]
. (3.9.14)

Proof. To find representation (3.9.14) we shall use the techniques of Mellin transform

M {g(x); s} = M(s) =

∞∫

0

g(x)xs−1dx

for functions g(x) satisfying the condition

∞∫

0

|g(x)|xρ0−1dx < +∞ with some ρ0 = Rs. (3.9.15)

Then, its complex inversion formula has the form

g(x) =
1

2πi

ρ+i∞∫

ρ−i∞
M(s)x−sds, ρ > ρ0. (3.9.16)

Here, let us put g(x) := λ(z, x) and check the validity of condition (3.9.15). We have

∞∫

0

|g(x)|xρ0−1dx =

∞∫

0

xβ(γm+1)−1+ρ0−1K
[
(zx)β

]
dx. (3.9.17)

Since for γ1 ≤ · · · ≤ γm (see [106, I, §1.1, (5)]):

K(0) =
m−1∏

k=1



∞∫

0

exp (−uk) u
γm−γk−1

k duk


 =

m−1∏

k=1

Γ (γm − γk) < ∞,

then in a neighbourhood of x = 0, K
[
(zx)β

]
is bounded and the convergence of (3.9.15)

depends on the behaviour of the other multiplier xβ(γm+1)+ρ0−2 as x → +0. It is neces-
sary to establish that ρ0 can be choosen so that β (γm + 1) + ρ0 − 2 > −1. It is satisfied
for ρ0 > α + 1. On the other hand, from Obrechkoff’s result [339] for the asymptotic
behaviour of Φ(x) as x →∞, it follows that

K(x) ∼
(√

2π
)m−1

√
m

x

m∑
1

γi
m−γm−m−1

2m
exp

(
−m.x

1
m

)
, x →∞ (3.9.18)
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and therefore,

|λ(z, x)| ≤ A

xb
, b > 1, A = const, as x →∞.

The established behaviour of the integrand of (3.9.17) near singular points x = 0, and
x = ∞ yields that condition (3.9.15) is satisfied with ρ0 > α + 1. Therefore, λ(z, x) is a
Mellin transformable function and its Mellin image

M(s) = M{λ(z, x); s} =

∞∫

0

xs−1λ(z, x)dx

is a uniformly convergent integral in {Rs > ρ0} defining and analytic function there.
Then, substituting λ(z, x) with (3.9.13), (3.9.10) and changing the order of integrations,
we obtain

M(s) =

∞∫

0

xβ(γm+1)+s−2dx

×




∞∫

0

. . .
(m−1)

∞∫

0

exp

(
−u1 − · · · − um−1 − (zx)β

u1 . . . um−1

)
m−1∏

k=1

u
γk−γm−1

k du1 . . . dum−1





=
m−1∏

k=1



∞∫

0

exp (−uk) u
γk−γm−1

k duk



∞∫

0

xβ(γm+1)+s−2 exp

(
− zβxβ

u1 . . . um−1

)
dx.

By routine substitutions and using [106, I, §1.1, (5)] again, the inner integral in x can be
easily seen to have the value

(
zβ

u1 . . . um−1

)−(
γm+1+

s−1

β

)

Γ
(

γm +
s− 1

β
+ 1

)
.

The same procedure for the integrals in uk, k = 1, . . . , m− 1, shows that they are equal
to

Γ
(

γk +
s− 1

β
+ 1

)
, k = 1, . . . , m− 1.

Therefore, we obtain

M(s) = M{λ(z, x); s} = z
−β

(
γm+

s−1

β +1
) m∏

k=1

Γ
(

γk +
s− 1

β
+ 1

)
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and by inversion formula (3.9.16):

λ(z, x) = z
−β

(
γm− 1

β +1
)

1
2πi

ρ+i∞∫

ρ−i∞
(zx)−s

m∏

k=1

Γ
(

γk +
s− 1

β
+ 1

)
ds, ρ > ρ0 > α + 1.

(3.9.19)
This is the new representation of the kernel-function by means of a contour Mellin-Barnes
type integral. From Definition A.3 (see (A.7)-(A.8)) and property (A.14) (Appendix),
the required representation is:

λ(z, x) = z−β(γm+1)+1G
m,0
0,m

[
(zx)β

∣∣∣∣
(

γk −
1
β

+ 1
)m

k=1

]
.

Corollary 3.9.3. The original Obrechkoff kernel (3.9.8) is represented as follows:

Φ(x) = G
p+1,0
0,p+1

[
x

∣∣(βk + 1)pk=1
, 0

]
(3.9.20)

and according to Corollary B.5, equation (B.11), it satisfies the hyper-Bessel ODEs of
(p + 1)-th order:

x−1

p∏

k=1

(
x

d

dx
− βk − 1

)(
x

d

dx

)
Φ(x)

= xβp+1 d

dx
x−βp+βp−1+1 d

dx
. . . x−β2+β1+1 d

dx
x−β1

d

dx
= (−1)p−1Φ(x)

(3.9.21)

(cf. the same equation in [339] obtained by rather long calculations).
Lemma 3.9.2 gives the reason for the following new definition of the Obrechkoff trans-

form (3.9.11) as a special case of the so-called G-transforms

G{f(x); z} = A

∞∫

0

G
m,n
p,q

[
c(zx)β

∣∣∣∣
(ak)p1(
bj

)q
1

]
f(x)dx, (3.9.22)

considered by Rooney [403] and, recently, by other authors too.

Definition 3.9.4. The G-transformation

F (z) = O{f(x); z} = β

∞∫

0

λ(z, x)f(x)dx

= βz−β(γm+1)+1

∞∫

0

G
m,0
0,m

[
(zx)β

∣∣∣∣
(

γk −
1
β

+ 1
)m

1

]
f(x)dx

(3.9.23)

is said to be an Obrechkoff integral transform corresponding to the hyper-Bessel differ-
ential operator (3.9.9).
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This new definition allows as to simplify most of the calculations and proofs of the
already known properties of the Obrechkoff transform and also to obtain new ones easily.
For example, using representation (3.9.23) one can find the Obrechkoff images of G-
functions as well as of simpler functions from Ω, namely:

Lemma 3.9.5. If p > −β

[
min

k
(γk + 1)

]
, λ > 0:

O {xp; z} = z−β(γm+1)−p
m∏

k=1

Γ
(

γk +
p

β
+ 1

)
; (3.9.24)

O

{
xp exp

(
−λx

β
m

)
; z

}
=z−β(γm+1)−p(2π)

1−m
2

√
m

×G
m,m
m,m

[(m

λ

)m
zβ

∣∣∣∣∣

(
1− k

m

)m−1

(
γk + p

β + 1
)m

1

]
;

(3.9.25)

also, if G
µ,ν
σ,τ

(
xβ l

k

)
∈ Ω, l > 0 and k > 0 being integers,

O

{
G

µ,ν
σ,τ

[
xβ l

k

∣∣∣∣
(ci)

σ
1(

dj
)τ
1

]
; z

}
= gz−β(γm+1)−1

×G
lm+kν,kµ
kτ,lm+kσ


 zβl

llmkk(σ−τ )

∣∣∣∣∣∣
∆

(
k, 1− dj − k

lβ

)τ

j=1

∆
(
l, γk − 1

β + 1
)m

k=1
, ∆

(
k, 1− ci − k

lβ

)σ

i=1


 ,

(3.9.26)

where ∆(k, c) =
(

c
k , c+1

k , . . . , c+k−1
k

)
and the constant g is:

g = (2π)(µ+ν−σ+τ
2 )(1−k)+m

2
(1−l)k

τ∑
j=1

(
dj+ k

lβ−1
)
−

τ∑
i=1

(
ci+

k
lβ−1

)
+

σ−τ
2

+2

l

l∑
k=1

(
γk− 1

β +1
)
−m

2

.

Note. Formula (3.9.26) incorporates practically all the necessary Obrechkoff images.

The Obrechkoff transform satisfies some integral and differential rules, analogous to
(3.9.2), (3.9.3) and given below, that allow its use as a transform basis of operational cal-
culi for hyper-Bessel operators. First, they have been proved in Dimovski [67], Kiryakova
[190] and Dimovski and Kiryakova [74] by using the original definition (3.9.11). Later,
in Kiryakova [196] they found simpler proofs by means of the G-function technique and
we illustrate this down.

Theorem 3.9.6. The Obrechkoff transform (3.9.11), (3.9.23) satisfies the following op-
erational rules related to the hyper-Bessel integral and differential operators L, B: if
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f ∈ Ω is an Obrechkoff transformable function, then

O {Lf(x); z} =
1

βmzβ
O{f(x); z}, (3.9.27)

and more generally, if λ > 0,

O
{

Lλf(x)
}

=
1

(
βmzβ

)λ
O{f(x); z}. (3.9.28)

If additionally to f ∈ Ω,

f ∈ XF =
(
span]

{
x−βγk

}m

1
⊕ C

(m)

α+β

)
⊂ C

(m)
α ⊂ Cα

(cf. (3.2.11)) and also γi − γj 6= l, l = 0,±1,±2, . . . , for example :

γ1 < γ2 < · · · < γm < γ1 + 1, (cf. (3.2.3))

then the following differential property holds:

O{Bf(x); z} = βmzβO{f(x); z}

−
m∑

i=1






βizβ(γi−γm)

i−1∏

j=1

Γ
(
γj − γi + 1

) m∏

j=i+1

Γ
(
γj − γi

)

 lim

x→+0
Bif(x)



 .

(3.9.29)

Proof. To prove (3.9.28) we use representations (3.9.23) and (3.6.17) of the
Obrechkoff transform and fractional powers Lλ, λ > 0. Then, changing the order of
integrations, we find:

O
{

Lλf(x); z
}

=
βz−β(γm+1)+1

βmλ

∞∫

0

G
m,0
0,m

[
(zx)β

∣∣∣∣
(

γk −
1
β

+ 1
)m

1

]
xβ(λ−1)dx

×
x∫

0

G
m,0
m,m

[(τ

x

)β
∣∣∣∣
(γk + λ)m1
(γk)m1

]
f(τ)d

(
τβ

)

=
βz−β(γm+1)+1

βmλ

∞∫

0

f(τ)d
(
τβ

) ∞∫

τ

xβ(λ−1)G
m,0
0,m

[
(zx)β

∣∣∣∣
(

γk −
1
β

+ 1
)m

1

]

×G
0,m
m,m

[
1
τβ

xβ
∣∣∣∣
(1− γk)m1
(1− γk − λ)m1

]
dx.

Since G
0,m
m,m

(
xβ

τβ

)
≡ 0 for x < τ (see (A.15) and (A.12)), then the inner integral can be

taken in limits from x = 0 to x = ∞ and evaluated according to formula (A.28). This
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gives

O
{

Lλf(x); z
}

=
βz−β(γm+1)+1

βmλ
z−βλ

∞∫

0

G
m,0
0,m

[
(zτ)β

∣∣∣∣
(

γk −
1
β

+ 1
)m

1

]
f(τ)dτ

=
1

βmλzβλ
O{f(x); z},

which is (3.9.28). For λ = 1, this gives (3.9.27) and means that the Obrechkoff trans-
formation transforms the hyper-Bessel integral operator into an algebraical operation:

multiplication by
(
βmzβ

)−1
.

Now let us establish the property of the Obrechkoff transform to algebraize the dif-
ferential operator B of Bessel type. Since we require additionally f ∈ Cm

α+β , then we can
apply (3.9.27) to the function f1(x) := Bf(x) ∈ Ω namely:

1
βmzβ

O{Bf(x); z} = O {L (Bf(x)) ; z} = O {f(x); z} − {Ff(x); z} ,

where F denotes the defining projector (initial operator): F = I−LB, having the explicit
form (3.2.12):

Ff(x) =
m∑

k=1

ck(f)x−βγk

with coefficients ck(f), (3.2.13) depending on the initial value conditions

lim
x→+0

Bif(x) = lim
x→+0

xαi
d

dx
xαi+1 . . .

d

dx
xαmf(x)

= lim
x→+0


xβγi

m∏

k=i+1

(
x

d

dx
+ βγk

)
 f(x).

To obtain (3.9.28), it remains to use formula (3.9.24) for the images of the functions
yk = x−βγk , k = 1, . . . , m.

Corollary 3.9.7. According to Corollary 3.2.4,

F |XB
≡ 0, where XB = C

(m)

α+β ⊂ XF ⊂ C
(m)
α ⊂ Cα.

That is why, if we suppose

f(x) ∈ C
(m)

α+β and f(x) = O
(

exp λx
β
m

)
as x → +∞,

then the initial operator F and the term involving it in (3.9.29) vanish and the differential
property takes the following simpler form:

V{Bf(x); z} = βmzβO{f(x); z}, (3.9.30)
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i.e. the hyper-Bessel differential operator B goes into a multiplication by βmzβ, under
the Obrechkoff transform in C

(m)

α+β ∩ Ω.

An interesting problem is to find a convolution of the Obrechkoff integral transform,
i.e. an operation in Ω, playing the same role as the Duhamel convolution

(f ∗ g)(x) =

x∫

0

f(x− t)g(t)dt

for the Laplace transform:

L {(f ∗ g)(x); z} = L{f(x); z}.L{g(x); z}.

This problem was solved by Dimovski [64]-[70] by showing that the convolution (3.6.4),
(3.6.6): f ∗g = T (f ◦g) of the hyper-Bessel integral operator L in Cα is also a convolution
of the Obrechkoff transform in Ω ⊂ Cα, namely:

Theorem 3.9.8. (Dimovski [64]-[70]) The operation
(O∗

)
: Ω× Ω → Ω, defined by

(
f
O◦ g

)
(x) = T (f ◦ g) (x), (3.9.31)

with T being the correcting operator (3.6.2) and auxiliary operation (◦) as in (3.6.1), is
a convolution of the Obrechkoff transform, namely:

O
{

(f O◦ g)(x); z
}

= O{f(x); z}.O{g(x); z}. (3.9.32)

Note. According to Theorem 3.6.1, the operator T can be represented also as a genera-
lized fractional integral (3.6.5):

T = xβγmI
(2γk),(γm−γk)
β,s (if γ1 ≤ γ2 ≤ · · · ≤ γs < γs+1 = · · · = γm),

i.e. by means of a single integral involving a G-function and then, the expression for the
operation

(O∗
)

is written in a simpler and more concise form.

Note. A convolution of the Obrechkoff transform, satisfying (3.9.32) can be obtained also
by using the transmutation method, namely this is the operation

(f ⊗ g) (x) = ϕ−1 [ϕf ∗ ϕg] (x), (3.9.33)

where ϕ is the Sonine-Dimovski transformation (3.5.47), written by means of the G-
functions as (3.5.52).

It is interesting to note that the same Sonine-Dimovski transformation ϕ from B to
Dm =

(
d
dx

)m
serves as a relationship between the Obrechkoff and Laplace transforms, as

proved in Dimovski and Kiryakova [75]-[76].
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Theorem 3.9.9. If ϕ : Cα → C−1 is the Sonine-Dimovski transform (3.5.47), (3.5.52)
and f(x) ∈ Ω ⊂ Cα, then the following relationship holds:

O

{
f(x);

( z

m

)m
β

}
=

√
(2π)m−1m L{ϕf(x); z}. (3.9.34)

Proof. A direct proof is shown in [75]-[76]. Here we propose a simpler proof, following
from representation (3.5.52) of the transmutation operator ϕ, namely:

ϕf

(
x

β
m

)
= xβ(γm+1)− β

m I
(γk),(λk)
β,m−1

f(x)

with λk = γm − γk + k
m > 0, k = 1, . . . , m− 1, i.e.

ϕf(x) = xmγm−1

x
m
β∫

0

G
m−1,0
m−1,m−1

[
τβ

xm

∣∣∣∣
(γk + λk)m−1

1

(γk)m−1
1

]
f(τ)d

(
τβ

)
. (3.9.35)

Then,

L{ϕf(x); z} =

∞∫

0

exp(−zx)ϕf(x)dx

=

∞∫

0

exp(−zx)xmγm−1dx

x
β
m∫

0

G
m−1,0
m−1,m−1

[
τβ

xm

∣∣∣∣
(γk + λk)m−1

1

(γk)m−1
1

]
f(τ)d

(
τβ

)

=

∞∫

0

f(τ)d
(
τβ

) ∞∫

τ
β
m

exp(−zx)xmγm−1

×G
0,m−1
m−1,m−1

[
1
τβ

xm
∣∣∣∣
(1− γk)m−1

1

(1− γk − λk)m−1
1

]
dx,

changing the order of integrations and using the properties of the G-functions. Now we
denote the inner integral by J and substitute there

exp(−zx) = G
1,0
0,1 [zx|0] , G

0,m−1
m−1,m−1

[
xm

τβ

]
≡ 0 for x < τ

β
m ,

whence it takes the form:

J =

∞∫

0

xmγm−1G
1,0
0,1 [zx|0] G0,m−1

m−1,m−1

[
1
τβ

xm
∣∣∣∣
(1− γk)m−1

1

(1− γk − λk)m−1
1

]
dx
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and can be evaluated immediately by using formula (A.28) again. Hence,

J =
√

(2π)1−mm z−mγm G
0,m+(m−1)
m+(m−1),(m−1)

[
mm

τβzm

∣∣∣∣∣
(1− γk)m−1

k=1
,
(

k
m − γm

)m

k=1(
1− γj − λj

)m−1

j=1

]
.

But since
(
1− γj − λj

)m−1

j=1
=

(
1− j

m − γm

)m−1

j=1
=

(
k
m − γm

)m−1

k=1
, according to pro-

perties (A.13′), (A.15), (A.14) of the G-function, we obtain

J =
√

(2π)1−mm z−mγmG
0,m
m,0

[
mm

τβzm

∣∣∣∣ (1− γk)m1

]

=
√

(2π)1−mm z−mγmG
m,0
0,m

[( z

m

)m
τβ

∣∣∣ (γk)m1
]

=
√

(2π)1−mm z−mγm
[( z

m

)m
τβ

] 1

β−1

G
m,0
0,m

[( z

m

)m
τβ

∣∣∣
(

γk −
1
β

+ 1
)m

1

]
.

Then,

L{ϕf(x); z} = β

∞∫

0

f(τ)Jτβ−1dτ =

√
(2π)1−m

m
β

∞∫

0

[λ(z, τ)]
z→( z

m)
m
β

f(τ)dτ,

which is equivalent to (3.9.34).

Note. The Obrechkoff transform can be related also to the m-dimensional Laplace trans-
form

Lm {f (x1, . . . , xm) ; z1, . . . , zm} =

∞∫

0

. . .

∞∫

0

exp (−z1x1 − · · · − zmxm)

× f (x1, . . . , xm) dx1 . . . dxm,

namely (see Dimovski [67]): if F (z) = O{f(x); z}, then

F
[
(z1 . . . zm)

1

β

]
=

(
m∏

k=1

z
γk−γm
k

)
Lm

{
f

[
(x1 . . . xm)

1

β

] m∏

k=1

x
γk
k ; z1, . . . , zm

}
. (3.9.36)

3.9.ii. Inversion formulas for the Obrechkoff transform

Complex inversion formulas, analogous to the Riemann-Mellin inversion formula (3.9.4)
but for the Obrechkoff transform, can be obtained in several different ways. According
to the specific purpose and case, we can use any of the inversion formulas given below
which seems to be the most suitable and useful.
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Theorem 3.9.10. (Complex inversion formula No 1) If f(x) ∈ Ω is an m-times con-
tinuously differentiable function in [0,∞) and F (z) = O{f(x); z}, then

f(x) =
x−

β
m(γ1+···+γm)

(2πi)m

σ+i∞∫

σ−i∞
. . .︸︷︷︸
m

σ+i∞∫

σ−i∞
exp

[
x

β
m (z1 + · · ·+ zm)

]

×
m∏

k=1

z
γk−γm
k F

[
(z1 . . . zm)

1

β

]
dz1 . . . dzm,

(3.9.37)

where σ > λ
m is a sufficiently large constant.

Proof. Under the hypothesis of the theorem, the function

f
[
(x1 . . . xm)

1

β

] m∏

k=1

x
γk−γm
k

satisfies the conditions for validity of the complex inversion formula

f (x1, . . . , xm) =
1

(2πi)m

σ+i∞∫

σ−i∞
. . .

σ+i∞∫

σ−i∞
exp (z1x1 + · · ·+ zmxm)

× Lm {f ; z1, . . . , zm} dz1 . . . dzm

of the m-dimensional Laplace transform (see [91, p. 319]), since

f
[
(x1 . . . xm)

1

β

]
≤ M exp

[
λ (x1 . . . xm)

1
m

]
≤ M exp

(
λ

m
x1 + · · ·+ λ

m
xm

)
, M = const .

Then, using relation (3.9.36),

f
[
(x1 . . . xm)

1

β

]
=

1
(2πi)m

[
m∏

k=1

x
−γk
k

] σ+i∞∫

σ−i∞
. . .︸︷︷︸
m

σ+i∞∫

σ−i∞
exp (z1x1 + · · ·+ zmxm)

×
m∏

k=1

z
γm−γk
m F

[
(z1 . . . zm)

1

β

]
dz1 . . . dzm,

provided σ > λ
m . By putting here x1 = x2 = · · · = xm = x

β
m , we obtain formula (3.9.37).

For more details see [190], [74]-[75].

The next formula follows from the relation (3.9.34) between the Obrechkoff transform
and the one-dimensional Laplace integral transform.
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Theorem 3.9.11. (Complex inversion formula No 2) If ϕ(x) ∈ Ω and F (z) =
O{f(x); z} is its Obrechkooff image, then

f(x) =
1

i
√

(2π)m−1m
ϕ−1





σ+i∞∫

σ−i∞
exp(zx) F

[( z

m

)m
β

]
dz,



 (3.9.38)

where ϕ is the Sonine-Dimovski transform (3.5.47), written as a generalized fractional
integral (3.5.52) and its inversion ϕ−1 is given explicitly by the differintegral operator
(see (3.5.54)):

ϕ−1g(x) = x−β(γm+
m−1
m )DηI

(
k−m+1

m

)
,(ηk−λk)

β,m−1
g

(
x

β
m

)
. (3.9.39)

Written in a compact form, (3.9.38) leads to the following
Complex inversion formula No 3:

f
(
x

1

β

)
=

x−(γm+
m−1
m )

(2π)mi

σ+i∞∫

σ−i∞
G

m,0
0,m

[(
− z

m

)m
x

∣∣∣∣
(

m− k + 1
m

+ λk

)m

1

]

× F

[( z

m

)m
β

]
dz

(3.9.40)

with a sufficiently large σ and λk = γm − γk + k
m , k = 1, . . . , m− 1.

Proof. Formula (3.9.38) follows from relation (3.9.34). Substituting there ϕ−1

the corresponding differential expression (3.9.39) involving the G
m−1,0
m−1,m−1-function and

exp(zx) = G
1,0
0,1 [−zx|0], after changing the order of integrations and using formula (A.28),

we obtain (3.9.40). For details see [75], [79].

Further, we propose an inversion formula, found directly by using the new Definition
3.9.4 of the Obrechkoff transform as a G-transform.

Theorem 3.9.12. (Complex inversion formula No 4) If f(x) ∈ Ω with Obrechkoff
image F (z) = O{f(x); z}, then the inversion formula

f(x) =
1

2πi

c+i∞∫

c−i∞

x−p

m∏
k=1

Γ
(
γk − p

β + 1
)dp





∞∫

0

zβ(γm+1)−p−1F (z)dz



 (3.9.41)

holds provided that the integrals

∞∫

0

xc−1f(x)dx,

∞∫

0

zβ(γm+1)−p−1F (z)dz (3.9.42)

186



are absolutely convergent for p = c + iT , −∞ < T < ∞, and suitably chosen constant

c < −α = β

[
1−min

k
γk

]
.

Proof. We integrate the expression zβ(γm+1)−p−1F (z) with respect to z on the real
half-line (0,∞). Under conditions (3.9.42) we can change the order of the improper
integrals (according to the Vallee-Poussin theorem):

∞∫

0

zβ(γm+1)−p−1F (z)dz = β

∞∫

0

zβ(γm+1)−p−1−β(γm+1)+1dz

×
∞∫

0

G
m,0
0,m

[
(zx)β

∣∣∣∣
(

γk −
1
β

+ 1
)m

1

]
f(x)dx

= β

∞∫

0

f(x)dx

∞∫

0

z−pG
m,0
0,m

[
(zx)β

∣∣∣∣
(

γk −
1
β

+ 1
)m

1

]
dz.

The inner integral has the value

1
β

xp−1

m∏

k=1

Γ
(

γk −
p

β
+ 1

)
,

provided | arg z| < mπ
2β (see [107, II, p. 418]) which is satisfied for real z ∈ (0,∞). Then,

∞∫

0

zβ(γm+1)−p−1F (z)dz =
m∏

k=1

Γ
(

γk −
p

β
+ 1

) ∞∫

0

xp−1f(x)dx,

i.e.

1
2πi

c+i∞∫

c−i∞

x−p

m∏
k=1

Γ
(
γk − p

β + 1
)dp

∞∫

0

zβ(γm+1)−p−1F (z)dz

=
1

2πi

c+i∞∫

c−i∞
x−pdx

∞∫

0

xp−1f(x)dx = f(x),

according to the inversion formula for the Mellin transform. For details, see [75].

Another kind of inversion formula for the integral transform (3.9.7), namely, a real in-
version formula analogous to the Post-Widder formula (3.9.5) for the Laplace transform,
was found by Obrechkoff [339]. In a similar manner, we obtain
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Theorem 3.9.13. (Real inversion formula, Kiryakova [190], Dimovski and Kiryakova
[74]) Let the function f(t) be Lebesgue integrable on each finite interval (0, T ), T > 0,
and let its Obrechkoff integral transform (3.9.11):

F (x) =

∞∫

0

tβ(γm+1)−1K
[
(xt)β

]
f(t)dt (3.9.43)

converge for some real x = x0 > 0.

If F (x) ∈ C(∞)(0,∞), then we form the sequence of functions

F0(x) = F (x), F1(x) = B̃F (x), . . . , Fk(x) = B̃kF (x), . . . , (3.9.44)

where B̃ is a “conjugate” hyper-Bessel differential operator (cf. with B in (3.9.9))

B̃ = x1−β d

dx
xαm−1

d

dx
xαm−2 . . .

d

dx
xα1

d

dx
xα0+αm+β−1. (3.9.45)

Then, at each point of continuity t = t0 of the original f(t), the following real inversion
formula holds:

f (t0) = lim
k→∞

[
(−1)k

βkk!

]m

k
−

m∑
i=1

γi
(

k
m
β

t0

)β(γm+k+1)
Fk

(
k

m
β

t0

)
. (3.9.46)

Proof. Following Obrechkoff [339] we use the Laplace method for asymptotic eval-
uation of the integrals. It is easily seen that the convergence of Obrechkoff transform
for some x = x0 > 0 yields its convergence for each x > x0 and also, that the integrals
obtained from (3.9.43) by differentiation with respect to x, are also convergent for x > x0

and represent the corresponding derivatives F ′(x), F ′′(x), . . . . Taking into account the
hyper-Bessel differential equation (3.9.21) satisfied by Φ(x), respectively by K

[
(xt)β

]
,

and substituting x = k
β
m
t0

, we find

Fk

(
k

m
β

t0

)
= (−1)mkβmk+1

∞∫

0

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

f(t)dt

:= β(−β)mkIk, k = 0, 1, 2, . . .

(3.9.47)

According to (3.9.13), (3.9.14),

K

[
km

(
t

t0

)β
]

= G
m,0
0,m

[
km

(
t

t0

)β
∣∣∣∣∣ (γk − γm)m1

]
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and formulas (A.14), (B.4) (Lemma B.2) allow us to calculate the values of integrals Ik,

k = 0, 1, 2, . . . , in Fk

(
k

m
β

t0

)
, namely:

Ik =
1
β

(
k

m
β

t0

)−β(γm+k+1) m∏

i=1

Γ (γi + k + 1)

∼ 1
β

(
k

m
β

t0

)−β(γm+k+1)
k

m∑
i=1

γi

(k!)m :=
1
gk

, k →∞,

(3.9.48)

following from Stirling’s asymptotic formula.

Further, by the Laplace method, using asymptotic formula (3.9.18) for the kernel-

function K

[
km

(
t
t0

)β
]

as k → ∞, Stirling’s asymptotic formula and boring analytical

procedures, we find the limiting equalities:

lim
k→∞

gk

α−ε∫

0

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

f(t)dt = 0, (3.9.50)

and

lim
k→∞

gk

∞∫

α+ε

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

f(t)dt = 0 (3.9.49)

provided k
m
β > x0t0 (since k →∞) and ε > 0 is an arbitrary small positive number.

The above two equalities taken for f(t) = 1 and combined with

lim
k→∞

gk

∞∫

0

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

dt = 1,

following from (3.9.48): Ik ∼ 1
gk

, k →∞, yield

lim
k→∞

gk

t0+ε∫

t0−ε

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

dt = 1, (3.9.51)

for arbitrary ε > 0.

Since, by assumption t0 is a continuity point of f(t), for arbitrary small η > 0 we can
choose ε > 0 so that for |t− t0| ≤ ε it follows that |f(t)− f (t0)| < η. Consider then the
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integral

gk

t0+ε∫

t0−ε

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

f(t)dt

= f (t0) gk

t0+ε∫

t0−ε

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

dt

− gk

t0+ε∫

t0−ε

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

[f(t)− f (t0)] dt

:= f (t0)∆1 −∆2.

According to (3.9.51), we have lim
k→∞

∆1 = 1 and due to the choice of ε, |∆2| < η, where

η is arbitrary small.

Then,

lim
k→∞

gk

t0+ε∫

t0−ε

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

f(t)dt = f (t0) ,

and according to (3.9.49), (3.9.50) this means,

lim
k→∞

gk

∞∫

0

tβ(γm+k+1)−1K

[
km

(
t

t0

)β
]

f(t)dt = f (t0) .

Due to (3.9.47), this leads to

f (t0) = lim
k→∞

gk
(−1)mk

βmk+1
Fk

(
k

m
β

t0

)

and it remains only to put here (3.9.48) for lim
k→∞

gk, to obtain the Post-Widder type

inversion formula (3.9.46).

Note. The above theorem holds also if instead of the continuity of f(t) at t = t0 we
suppose the condition

t0+h∫

t0

|f(t)− f (t0)| dt = o (|h|) , h → 0.

Then, for t = t0 the limiting equation (3.9.46) holds again. Moreover, by the Lebesgue
theorem (3.9.46) takes place for almost all t0 > 0.
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3.9.iii. Abelian type theorems for the Obrechkoff transform
Knowledge of Abelian type theorems for a given integral transform is of considerab-
le importance in solving initial and boundary value problems arising in mathematical
physics. For the Laplace transform (3.9.1) several different variants of the initial and
final value theorems (Abelian theorems) are known, for example:

Lemma 3.9.14. ([510], [453], [90]) Let f(x) be a Lebesgue inetgrable function on (0,∞)
which is O (exp λx) with λ > 0 as x →∞. Assume that there exists the limit

lim
x→+0

x−ρf(x) := f0 (3.9.52)

and consider the Laplace transform

L(s) = L{f(x); s} =

∞∫

0

exp(−xs)f(x)dx, s > λ.

Then, there exists the limit

lim
s→∞sρ+1L(s) = f0 Γ (ρ + 1) , (3.9.53)

or
f(x) = O (xρ) , x → +0 ⇒ L(s) = O (

s−ρ−1
)
, s → +∞ . (3.9.54)

Note. In the subspace of continuous functions

Cexp
−1 =

{
f(x) = xρf̃(x), ρ > −1, f̃ ∈ C[0,∞); f(x) = O(exp λx), x →∞

}

condition (3.9.52) takes the form

lim
x→+0

x−ρf(x) = lim
x→+0

f̃(x) = f̃(0) := f0 (3.9.52′)

and yields the existence of the limit

lim
s→∞sρ+1L(s) = f̃(0) Γ(ρ + 1). (3.9.53′)

We can state analogous Abelian theorems for the Obrechkoff transform either in the
space (3.9.12) of continuous Obrechkoff transformable functions Ω ⊂ Cα, or for Lebesgue
integrable functions with prescribed growth at x = 0 and x = ∞, namely (cf. Section
1.1.i, c) ):

Lexp
α =

{
f ∈ L(0,∞); f(x) = O (xρ) , ρ > α as x → +0;

f(x) = O
(

exp
(

λx
β
m

))
, λ > 0 as x → +∞

}
.

(3.9.55)
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To this end, we again use the transmutation method, namely, the Sonine-Dimovski
transform ϕ, relating the Obrechkoff transform with the Laplace transform.

Theorem 3.9.15. (Abelian initial value theorem) Let f ∈ Lexp
α be an Obrechkoff trans-

formable function and ρ > α = max
k

[−β (γk + 1)] = −β (γ1 + 1). Assume there exists

the limit (3.9.52):
lim

x→+0
x−ρf(x) = f0

and denote the Obrechkoff transform (3.9.11), (3.9.23) of f(x) by

O(s) = O{f(x); s}, s > λ.

Then, there exists the limit

lim
s→+∞sρ+β(γm+1)O(s) = f0

m∏

k=1

Γ
(

γk +
ρ

β
+ 1

)
. (3.9.56)

Moreover, if f ∈ Ω = Cexp
α ⊂ Lexp

α , i.e. f(x) = xρf̃(x), ρ > α, f̃ ∈ C(0,∞), then
(3.9.56) takes the explicit form:

lim
s→+∞sρ+β(γm+1)O(s) = f̃(0)

m∏

k=1

Γ
(

γk +
ρ

β
+ 1

)
. (3.9.56′)

Proof. For f(x) = xρf̃(x) with ρ > α, f̃ ∈ C(0,∞), condition (3.9.52′) is satisfied.
We now use the Sonine-Dimovski transform ϕ, (3.5.47), (3.5.52) which according to
(3.9.34) can be considered as a transmutation operator from the Laplace transform to
the Obrechkoff transform. We have seen in Section 3.5 that ϕ : Cα → C−1, and then, in
C−1 the Laplace transform of ϕf(x) in the right-hand side of (3.9.34) can be considered.
We need however to make precise the asymptotic behaviour of ϕf(x) and to this end we
use some properties of the generalized fractional integrals. According to (3.5.52′) and
(1.3.3), we have

(ϕf)
(

x
β
m

)
= xβ(γm+1)− β

m I
(γk),

(
γm−γk+ k

m

)
β,m−1

xρf̃(x)

= xβ(γm+1)− β
m+ρI

(
γk+

ρ
β

)
,
(
γm−γk+ k

m

)
β,m−1

f̃(x)

:= xβ(γm+1)− β
m+ρf̂(x),

and hence,

lim
x→+o

x
−m

(
γm+

ρ
β +1

)
+1

ϕf(x) = lim
x→+o

f̂
(
x

m
β

)
= f̂(0).
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On the other hand,

f̂(0) =

(
I

(
γk+

ρ
β

)
,
(
γm−γk+ k

m

)
β,m−1

f̃(x)

)
(0)

= f̃(0)
m−1∏

k=1

Γ
(
γk + ρ

β + 1
)

Γ
(
γk + k

m + ρ
β + 1

) ,

by virtue of (1.3.4) with j = 0. In this manner we find that condition (3.9.52′) implies
the condition

lim
x→+∞x

−m
(
γm+

ρ
β +1

)
+1

ϕf(x) = f̃(0)
m−1∏

k=1

Γ
(
γk + ρ

β + 1
)

Γ
(
γk + k

m + ρ
β + 1

) , (3.9.57)

where ϕf(x) is the Sonine type transmutation of f(x). Let us now apply the ini-
tial value Lemma 3.9.14 to the Laplace transform in the right-hand side of (3.9.34).
Condition (3.9.57) yields that the limit (3.9.52′) exists when ρ is substituted by(
m

(
γm + ρ

β + 1
)
− 1

)
and f0 by f̃0

m−1∏
k=1

(
γk + ρ

β + 1
)
, and then,

lim
s→+∞s

−m
(
γm+

ρ
β +1

)
L{ϕf(x); s}

= f̃(0)Γ
(

m

(
γm +

ρ

β
+ 1

)) m−1∏

k=1

Γ
(
γk + ρ

β + 1
)

Γ
(
γk + k

m + ρ
β + 1

) .

Using the Gauss-Legendre multiplication formula for the Γ-functions ([106, I]):

Γ
(

m

(
γm +

ρ

β
+ 1

))
= (2π)−

m−1
2 m− 1

2 m
m

(
γm+

ρ
β +1

)
Γ

(
γm +

ρ

β
+ 1

)

×
m−1∏

k=1

Γ
(

γk +
k

m
+

ρ

β
+ 1

)
,

we obtain

lim
s→+∞s

m
(
γm+

ρ
β +1

)
L{ϕf(x); s}

= f̃(0)(2π)−
m−1

2 m− 1
2 m

m
(
γm+

ρ
β +1

) m−1∏

k=1

Γ
(

γk +
ρ

β
+ 1

)
,
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or:

lim
s→∞F (s) = f̃(0)

m∏

k=1

Γ
(

γk +
ρ

β
+ 1

)
,

where we have denoted

F (s) =
√

(2π)m−1m
( s

m

)m
(
γm+

ρ
β +1

)
L{ϕf(x); s}.

The later, according to (3.9.34), being equal to:

(( s

m

)m
β

)ρ+β(γm+1)
O

{
f(x);

( s

m

)m
β

}
.

Since

lim
s→+∞F (s) = lim

mσ
β
m→∞

F

(
mσ

β
m

)

= lim
σ→+∞σρ+β(γm+1)O{f(x); σ},

we obtain the limit (3.9.56′). Let us note that the condition f(x) = O
(

expλx
β
m

)
,

x → +∞ for f ∈ Cexp
α ⊂ Cα is required to ensure the convergence of the Obrechkoff

integral (3.9.11), (3.9.23) for s > λ, and therefore the existence of the Obrechkoff image
O(s). It is in the same way as the condition f(x) = O (exp λx), x → ∞, ensures the
convergence of Laplace integral (3.9.1) for s > λ. As we established at the beginning of
this section, this is seen from the asymptotic behaviour (3.9.18) of the kernel-function
K(s) as s → ∞. To prove the theorem in the most general case of Lebesgue integrable
functions f ∈ Lexp

α , we have to make only slight modifications. It is sufficient to replace
condition (3.9.52′) by the assumption that lim

x→+0
f̃(x) = f0 exists. Then, this imply the

existence of the limit (3.9.56). This ends the proof.
Using the Sonine type transmutation operator ϕ again, or directly, the new definition

(3.9.23) of the Obrechkoff transform and following the pattern in [510], [518], [361], we
can obtain a theorem analogous to the final value theorems for the Laplace transform.

Theorem 3.9.16. (Abelian final value theorem) Let f ∈ Lexp
α be an Obrechkoff trans-

formable function, O(s) be its transform and ρ > α = −β (γ1 + 1). Then the existence
of the limit

lim
x→+∞x−ρf(x) = f∞ (3.9.58)

implies the limiting equality

lim
s→+0

sρ+β(γm+1)yO(s) = f∞
m∏

k=1

Γ
(

γk +
ρ

β
+ 1

)
. (3.9.59)
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Initial and final value theorems for the Hankel and Meijer transforms were proposed
by Zemanian [518]. For the general G-transformation (3.9.22), analogous and rather
general results were obtained by Pathak [361]. In view of the new definition (3.9.23) of
the Obrechkoff transform as a G-transformation, one can obtain the results of Theorems
3.9.15 and 3.9.16 in an alternative way, by a suitable specialization of Pathak’s results
[361] and specification of the list of conditions, imposed there. Examples of Abelian
theorems for particular cases of the Obrechkoff transform, like the Meijer transform, will
be shown in next section.

3.10. Some special cases of the Obrechkoff transform. An open problem

This section is closely related to Section 3.3. Namely, we consider some Laplace type
integral transforms, related to special cases of hyper-Bessel operators, which have been
introduced and investigated by different authors. Since the Obrechkoff transform is
related to the most general hyper-Bessel operator (3.1.2)-(3.1.4) of arbitrary order m ≥ 2,
it is quite natural that the basic properties of these transforms, given below, follow as
special cases by the results in Section 3.9. We shall use the same notation a), b), c), . . .

for the integral transforms, corresponding to the notation in Section 3.3 for the related
hyper-Bessel operators.

a) The Laplace type integral transform corresponding to the Bessel operator Bν ,
(3.3.a) is the classical Meijer transform (Kν(z) is Macdonald’s function (C.31)):

Kν{f(x); z} =

∞∫

0

√
zxKν(zx)f(x)dx, (3.10.a)

following from the Obrechkoff transform for m = β = 2, γ1,2 = ±ν
2
, namely:

Kν{f(x); z} = 2ν−2z
1
2
−νO

{
f(x);

z

2

}
.

Thus, we obtain from (3.9.29), (3.9.30) the differential property

Kν {Bνf(x); z} = z2Kν {f(x); z} , f ∈ C
(2)
ν .

The well-known relationship with the Laplace transform (see [510], [107, II, p.122]):

Kν {f(x); z} =
√

π2−νzν+ 1
2 L





t∫

o

(t2 − τ 2)ν−
1
2

Γ
(
ν + 1

2

) τ−ν+ 1
2 f(τ)dτ ; z



 (3.10.a′)
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is a corollary of (3.9.34) and the well-known inversion formulas

f(x) =
1
πi

σ+i∞∫

σ−i∞

√
zxIµ(zx)Kν(z)dz,

f (x0) = lim
k→∞

√
2
π

1
(2k)!

(
2k

x0

)2k+1 [
Sk

µ,σKν(σ)
]
σ:= 2k

x0

,

where Sµ,σ = σ−ν− 1
2

d
dσσ2ν+1 d

dσσ−ν− 1
2 , can be derived also from (3.9.40), (3.9.46). The

Abelian theorems found by Zemanian [518] for Kν{f(x); s} = Kν(s) can be obtained as
special cases of Theorems 3.9.15, 3.9.16, namely:

∃ lim
x→+0

x−ρ+ 1
2 f(x) = f0 ⇒

∃ lim
s→∞sρ+ 1

2 Kν(s) = f02ρ−1Γ
(

ρ + 1 + ν

2

)
Γ
(

ρ + 1− ν

2

)
,

and

∃ lim
x→+∞x−ρ+ 1

2 f(x) = f∞ ⇒

∃ lim
s→+0

sρ+ 1
2 Kν(s) = f∞2ρ−1Γ

(
ρ + 1 + ν

2

)
Γ
(

ρ + 1− ν

2

)
.

g) For the operator (3.3.g): Bm = d
dxx d

dx . . . x d
dx = 1

x

(
x d

dx

)m
, m ≥ 2, integral

transforms of Obrechkoff type were found by Ditkin and Prudnikov [86]-[87] and Botashev
[36]. For the case m = 2: B2 = d

dxx d
dx , this transform has the form

K{f(x); z} = 2z

∞∫

0

K0

(
2
√

zx
)
f(x)dx (3.10.g)

(K0 is the Bessel function (C.31) of third kind and zero order) and its relation with the
Laplace transform has the form:

K

{
f(x);

z2

4

}
=

π

2
z2L{ϕf(x); z}

with a transmutation operator, being a fractional Riemann-Liouville integral of order 1
2
:

ϕf(x) =
1√
π

x∫

0

(t− τ)−
1
2 f(x)dx.
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In the general case m > 2 the corresponding transform is

V {f(x); z} = 2

∞∫

0

E0m(zx)f(x)dx, (3.10.g′)

where the kernel-function E0m(z) can be represented by means of (m−1)-tuple integrals,
and the relationship

V
{

f(x);
( z

m

)m}
= mL{ϕf(x); z}

holds with an operator

ϕf(x) =

x∫

0

. . .

x∫

0




m−1∏

j=1

(
t− τj

) j
m−1


 f (τ1 . . . τm−1) dτ1 . . . dτm−1,

being in essence an (m− 1)-tuple generalized fractional integral of multiorder
(

j
m

)m−1

j=1
.

Transformations (3.10.g), (3.10.g′) were used by Ditkin, Prudnikov and Botashev for
developing operational calculi for operator (3.3.g).

h) In a series of papers [235]-[238] Krätzel introduced and investigated an inte-
gral transformation, generalizing the Laplace and Meijer transforms and related to the
hyper-Bessel differential operator (3.3.h):

Bn,ν =
d

dx
x

1
n−ν

(
x

1
n−ν d

dx

)n−1

xν+1+ 2
n ,

namely:

L
(n)
ν {f(x); z} =

∞∫

0

λ
(n)
ν

[
n(zx)

1
n

]
f(x)dx, (3.10.h)

where

λ
(n)
ν

[
n(zx)

1
n

]
=

∞∫

0

. . .︸︷︷︸
(n−1)

∞∫

0

[
n−1∏

k=1

u
ν−1+

k−1
n

k

]

× exp
(
−u1 − · · · − un−1 − zx

u1 . . . un−1

)
du1 . . . dun−1.

L
(n)
ν (z) can be obtained also from the corresponding Obrechkoff transform:

O{f(x); z} = z−ν−1+ 2
m L

(m)
ν {f(x); z}.

Now, the differential property corresponding (3.9.29) and found in [237] is:

L
(n)
ν

{
Bn,νf(x); z

}
= zL

(n)
n {f(x); z} − γ(n)(o, ν)f(+0), (3.10.h′)
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with γ(n)(0, ν) =
n−2∏
r=0

Γ
(
ν + 1 + r

n

)
, n ≥ 2. Krätzel [236], [238] found also a convolution

of (3.10.h) and a real inversion formula, equivalent to (3.9.46), namely:

f (x0) = lim
k→∞

(−1)nk

γ(n)(k, v)

(
sk

x0

)k+1 [
dk
n,ν

(
L

(ν)
n (s)

)(n)
]

s:=
sk
x0

, (3.10.h′′)

where: γ(n)(k, v) = Γ(k + 1)
n−2∏
r=0

Γ
(
ν + k + 1 + r

n

)
, n ≥ 2;

dn,ν = s−ν− 1
n

(
s1− 1

n
d

ds

)n−1

s1−ν d

ds
,

sk = n−n
{

n(k + 1) + ν(n− 1) +
1
n
− 2

}n

.

From the results in Section 3.9 other integral transforms of Laplace type, correspond-
ing to all the examples of the hyper-Bessel operators (3.3.a)-(3.3.i) and their basic proper-
ties (differential properties, convolutions, inversion formulas, Abelian theorems, etc.) can
be obtained. On the other hand, some new properties of the general Obrechkoff trans-
form can be obtained from its representation as a G-transform and the corresponding
results for this kind of transform.

For other Bessel-type transformations one can see also: Koh and Deeba [223], Klju-
cantzev [219], Kratzel [234] and Mendez [300].

Open problem
Finally, let us state an open problem, related to hyper-Bessel type integral transforms. It
is well known that along with the Laplace transform, there exist the Fourier transform
and its modifications: the so-called cos-Fourier and sin-Fourier transforms:

Fc{f(x); z} =

√
2
π

∞∫

0

cos zx f(x)dx, Fs{f(x); z} =

√
2
π

∞∫

0

sin zx f(x)dx, (3.10.1)

suitable for operational calculi and for treating differential equations, related to operators
D = d

dx , Dm =
(

d
dx

)m
, m > 1. Transforms (3.10.1) have the advantage of being inverted

by the formulas:

f(x) =

√
2
π

∞∫

0

cos xz Fc(z)dz, f(x) =

√
2
π

∞∫

0

sinxz Fc(z)dz, (3.10.2)

i.e. they belong to the class of so-called symmetrical Fourier transforms

F{f ; z} =

∞∫

0

K(zy)f(y)dy, (3.10.3)
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having inversion formulas of the same kind (3.10.3). Their kernel-functions K(x) are
such that the identity

f(x) =

∞∫

0

K(zx)dz

∞∫

0

K(zy)f(y)dy (3.10.4)

holds for each transformable function f(x). It is known that (3.10.4) is equivalent to the
functional equation for the Mellin image of K(x):

K̃(s)K̃(1− s) = 1, where K̃(s) = M{K(x); s} =

∞∫

0

xs−1K(x)dx. (3.10.5)

Another case of a symmetrical Fourier type integral transform is the Hankel transform

Hν(z) = Hν{f(x); z} =

∞∫

0

√
zxJν(zx)f(x)dx, (3.10.6)

with Jν(z) being the Bessel function (C.6) and which inversion formula

f(x) =

∞∫

0

√
zxJν(zx)Hν(z)dz. (3.10.7)

This transform is closely related to the Bessel differential operator (3.3.6)
Bν = x−2

(
x d

dx + ν
)(

x d
dx − ν

)
, namely:

Hν {Bνf(x); z} = −z2Hν{f(x); z}, (3.10.8)

and therefore, along with the Meijer transform (3.10.a) it can also be used for the oper-
ational calculus and differential equations involving Bν .

Open problem 3.10.1. Find a symmetrical Fourier type transform, generalizing the cos-
Fourier (sin-Fourier) transform and the Hankel transform, suitable for dealing with the
general hyper-Bessel differential operator (3.1.2)-(3.1.4) of order m > 1:

B = x−β
m∏

k=1

(
x

d

dx
+ βγk

)
.

This new transform, called a generalized Hankel transform, should generalize the Hankel
transform in the same way as the Obrechkoff transform generalizes the Laplace and
Meijer transforms. Find a suitable domain (functional space) for this transform and its
basic properties (inversion formulas, differential properties, etc.)
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Conjecture: Study an integral transform of the form

H
(m−1)
γ1,...,γm{f(x); z} =

∞∫

0

(zx)
1
m J

(m−1)
γ1−γm,...,γm−1−γm

(zx)f(x)dx, (3.10.9)

where the kernel-function is the Delerue’s hyper-Bessel function (D.3).
Results, related to Hankel type integral transformations, their generalizations and

applications can be seen, for example in Erdélyi and Kober [109], Sneddon [451]- [453],
Rooney [401], Betancor [31]-[32], Mendez [300]-[301], etc.

— || —

The main results of Chapter 3 have been published in: Kiryakova [190]-[193], [196]-[197],
[201], [210], Dimovski and Kiryakova [74]-[76], [79]-[80], Kiryakova and McBride [211]-
[212], Kiryakova and Spirova [213].
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4 Applications to the generalized
hypergeometric functions

This chapter is devoted to some applications of the generalized fractional calculus to the
theory of special functions. We propose new or newly written integral and differintegral
representations of the generalized hypergeometric functions, the most commonly used
special functions. On this basis, a suitable classification of these functions is introduced.

The study and use of the special functions is a very old branch of mathematics. The
interest in them has increased incessantly, together with the discovery of their numerous
applications to different problems and areas. Now, there are relatively large number of
people who know a fair amount about this topic and a series of books especially devoted
to it. Along with the classical handbooks of Watson [507], Erdélyi at al. [106],[108],
Sneddon [452], Slater [450] and Luke [272], among the recently published books on special
functions it is worth mentioning those of Olver [341], Mathai and Saxena [286], [287],
Srivastava and Kashyap [468], Srivastava, Gupta and Goyal [467], Prudnikov, Brychkov
and Marichev [367]-[369], Nikiforov and Uvarov [319], Rusev [414], etc.

Nevertheless, “most of the mathematicians are totally unaware of the power of the
special functions. They react to a paper which contains a Bessel function or Legendre
polynomial by turning immediately to the next paper”, confessed Askey in his lectures on
orthogonal polynomials and special functions [25]. “Hopefully these lectures will show
... how useful hypergeometric functions can be. Very few facts about them are known,
but these few facts can be very useful in many different contexts. So, my advice is to
learn something about hypergeometric functions: or, if this seems too hard or dull a
task, get to know someone who knows something about them. And if you already know
something about these functions, share your knowledge with a colleague or two, or a group
of students. Every large university and research laboratory should have a person who not
only find things in the Bateman Project, but can fill in a few holes in this set of books... In
any case, I hope my point has been made; special functions are useful and those who need
them and those who know them should start to talk to each other... The mathematical
community at large needs the education on the usefulness of special functions more than
most other people who could use them...” (Askey [25]).

The most commonly encountered explicit representations for the special functions of
mathematical physics are the power series and the definite or contour integrals. As an
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example, the Bessel function is defined by the power series

Jν(x) =
∞∑

j=0

(−1)jx2j+ν

j!Γ(ν + j + 1)
,

as well as by several definite integrals, one of which is the so-called Poisson integral

Jν(x) =
2−ν+1xν

√
πΓ

(
ν + 1

2

)
x∫

0

(
x2 − t2

)ν− 1
2 cos tdt, ν > −1

2
. (4.0.1)

In view of the Riemann-Liouville fractional integrals, this formula is nothing but the
simple relation

Jν(x) =
x−ν

2ν
√

π
R

ν+ 1
2

x2

{cos x

x

}
. (4.0.1′)

For the classical orthogonal polynomials, the Rodrigues formulas are also well known
and some authors (Rusev [414], Nikiforov and Uvarov [318],[319]) use these formulas as
bases of their theories. As for the other special functions, formulas like those defining the
orthogonal polynomials by means of repeated differentiation, are less popular and even
unknown in the general case. An exception is the spherical Bessel function (see [106 ,II]):

J−n− 1
2
(x) =

2n+ 1
2 xn+ 1

2√
π

dn

(dx2)n
{cos x

x

}
, n = 0, 1, 2, . . . . (4.0.2)

As Lavoie, Osler and Tremblay [252] noted, by using the notion of fractional derivative
of arbitrary order, it is possible to generalize the above relation for Bessel functions of
arbitrary order, namely:

Jν(x) = J−α− 1
2
(x) =

2α+ 1
2 xα+ 1

2√
π

Dα
x2

{cos x

x

}

=
x−ν

2ν
√

π
D
−ν− 1

2

x2

{cos x

x

}
, ν < −1

2
.

(4.0.3)

Here, following this idea, we propose both Poisson type fractional integral represen-
taions and analogues of the fractional derivative representation (4.0.3) for the generalized
hypergeometric functions

pFq
(
a1, . . . , ap; b1, . . . , bq; x

)
=

∞∑

k=0

(a1)k . . .
(
ap

)
k

(b1)k . . .
(
bq

)
k

xk

k!
, 0 ≤ |x| ≤ ∞, (4.0.4)

whit p ≤ q or p = q + 1 (in the latter case the condition |x| < 1 is also required). By
(a)k the Pochhammer symbol is denoted:

(a)0 = 1, (a)k =
Γ(a + k)

Γ(a)
= a(a + 1) . . . (a + k − 1).
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In Sections 4.2 and 4.3 we establish the fact that, depending on the cases p < q, p =
q, p = q + 1, the functions pFq(x) can be represented as generalized fractional integrals
or derivatives (in the sense perceived in Chapter 1) of three different types of elementary
functions: cosq−p+1(x), xaq−1 exp x and xaq−1(1 − x)−aq+1. In accordance with these
results, we could assume the following classification of the generalized hypergeometric
functions (g.h.f.) pFq, namely:

for p < q we shall call them “g.h.f. of Bessel type” (the simplest examples are Jν(x)
and the hyper-Bessel functions 0Fq(x));

for p = q: “g.h.f. of confluent type” (for example - 1F1);
for p = q+1: “g.h.f. of Gauss type” (for example, the Gauss hypergeometric function

2F1 and the Jacobi type orthogonal polynomials).
The starting point for these results is the fact that each pFq-function can be rep-

resented as a fractional differintegral of a p−1Fq−1-function. After a finite number of
steps, one reaches a hyper-Bessel function 0Fq−p, confluent hypergeometric function 1F1

or Gauss function 2F1, having corresponding differintegral representations by means of
the above mentioned elementary functions. On the other hand, the compositions of the
fractional integrals (derivatives) arising at subsequent steps are nothing but generalized
fractional differintegrals. Interesting special cases are related to the hyper-Bessel func-
tions, “spherical” g.h.f., n-Bessel functions, etc.

Other kinds of representations of the g.h.f. are found in Section 4.4. There, the
pFq-functions are expressed as Laplace type G-transforms of hyper-Bessel functions, in
particular, of generalized trigonometric functions. For brevity, the representations of the
pFq-functions obtained here are for real variables but they also hold as well in suitably
chosen domains of the complex plane. The corresponding specifications are a matter of
technical detail.

4.1. Poisson type integral representation of the hyper-Bessel functions. Ana-
logue of the differential representations of the spherical Bessel functions

In 1953 Delerue [60] introduced and used for the first time a generalization of the Bessel
function Jν(x) for a multiindex ν = (ν1, . . . , νm). This is the so-called hyper-Bessel
function of Delerue of order m > 1 with indices ν1, . . . , νm (see Definition D.1, Appendix):

J
(m)
ν1,...,νm(x) =

( x
m+1

)ν1+···+νm

Γ (ν1 + 1) . . . Γ (νm + 1)0Fm

(
(νk + 1)m1 ;−

(
x

m + 1

)m+1)

=

[
m∏

k=1

Γ (νk + 1)

]−1 (
x

m + 1

) m∑
k=1

νk ∞∑

j=0

(
m∏

k=1

Γ(νk + 1)
Γ(νk + j + 1)

)
(−1)j

j!

(
x

m + 1

)j(m+1)

.

(4.1.1)
Analogously, the function

I
(m)
ν1,...,νm(x) =

( x
m+1

)ν1+···+νm

Γ (ν1 + 1) . . . Γ (νm + 1)0Fm

(
(νk + 1)m1 ;

(
x

m + 1

)m+1)
(4.1.2)
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is said to be a modified hyper-Bessel function of order m. It generalizes the well-known
function

Iν(x) =

(x
2

)ν

Γ(ν + 1) 0F1

(
ν + 1;

(x

2

)2
)

.

Sometimes, it is more convenient to deal with the hypergeometric functions 0Fm

only, neglecting the power multipliers preceding them in (4.1.1), (4.1.2). In this manner
one reaches the so-called “normalized hypergeometric functions” (see Klučantčev [218])
or the “Bessel-Clifford functions of higher order” (Hayek [126], Hayek and Hernandez
[127]-[129]):

j(x) = j
(m)
ν1,...,νm(x) = 0Fm

(
ν1 + 1, . . . , νm + 1;−

(
x

m + 1

)m+1)
(4.1.3)

and

i(x) = i
(m)
ν1,...,νm(x) = 0Fm

(
ν1 + 1, . . . , νm + 1;

(
x

m + 1

)m+1)
(4.1.4)

being equal to 1 at x = 0. More exactly, they satisfy the initial value conditions

j(0) = 1, j′(0) = . . . = j(m)(0) = 0 (4.1.5)

and
i(0) = 1, i′(0) = . . . = i(m)(0) = 0. (4.1.6)

As was shown in Section 3.4 (Example 2) function (4.1.3) is the unique solution of
the initial value problem

By(x) = −y(x); y(0) = 1, y′(0) = . . . = y(m)(0) = 0, (4.1.7)

related to the hyper-Bessel differential operator of order (m + 1)):

B = x−m+1

[
m∏

k=1

(
x

d

dx
+ (m + 1)νk

)]
x

d

dx
(4.1.8)

(
with parameters νk ≥

k

m + 1
, k = 1, . . . ,m, νm+1 = 0; β = m + 1

)
.

In particular , taking the numbers

νk =
k

m + 1
− 1, k = 1, . . . , m,m + 1 (4.1.9)

as components of the multiindex ν = (ν1, . . . , νm), we obtain the solution of the initial
value problem

(
d

dx

)m+1

ỹ(x) = −ỹ(x); ỹ(0) = 1, ỹ′(0) = . . . = ỹ(m)(0) = 0, (4.1.10)
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related to the simplest hyper-Bessel differential operator of order (m + 1):

B̃ = x−m+1

[
m+1∏

k=1

(
x

d

dx
+ k −m− 1

)]
=

(
d

dx

)m+1

. (4.1.11)

This solution is the generalized cosine function of order (m + 1) (see Example 3.4.7
and Appendix, (D.9)), a special case of the hyper-Bessel function (4.1.3), namely:

ỹ(x) = j
(m)(

k
m+1

−1
)m

1

(x) = cosm+1(x) =
∞∑

j=0

(−1)jx(m+1)j

((m + 1)j)!
. (4.1.12)

The generalized Poisson transformation, proposed by Dimovski [70], [71] corresponding
to the hyper-Bessel operator (4.1.8) (see Section 3.5) has the form

P0f(x) = c

1∫

0

. . .

1∫

0




m∏

k=1

(1− σk)νk− k
m+1 σ

k
m+1

−1

k

Γ
(
νk − k

m+1
+ 1

)


 f

(
x (σ1 . . . σm)

1
m+1

)
dσ1 . . . dσm.

(4.1.13)
According to the general Theorem 1.2.2 and the considerations in Section 3.5, it follows
that this transformation can be considered also as a generalized (m-tuple) fractional
integral of the form

P0f(x) = c I

(
k

m+1
−1

)
,
(
νk− k

m+1
+1

)
m+1,m f(x)

= c

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(νk)mk=1(

k
m+1

− 1
)m

k=1

]
f

(
xσ

1
m+1

)
dσ, where c =

√
m + 1
(2π)m

m∏

k=1

Γ (νk + 1) .

(4.1.14)

This transform is a transmutation operator from B̃ =
(

d
dx

)m+1
to the arbitrary

hyper-Bessel operator B (4.1.8) of the same order, that is:

P0

(
d

dx

)m+1

ỹ(x) = BP0ỹ(x)

for functions ỹ(x) satisfying suitable initial conditions. This result is contained in The-
orem 3.7.1, namely: The generalized Poisson transformation maps the solution ỹ(x) of
the initial value problem (4.1.10) into the solution y(x) of (4.1.7): P0ỹ(x) = y(x), that
is:

P0 {cosm+1(x)} = j
(m)
ν1,...,νm(x). (4.1.15)

Replacing, in this transmutation formula, P0 by (4.1.14) we obtain the following new
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integral representation of the normalized hyper-Bessel functions (4.1.3):

jν(x) = j
(m)
ν1,...,νm(x) = cI

(
k

m+1
−1

)
,
(
νk− k

m+1
+1

)
m+1,m {cosm+1(x)}

=

√
m + 1
(2π)m

m∏

k=1

Γ (νk + 1)

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(νk)mk=1(

k
m+1

− 1
)m

k=1

]
cosm+1

(
xσ

1
m+1

)
dσ,

(4.1.16)
valid for νk ≥ k

m+1
− 1, k = 1, . . . ,m. In an alternative form this can be stated as the

following theorem.

Theorem 4.1.1. (Poisson type integral representation of the hyper-Bessel functions)
For νk ≥ k

m+1
− 1, k = 1, . . . , m the following generalization of the Poisson integral

(4.0.1) holds:

J
(m)
ν1,...,νm(x) =

√
m + 1
(2π)m

(
x

m + 1

) m∑
k=1

νk
1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(νk)mk=1(

k
m+1

− 1
)m

k=1

]
cosm+1

(
xσ

1
m+1

)
dσ

=

√
m + 1
(2π)m

(
x

m + 1

)−1+

m∑
k=1

νk
1∫

0

G
m,0
m,m

[(
t

x

)m+1
∣∣∣∣∣

(
νk + 1− 1

m+1

)m
1(

k−1
m+1

)m

1

]
cosm+1(t)dt.

(4.1.17)
In the same way, P0 transforms the solution ỹ(x) of the initial value problem

(
d

dx

)m+1

ỹ(x) = ỹ(x); ỹ(0) = 1, ỹ′(0) = . . . = ỹ(m)(0) = 0, (4.1.10′)

into the solution y(x) of

By(x) = y(x); y(0) = 1, y′(0) = . . . = y(m)(0) = 0. (4.1.7′)

Now, these solutions are:

ỹ(x) = h1,m+1(x) =
∞∑

j=0

x(m+1)j

((m + 1)j!)
, (4.1.18)

referred to as a generalized hyperbolic function of order (m + 1) (this is a generalization
of h1,2(x) = ch x; for more details about this and other generalized hyperbolic functions
hi,m+1(x), i = 2, . . . , m + 1, see (D.13), Appendix) and

y(x) = iν(x) = i
(m)
ν1,...,νm(x) =

∞∑

j=0

(
m∏

k=1

Γ (νk + 1)
Γ (νk + j + 1)

) ( x
m+1

)(m+1)j

j!
, (4.1.19)

the normalized hyper-Bessel function (4.1.4).
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Therefore, the transmutation formula

P0

{
h1,m+1(x)

}
= i

(m)
ν1,...,νm(x)

yields an analogous result.

Theorem 4.1.1′. (Poisson type integral representation of the modified hyper-Bessel
functions) For νk ≥ k

m+1
− 1, k = 1, . . . , m, the following integral representations hold:

i
(m)
ν1,...,νm(x) =

√
m + 1
(2π)m

m∏

k=1

Γ (νk + 1)

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(νk)mk=1(

k
m+1

− 1
)m

k=1

]
h1,m+1

(
xσ

1
m+1

)
dσ

(4.1.16′)
and

I
(m)
ν1,...,νm(x) =

√
m + 1
(2π)m

(
x

m + 1

) m∑
k=1

νk
1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(νk)mk=1(

k
m+1

− 1
)m

k=1

]
h1,m+1

(
xσ

1
m+1

)
dσ

=

√
m + 1
(2π)m

(
x

m + 1

)−1+

m∑
k=1

νk
1∫

0

G
m,0
m,m

[(
t

x

)m+1
∣∣∣∣∣

(
νk + 1− 1

m+1

)m
1(

k−1
m+1

)m

1

]
h1,m+1(t)dt.

(4.1.17′)

Generalizations of the Poisson integral for the hyper-Bessel functions (4.1.1) have
been proposed also by Delerue [60] and by Klučantčev [218], but they are written by
means of repeated integrations. For comparison, the result of Delerue ([60], p.259) has
the form

J
(m)
ν1,...,νm(x) =

(m + 1)m+ 1
2√

(2π)m+1

(
x

m + 1

) m∑
k=1

νk+j−m
1∫

0

. . .

1∫

0

m−j∏

i=1


(1− ζi)

νi−1− i
m+1

Γ
(
νi − i

m+1

) ζ
j+i
i




×
m∏

i=m−j+1


(1− ζi)

νi− i
m+1 ζ

j+i−m−1

i

Γ
(
νi − i

m+1
+ 1

)

 f

(m+1)

j+1
(xζ1 . . . ζm) dζ1 . . . dζm,

j = 0, 1, . . . , m, (4.1.20)

where
f

(m+1)
m+1 (x) := cosm+1(x)

and the other generalized trigonometric functions

f
(m+1)

j+1
(x) := sinm+1,j+1(x), j = 0, 1, . . . , m− 1,
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are defined as in Appendix, (D.10). In the case j = m the same result is proved by
Klučantčev [218, p. 55]:

J
(m)
ν1,...,νm(x) =

(m + 1)m+ 1
2

( x
m+1

)∑ νk

(2π)
m
2

m∏
k=1

Γ
(
νk − k

m+1
+ 1

)

×
1∫

0

. . .

1∫

0

cosm+1 (xζ1 . . . ζm)
m∏

i=1

[
(1− ζi)

νi− i
m+1 ζi−1

i

]
dζ1 . . . dζm.

(4.1.21)

This follows also from (4.1.15), if one uses the repeated integral representation (4.1.13)
of the Poisson type transformation P0.

Let us consider some special cases.

Corollary 4.1.2. For m = 1 Theorems 4.1.1 and 4.1.1′ give the classical Poisson inte-
grals for the Bessel functions (see [106, II]):

Jν(x) =
2
(x

2

)ν

√
πΓ

(
ν + 1

2

)
π
2∫

0

cos(x sinϕ)(cos ϕ)2νdϕ

=
2
(x

2

)ν

√
π

1∫

0

(
1− t2

)ν− 1
2 cos(xt)dt, ν > −1

2

(4.1.22)

and

Iν(x) =
2
(x

2

)ν

√
πΓ

(
ν + 1

2

)
1∫

0

(
1− t2

)ν− 1
2 cosh(xt)dt, ν > −1

2
. (4.1.23)

Now let us consider the so-called n-Bessel functions of Agarwal [6] (see also Example
3.4.11). More details about these functions are given in Appendix, Section D.ii. They
are defined by the power series (D.9):

Aν,n(x) =
∞∑

j=0

(−1)j

{j!}n {Γ(ν + 1 + j)}2

(x

2

)ν+2j
.

It is evident (Lemma D.11) that the n-Bessel functions are special cases of hyper-Bessel
functions of odd order m = 2n− 1, namely

Aν,n(x) = J (2n−1)
ν,...,ν︸ ︷︷ ︸

n

, 0,...,0︸︷︷︸
n−1

(z), where z = (2n)
(x

2

) 1
n
. (4.1.24)
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In particular, the “di-Bessel” functions (n = 2) of Exton [111] and the “tri-Bessel”
functions (n = 3) are the following hyper-Bessel functions :

Aν(x) = Aν,2(x) = J
(3)
ν,ν,0

(
2

3
2

√
x
)

; Aν,3(x) = J
(5)
ν,ν,ν,0,0

(
332

2
3

3
√

x
)

.

Now, the conditions νk > k
m+1

− 1 = k
2n − 1, k = 1, . . . , 2n − 1, are equvalent to the

unique requirement ν > −1
2
. In this case Theorem 4.1.1 gives the following result: if Ξ

is the transformation

Ξ : f(x) −→ f (Nxω) , where ω =
1
n

> 0, N = 2
n−1
n n; (4.1.25)

then

Aν,n(x) = Ξ




√
2n

(2π)2n−1

( x

2n

)nν
I

(
k
2n−1

)
,

((
ν− k

2n+1
)n

k=1
,
(
− k

2n+1
)2n−1

k=n+1

)

2n,2n−1


 {cos2n(x)}

=
√

n

π2n−1
21−n

(x

2

)ν
ΞI

(
k
2n−1

)
,

((
ν− k

2n+1
)n

k=1
,
(
− k

2n+1
)2n−1

k=n+1

)

2n,2n−1 {cos2n(x)}

=
√

n

π2n−1
21−n

(x

2

)ν
I

(
k
2n−1

)
,

((
ν− k

2n+1
)n

k=1
,
(
− k

2n+1
)2n−1

k=n+1

)

2,2n−1 Ξ {cos2n(x)} ,

that is

Aν,n(x) =
√

n

π2n−1
21−n

(x

2

)ν
I

(
k
2n−1

)
,

((
ν− k

2n+1
)n

k=1
,
(
− k

2n+1
)2n−1

k=n+1

)

2,2n−1

{
cos2n

(
2n

(x

2

) 1
n

)}
.

(4.1.26)
Written explicitly, this generalized fractional integral representation of the n-Bessel func-
tions, has the following form.

Corollary 4.1.3. For ν > −1
2
,

Aν,n(x) =
√

n

π2n−1
21−n

(x

2

)ν
1∫

0

G
2n−1,0
2n−1,2n−1


σ

∣∣∣∣∣∣∣

ν, . . . , ν︸ ︷︷ ︸
n

, 0, . . . , 0︸ ︷︷ ︸
n−1(

k
2n − 1

)2n−1

1




× cos2n

{
2n

(
x
√

σ

2

) 1
n

}
dσ

=
√

n

π2n−1
21−n

(x

2

)ν
1∫

0

. . .

1∫

0

n∏

k=1


 (1− ζk)ν−

k
2n

Γ
(
ν − k

2n + 1
)




2n−1∏

k=n+1


(1− ζk)−

k
2n

Γ
(
1− k

2n

)



×
2n−1∏

k=1

[
ζ

k
2n−1

k

]
cos2n

{
2n

(x

2

) 1
n (ζ1 . . . ζ2n−1)

1
2n

}
dζ1 . . . dζ2n−1.

(4.1.27)
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In the following sections we need a modified form of the Poisson integrals (4.1.16),
(4.1.17) concerning the generalized hypergeometric function 0Fm (b1, . . . , bm;−x) itself.
Ones having the representation (4.1.16) of the normalized hyper-Bessel function (4.1.3),
we have only to substitute

νk + 1 −→ bk, k = 1, . . . , m,

(
x

m + 1

)m+1

−→ x.

Thus we get the following corollary.

Corollary 4.1.4. For bk ≥ k
m+1

, k = 1, . . . ,m, the generalized hypergeometric function
of Bessel type 0Fm, m > 0, is a generalized fractional integral of the generalized cosine
function:

0Fm (b1, . . . , bm;−x) = cI

(
k

m+1
−1

)
,
(
bk− k

m+1

)
1,m

{
cosm+1

(
(m + 1)(x)

1
m+1

)}
(4.1.28)

and therefore, it admits the integral representations of Poisson type:

0Fm ((bk)m1 ;−x) = c

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(bk)(

k
m+1

)
]

σ−1 cosm+1

(
(m + 1)(xσ)

1
m+1

)
dσ (4.1.29)

and

0Fm ((bk)m1 ;−x) =c

1∫

0

. . .

1∫

0




m∏

k=1

(1− tk)bk− k
m+1

−1 t
k

m+1
−1

k

Γ
(
bk − k

m+1

)




× cosm+1

(
(m + 1) (xt1 . . . tm)

1
m+1

)
dt1 . . . dtm

(4.1.30)

with a constant

c =
√

(m + 1)(2π)m
m∏

j=1

Γ
(
bj

)
.

Further, we shall use this result to obtain an analogous integral representation for the
more general Bessel type generalized hypergeometric function

pFq
(
a1, . . . , ap; b1, . . . , bq;−x

)
with p < q.

Now we procede to the consideration of the case when the conditions νk ≥ k
m+1

− 1,
k = 1, . . . , m, that is, bk ≥ k

m+1
, k = 1, . . . , m, are not satisfied. They were to ensure

the positiveness of the multiorder of integration of the generalized fractional integration
operator by means of which the Poisson transformation P0 was represented:

P0 = cI

(
k

m+1
−1

)
,
(
νk− k

m+1
+1

)
m+1,m = cI

(
k

m+1
−1

)
,
(
bk− k

m+1

)
m+1,m .
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When the fully opposite conditions

bk <
k

m + 1

(
νk <

k

m + 1
− 1

)
, k = 1, . . . , m (4.1.31)

are supposed, it is natural to expect that the transformation P0 is to be considered as
a generalized fractional differentiation operator (in view of Definitions 1.5.1 and 1.5.2),
namely:

P0 = cI

(
k

m+1
−1

)
,
(
bk− k

m+1

)
m+1,m = cI

(
(bk−1)+

(
k

m+1
−bk

))
,
(
−
(

k
m+1

−bk

))
m+1,m

= cD
(bk−1),

(
k

m+1
−bk

)
m+1,m .

(4.1.32)

So, the integral representation (4.1.28) – (4.1.29) of 0Fm, m > 0 will be replaced by
a differintegral representation:

0Fm ((bk)m1 ;−x) = cD
(bk−1),

(
k

m+1
−bk

)
1,m

{
cosm+1

(
(m + 1)x

1
m+1

)}

= cDη I

(
k

m+1
−1

)
,
(
ηk+bk− k

m+1

)
1,m

{
cosm+1

(
(m + 1)x

1
m+1

)}
,

where

ηk =

{ [
k

m+1
− bk

]
+ 1 for non integer

(
k

m+1
− bk

)
,

(
k

m+1
− bk

)
for integer

(
k

m+1
− bk

)
,

k = 1, . . . , m (4.1.33)

and Dη is the differential operator (cf. (1.5.19) with β = 1, γk → bk − 1):

Dη =
m∏

k=1

ηk∏

j=1

(
x

d

dx
+ bk + j − 1

)
. (4.1.34)

Before stating and proving this result, we establish the following auxiliary proposition.

Lemma 4.1.5. The generalized hypergeometric function of Bessel type 0Fm, m > 0,
satisfies the differential relation (η1 > 0, . . ., ηm > 0 are integers)

Dη
0Fm ((ηk + bk)m1 ;−x)

m∏
j=1

Γ
(
ηj + bj

) = 0Fm ((bk)m1 ;−x)
m∏

j=1

Γ
(
bj

) (4.1.35)

with integers η1, . . . , ηm > 0 and Dη defined as in (4.1.34).
Proof. If we put n = 1, p = 0, σ = b′k in formula (5), p.44 of Luke [272], we obtain

x2−b′k
d

dx
xb′k−1

0Fm
((

b′l
)m
l=1

;−x
)

=
(

x
d

dx
+ b′k − 1

)
0Fm

((
b′k

)
;−x

)

=
(
b′k − 1

)
0Fm

(
b′1, . . . , b′k−1, b

′
k − 1, b′k+1, . . . , b

′
m;−x

)
.
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Analogously, after ηk steps, we obtain for b′k = bk + ηk:

(
x

d

dx
+ bk

)(
x

d

dx
+ bk + 1

)
. . .

(
x

d

dx
+ bk + ηk − 1

)
0Fm

(
b′1, . . . , b′k, . . . , b′m;−x

)

= (bk + ηk − 1) (bk + ηk − 2) . . . bk 0Fm
(
b′1, . . . , b′k − ηk = bk, . . . , b′m;−x

)

=
Γ (bk + ηk)

Γ (bk) 0Fm
(
b′1, . . . , bk, . . . , b′m;−x

)
.

But the function 0Fm is symmetric in the parameters b′1, . . . , b′m and therefore,

m∏

j=1

[(
x

d

dx
+ bi

)
. . .

(
x

d

dx
+ bi + ηi − 1

)]
0Fm ((ηk + bk)m1 ;−x)

=
m∏

j=1

[
Γ (bi + ηi)

Γ (bi)

]
0Fm ((bk)m1 ;−x) .

Thus the proposition is proved.

Now we are ready to state the basic result, analogous to Theorem 4.1.1.

Theorem 4.1.6. (Generalized fractional derivative representation of the hyper-Bessel
functions) Let the indices of Delerue’s hyper-Bessel function J

(m)
ν1,...,νm satisfy conditions

(4.1.31):

νk <
k

m + 1
− 1, k = 1, . . . ,m.

Then, this function can be represented as a generalized m-tuple fractional derivative of
the function cosm+1(x):

J
(m)
ν1,...,νm(x) =

√
m + 1
(2π)m

(
x

m + 1

)∑
νi

D
(νk),

(
k

m+1
−νk−1

)
m+1,m {cosm+1(x)} (4.1.36)

or,

J
(m)
ν1,...,νm(x) =

√
(m + 1)3

(2π)m

(
x

m + 1

)1+
∑

νi

D

(
νk+ 1

m+1

)
,
(

k
m+1

−νk−1
)

m+1,m

{
cosm+1(x)

x

}
,

(4.1.37)
that is, the following differintegral representation holds:

J
(m)
ν1,...,νm(x) =

√
(m + 1)
(2π)m

(
x

m + 1

)∑
νi

×



m∏

k=1

ηk∏

j=1

(
1

m + 1
x

d

dx
+ νk + j

)
 I

(
k

m+1
−1

)
,
(
ηk− k

m+1
+νk+1

)
m+1,m {cosm+1(x)} ,

(4.1.38)
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where

ηk =

{ [
k

m+1
− νk − 1

]
+ 1 for non integer

(
k

m+1
− νk − 1

)

(
k

m+1
− νk − 1

)
for integer

(
k

m+1
− νk − 1

) , k = 1, . . . , m.

To prove the theorem, it is equivalent to prove the corresponding representation
concerning the “normalized” hyper-Bessel function, or which is the same thing, the gene-
ralized hypergeometric function 0Fm, m > 0. This result can be obtained from (4.1.37)
by the substitutions νk + 1 −→ bk, k = 1, . . . , m, x −→ (m + 1)x

1
m+1 .

Corollary 4.1.7. Let the conditions (4.1.31) be satisfied:

bk <
k

m + 1
, k = 1, . . . , m.

Then,

0Fm (b1, . . . , bm;−x) =

√
m + 1
(2π)m

D
(bk−1),

(
k

m+1
−bk

)
1,m

{
cosm+1

(
(m + 1)x

1
m+1

)}

=

√
(m + 1)3

(2π)m
x

1
m+1 D

(
bk− k

m+1

)
,
(

k
m+1

−bk

)
1,m





cosm+1

(
(m + 1)x

1
m+1

)

x
1

m+1



 ,

(4.1.39)

that is,

0Fm ((bk)m1 ;−x) =

√
m + 1
(2π)m




m∏

k=1

ηk∏

j=1

(
x

d

dx
+ bk + j − 1

)


×
1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(bk + ηk − 1)m1(

k
m+1

− 1
)m

1

]
cosm+1

[
(m + 1)(xσ)

1
m+1

]
dσ.

(4.1.40)

Proof. According to Definition 1.5.2,

D
(bk−1),

(
k

m+1
−bk

)
1,m = DηI

(
k

m+1
−1

)
,
(
ηk+bk− k

m+1

)
1,m ,

where Dη is the differential operator (4.1.34) and ηk, k = 1, . . . , m, are the integer
numbers (4.1.33). Then k

m+1
− bk > 0, ηk + bk − k

m+1
> 0, k = 1, . . . , m, and using the
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generalized Poisson integral formula (4.1.28) (Corollary 4.1.4), we obtain

c D
(bk−1),

(
k

m+1
−bk

)
1,m

{
cosm+1

(
(m + 1)x

1
m+1

)}
=

m∏

j=1

[
Γ

(
bj

)

Γ
(
bj + ηj

)
]

×Dη




√

m + 1
(2π)m




m∏

j=1

Γ
(
bj + ηj

)

 I

(
k

m+1
−1

)
,
(
bk+ηk− k

m+1

)
1,m cosm+1

(
(m + 1)x

1
m+1

)




=




m∏

j=1

Γ
(
bj

)

Γ
(
bj + ηj

)

 Dη {0Fm ((bk + ηk)m1 ;−x)} .

On the other hand, by virtue of Lemma 4.1.5,



m∏

j=1

Γ
(
bj

)

Γ
(
bj + ηj

)

 Dη {0Fm ((bk + ηk)m1 ;−x)} = 0Fm ((bk)m1 ;−x)

and thus the required representation (4.1.39) is established.

Conversely, for bk = νk + 1, k = 1, . . . , m, and x −→ ( x
m+1

)m+1, this expresion

multiplied by
(

x
m+1

)∑ νj , gives (4.1.37).

Corollary 4.1.8. For m = 1 Theorem 4.1.6, especially representation (4.1.37′), reduces
to the classical fractional derivative representation (4.0.3) of the Bessel function Jν(x)
[252]:

Jν(x) =
2√
π

(x

2

)1+ν
D

ν+ 1
2
,−ν− 1

2
2,1

{cos x

x

}
=

x−ν

2ν
√

π
D
−ν− 1

2

x2

{cos x

x

}
.

Taking the index ν of the form ν = −η − 1
2
, η = 0, 1, 2, . . ., we obtain the well-known

differential formula (4.0.2) for the spherical Bessel functions :

J−η− 1
2
(x) =

2η+ 1
2 xη+ 1

2√
π

dη

(dx2)η
{cos x

x

}
, η = 0, 1, 2, . . .

Let us proceed to a multiple analogue of this result.

Corollary 4.1.9. Let the indices of the hyper-Bessel function J
(m)
ν1,...,νm(x) be of the form

νk =
k

m + 1
− 1− ηk, with integers ηk ≥ 0, k = 1, . . . , m. (4.1.41)

Then, the fractional differentiation operator D
(νk),

(
k

m+1
−νk−1

)
m+1,m on the right-hand side of

(4.1.37) has the integers δk = ηk = k
m+1

− νk − 1, k = 1, . . . , m, as components of its
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multiorder of differentiation. Thus in Definition (1.5.19):

D
(νk),

(
k

m+1
−νk−1

)
m+1,m = DηI

(
νk+ k

m+1
−νk−1

)
,(ηk−δk)

m+1,m

=




m∏

k=1

ηk∏

j=1

(
1

m + 1
x

d

dx
+ νk + j

)
 I

(
k

m+1
−1

)
,(ηk−δk)

m+1,m ,

the fractional integration operator turns into the identity operator (ηk = δk, k =
1, . . . , m):

I

(
k

m+1
−1

)
,(ηk−δk)

m+1,m = I

(
k

m+1
−1

)
,(0)

m+1,m = I,

and hence,

D
(νk),

(
k

m+1
−νk−1

)
m+1,m = Dη =

m∏

k=1

ηk∏

j=1

(
1

m + 1
x

d

dx
+ νk + j

)

is a purely differential operator of integer order η = η1 + · · · + ηm. In this manner, we
obtain that if the indices of a hyper-Bessel function satisfy (4.1.41), then this function
can be represented by means of a differential operator Dη of integer order of cosm+1(x),
namely:

J
(m)(
−ηk+ k

m+1
−1

)m

1

(x) =

√
m + 1
(2π)m

(
x

m + 1

)∑
ηk

Dη {cosm+1(x)}

=

√
m + 1
(2π)m

(
x

m + 1

)∑
ηk




m∏

k=1

ηk∏

j=1

(
1

m + 1
x

d

dx
+

k

m + 1
− ηk + j − 1

)
 {cosm+1(x)} .

(4.1.42)

By analogy with the Bessel functions J−η− 1
2
(x) we call their multiple counterparts

J
(m)(
−ηk+ k

m+1
−1

) “spherical” hyper-Bessel functions (see also Appendix, Definition D.8 and

Klučantčev [218]).

If neither of the conditions

νk ≥
k

m + 1
− 1, νk <

k

m + 1
− 1

for the indices of a hyper-Bessel function J
(m)
ν1,...,νm hold simultaneously for all k =

1, . . . , m, then neither Theorem 4.1.1 nor Theorem 4.1.6 can be applied. Nevertheless,
a combination of such results holds. Namely, the corresponding hyper-Bessel function
can be represented as a differintegral operator of cosm+1(x), which is a composition of
Erdélyi-Kober fractional integrals and derivatives.

Such an example concerns the n-Bessel functions (see also Corollary 4.1.3 and Ap-
pendix, (D.20)-(D.21)). Let us start with the fractional integral representation (4.1.26).
The components

(
− k

2n + 1
)
, k = n + 1, . . . , 2n − 1, of the multiorder of “integration”
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are always positive, while the signs of the first n components
(
ν − k

2n + 1
)
, k = 1, . . . , n,

depend on the value of ν. When ν ≥ −1
2
, then ν − k

2n + 1 ≥ ν − n
2n + 1 > 0, k = 1, . . . , n.

On the contrary, if ν < 1
2n − 1, then ν − k

2n + 1 < 0 for all k = 1, . . . , n. In this case
we can decompose the (2n − 1)-tuple I-operator in (4.1.26) into two operators, n- and
(n− 1)-tuple ones, respectively:

I

(
k
2n−1

)
,

((
ν− k

2n+1
)n

1
,
(
− k

2n+1
)2n−1

n+1

)

2,2n−1 = I

(
k
2n−1

)
,
(
ν− k

2n+1
)n

1
2,n I

(
k
2n−1

)
,
(
1− k

2n

)2n−1

n+1

2,n−1 ,

interpret the first one as an n-tuple fractional derivative (according to Definitions 1.5.1
and 1.5.2):

I

(
k
2n−1

)
,
(
ν− k

2n+1
)n

1
2,n = D

(ν)nk=1
,
(

k
2n−ν−1

)n

k=1
2,n

=




m∏

k=1

ηk∏

j=1

(
1
2
x

d

dx
+ ν + j

)
 I

(
k
2n−1

)
,
(
ηk− k

2n+ν+1
)

2,n ,

where

ηk =

{ [
k
2n − ν − 1

]
+ 1 for non integer

(
k
2n − ν − 1

)

(
k
2n − ν − 1

)
for integer

(
k
2n − ν − 1

) , κ = 1, . . . , n. (4.1.43)

Thus, we obtain

Aν,n(x) =
√

n

π2n−1
2n−1

(x

2

)ν




m∏

k=1

ηk∏

j=1

(
1
2
x

d

dx
+ ν + j

)


× I

(
k
2n−1

)
,
(
ηk− k

2n+ν+1
)

2,n I

(
k
2n−1

)2n−1

n+1
,
(
1− k

2n

)2n−1

n+1

2,n−1

{
cos2n

(
2n

(x

2

) 1
n

)}

=
√

n

π2n−1
2n−1

(x

2

)ν




m∏

k=1

ηk∏

j=1

(
1
2
x

d

dx
+ ν + j

)


× I

(
k
2n−1

)
,

((
ηk− k

2n+ν+1
)n

1
,
(
1− k

2n

)2n−1

n+1

)

2,2n−1

{
cos2n

(
2n

(x

2

) 1
n

)}
,

since the composition of two generalized fractional integrals is a fractional integral too,
whose multiplicity is n + (n− 1) = (2n− 1) (see (1.3.12)). In this manner we obtain the
following result.

Corollary 4.1.10. If ν < 1
2n − 1, then the n-Bessel function (D.20) has the following
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differintegral representation:

Aν,n(x) =
√

n

π2n−1
2n−1

(x

2

)ν




m∏

k=1

ηk∏

j=1

(
1
2
x

d

dx
+ ν + j

)


×
1∫

0

G
2n−1,0
2n−1,2n−1


σ

∣∣∣∣∣∣∣

(ηk + ν)n1 , (0, . . . , 0︸ ︷︷ ︸
n−1

)

(
k
2n − 1

)2n−1

1


 cos2n

[
2n

(
x
√

σ

2

) 1
n

]
dσ,

(4.1.44)

where the integers ηk, k = 1, . . . , n, are defined by (4.1.43).

4.2. Poisson type integral representations of the generalized hypergeometric
functions

The basic idea used here consists of a well-known fractional integral relation between the
generalized hypergeometric functions p+1Fq+1 and pFq. In different variants, it can be
found in a series of handbooks and research papers: Erdélyi et al. [106], Askey [25, p.19],
Lavoie, Osler and Tremblay [252, p.261], etc., namely:

Rα {
xν−1

pFq
(
a1, . . . , ap; b1, . . . , bq; λx

)}

=
[

Γ(ν)
Γ (α + ν)

]
xα+ν−1

p+1Fq+1

(
ν, a1, . . . , ap; α + ν, b1, . . . , bq; λx

)
,

(4.2.1)

where Rα > 0, Rν > 0 (in particular, ν = 1 can be taken), p ≤ q + 1 (and |λx| < 1, if
p = q + 1).

We shall repeatedly use this relation in the following convenient form, taking into ac-
count the symmetry of the pFq-functions with respect to the sets of parameters a1, . . . , ap

and b1, . . . , bq.

Lemma 4.2.1. The Riemann-Liouville operator of integration of arbitrary order in-
creases by 1 the indices p, q of the generalized hypergeometric function pFq. More exactly:
if bq+1 > ap+1 > 0 and p ≤ q + 1, then

p+1Fq+1

(
a1, . . . , ap, ap+1; b1, . . . , bq, bq+1; λx

)

=
Γ

(
bq+1

)

Γ
(
ap+1

)x1−bq+1Rbq+1−ap+1
{
xap+1−1

pFq
(
a1, . . . , ap; b1, . . . , bq; λx

)}

=
Γ

(
bq+1

)

Γ
(
ap+1

)
1∫

0

(1− t)bq+1−ap+1−1

Γ
(
bq+1 − ap+1

) tap+1−1
pFq

(
a1, . . . , ap; α + ν, b1, . . . , bq; λtx

)
dt,

(4.2.2)
where λ is a constant, and in addition |λx| < 1 is required, if p = q + 1.

By the way, in terms of Erdélyi-Kober operators of fractional integration (1.1.17):

I
ak−1,bl−ak
1 = x1−blRbl−akxak−1, (4.2.3)
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relation (4.2.2) has the more concise form

p+1Fq+1

(
a1, . . . , ap, ap+1; b1, . . . , bq, bq+1; λx

)

= I
ap+1−1,bq+1−ap+1

1

{
pFq

(
a1, . . . , ap; b1, . . . , bq; λx

)}
.

(4.2.2′)

This result suggests that the generalized hypergeometric function pFq can be obtained
from one of the three “basic” hypergeometric functions





0Fq−p for p < q

1F1 for p = q

2F1 for p = q + 1
,

by means of a finite number of Erdélyi-Kober fractional integrals (4.2.3.).
On the other hand, the functions 1F1 and 2F1 can be represented as fractional in-

tegrals of corresponding elementary functions, these results being well known too. A
representation of the same type for the 0Fq−p-functions (q − p > 0) was proposed in
Section 4.1 (see (4.1.28)); in this case a (q − p)-tuple generalized fractional integral was
used.

Thus it remains to interpret the compositions of the Erdélyi-Kober operators (4.2.3)
arising in above considerations, as generalized fractional integration operators with sin-
gle integral representations involving Meijer’s G-functions. In this manner, we obtain
representations of the pFq-functions by means of definite integrals involving Meijer’s
G-function and some elementary functions.

4.2.i. Poisson integral representations of Bessel type generalized hypergeo-
metric functions pFq, p < q

Denote
m = q − p > 0.

For the hyper-Bessel functions 0Fq−p = 0Fm we dispose with Poisson type integral rep-
resentation (4.1.28) (Corollary 4.1.4).

Further, we use Lemma 4.2.1, as well as the basic results of Chapter 1 to prove the
following intermediate result.

Theorem 4.2.2. Let the conditions

bq−p+k > ak > 0, k = 1, . . . , p (4.2.4)

be satsfied. Then, each generalized hypergeometric function pFq, p < q of Bessel type is
an p-tuple (generalized) fractional integral of the hyper-Bessel function 0Fq−p, namely:

pFq
(
a1, . . . , ap; b1, . . . , bq; λx

)

=




p∏

j=1

Γ
(
bq−p+j

)

Γ
(
aj

)

 I

(γ′k),(δ
′
k)

1,p

{
0Fq−p

(
b1, . . . , bq−p; λx

)}
,

(4.2.5)
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where
γ′k = ak − 1, δ′k = bq−p+k − ak > 0, k = 1, . . . , p. (4.2.6)

In other words, the following integral representations hold under conditions (4.2.4):

pFq
(
a1, . . . , ap; b1, . . . , bq; λx

)

=




p∏

j=1

Γ
(
bq−p+j

)

Γ
(
aj

)



1∫

0

G
p,0
p,p

[
σ

∣∣∣∣
(
bq−p+j

)p
j=1(

aj
)p
j=1

]
σ−1

0Fq−p(λxσ)dσ

(4.2.7)

=




p∏

j=1

Γ
(
bq−p+j

)

Γ
(
aj

)



1∫

0

. . .

1∫

0

p∏

k=1

[
(1− tk)bq−p+k−ak−1 t

ak−1

k

]

× 0Fq−p
(
λxt1 . . . tp

)
dt1 . . . dtp. (4.2.7′)

under conditions (4.2.4)

Proof. Let us apply Lemma 4.2.1 to the function 0Fq−p = 0Fm:

1Fm+1 (a1; b1, . . . , bm+1; λx)

=
Γ (bm+1)
Γ (a1)

(
x1−bm+1Rbm+1−a1xa1−1

)
0Fm (b1, . . . , bm; λx) .

Similarly, we obtain

2Fm+2 (a1, a2; b1, . . . , bm+1, bm+2; λx)

=
Γ (bm+2)
Γ (a2)

(
x1−bm+2Rbm+2−a2xa2−1

)
1Fm+1 (a1; b1, . . . , bm+1; λx) .

=
Γ (bm+1) Γ (bm+2)

Γ (a1) Γ (a2)

(
x1−bm+2Rbm+2−a2xa2−1

)(
x1−bm+1Rbm+1−a1xa1−1

)

× 0Fm (b1, . . . , bm; λx) .

In this manner, after p-times application of Lemma 4.2.1 we get the relation

pFq
(
a1, . . . , ap; b1, . . . , bq; λx

)

=
p∏

j=1

[
Γ

(
bm+j

)

Γ
(
aj

) x1−bm+jRbm+j−ajxaj−1

]
0Fm (b1, . . . , bm; λx)

=




p∏

j=1

Γ
(
bm+j

)

Γ
(
aj

)



[
x1−bm+pRbm+p−apxap−bm+p−1Rbm+p−1−ap−1 . . . xa1−1

]
0Fm(λx).

It is more convenient to express the multipliers in the second line of this equality as
Erdélyi-Kober fractional integrals (1.1.17), according to the general relation

I
γ,δ
1 f(x) =

{
x−(γ+δ)Rδxγ

}
f(x), (4.2.8)
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now having the form (4.2.3). Then,

pFq
(
a1, . . . , ap; b1, . . . , bq; λx

)
=

p∏

j=1

[
Γ

(
bm+j

)

Γ
(
aj

) I
aj−1,bm+j−aj
1

]
0Fm(λx)

=
p∏

j=1

[
Γ

(
bm+j

)

Γ
(
aj

) I
aj−1,bm+j−aj
1,1

]
0Fm(λx) =




p∏

j=1

Γ
(
bm+j

)

Γ
(
aj

)

 I

(ak−1),(bm+k−ak)
1,p 0Fm(λx),

due to the “composition” Theorem 1.2.10. Using the explicit representations (1.1.6) and
(1.2.25) of the p-tuple fractional integrals

I
(ak−1),(bm+k−ak)
1,p =

p∏

k=1

I
ak−1,bm+k−ak
1 , (4.2.9)

we obtain the integral representations (4.2.7), (4.2.7′).
Note. Representation (4.2.7′) can be found also in Prudnikov, Brychkov and Marichev
[369, p.438,(11)]. The concept used here has been proposed in the author’s papers [196],
[81]. The same idea is used repeatedly in Sections 4.2.ii, 4.2.iii and 4.3 and in Kiryakova
[198], [200], [209].

Example. Let us consider the case p = 1, q = 2, when m = q−p = 1. Then, for c > a > 0,
representations (4.2.7)-(4.2.7′) take the form

1F2(a; b, c; λx) =
Γ(c)

Γ(a)Γ(c− a)

1∫

0

(1− t)c−a−1ta−1
0F1(b; λxt)dt,

or (with λ = −1),

1F2(a; b, c;−x) =
Γ(b)Γ(c)

Γ(a)Γ(c− a)

1∫

0

(1− t)c−a−1tα−
b+1
2 Jb−1

(
2
√

xt
)

dt.

This is a fractional integral relation between the Bessel and 1F2-functions. On the
other hand,

1F2(a; b; c;−x) =
Γ(b)Γ(c)

Γ(a)
G

1,1
1,3

[
x

∣∣∣∣
1− a

0, 1− b, 1− c

]
,

and this G-function is a “named” special function if, for instance, a = 1
2
, b = 1 − ν,

c = 1 + ν (see [106, I, 5.6], formulas (1), (21)):

G
1,1
1,3

[
x

∣∣∣∣
1
2

0, ν,−ν

]
=
√

πJν
(√

x
)
J−ν

(√
x
)
.

In this case Theorem 4.2.1, and the above example ,in particular, give the following
result.

220



Corollary 4.2.3. If −1
2

< ν < 1
2
, then the integral relationship

Jν (x) J−ν (x) =
x−ν

√
πΓ

(
1
2
− ν

)
1∫

0

(1− t)−
1
2
−νt−

ν+1
2 Jν

(
2x
√

t
)

dt (4.2.10)

holds.

Theorem 4.2.4. Let p < q and let the conditions

bk >
k

q − p + 1
, k = 1, . . . , q − p; bq−p+k > ak > 0, k = 1, . . . , p (4.2.11)

be satisfied. Then, the pFq-function, p < q (the generalized hypergeometric function of
Bessel type) is a generalized q-tuple fractional integral of cosq−p+1(x), namely:

pFq
(
a1, . . . , ap; b1, . . . , bq;−x

)
= AI

(γk),(δk)
1,q

{
cosq−p+1

(
(q − p + 1)x

1
q−p+1

)}
, (4.2.12)

where

A =

√
q − p + 1
(2π)q−p




q∏
j=1

Γ
(
bj

)

p∏
i=1

Γ (ai)




and the parameters γk, δk, k = 1, . . . , q are defined as follows:

γk =
{ k

q−p+1
− 1, k = 1, . . . , q − p

ak−q+p − 1, k = q − p + 1, . . . , q
; δk =

{
bk − k

q−p+1
, k = 1, . . . , q − p

bk − ak−q+p, k = q − p + 1, . . . , q.
(4.2.13)

Relation (4.2.12) means that the following Poisson type integral representations of pFq,
p < q hold:

pFq
(
a1, . . . , ap; b1, . . . , bq;−x

)
= A

1∫

0

G
q,0
q,q

[
σ

∣∣∣∣∣
(bk)qk=1(

k
q−p+1

)q−p

k=1
,
(
ak−q+p

)q
k=q−p+1

]

× σ−1 cosq−p+1

[
(q − p + 1)(xσ)

1
q−p+1

]
dσ

(4.2.14)

= A

1∫

0

. . .
(q)

1∫

0

q−p∏

k=1


(1− tk)bk− k

q−p+1
−1

Γ
(
bk − k

q−p+1

) t
k

q−p+1
−1

k




×
q∏

k=q−p+1

[
(1− tk)bk−ak−q+p−1

Γ
(
bk − ak−q+p

) t
ak−q+p−1

k

]

× cosq−p+1

[
(q − p + 1)(xt1 . . . tq)

1
q−p+1

]
dt1 . . . tq.

(4.2.14′)
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Proof. Indeed,

pFq
(
a1, . . . , ap; b1, . . . , bq;−x

)
= Γ I

(γ′k),(δ
′
k)

1,p

{
0Fq−p

(
b1, . . . , bq−p;−x

)}

= ΓI
(γ′k),(δ

′
k)

1,p

{
I

(
k

q−p+1
−1

)
,
(
bk− k

q−p+1

)
1,p cosq−p+1

(
(q − p + 1)x

1
q−p+1

)}

with c =
√

(q − p + 1)(2π)q−p, Γ =
p∏

i=1

[
Γ(bq−p+i)

Γ(ai)

]
. Further, we denote A = cΓ. Due to

(1.3.12) (Theorem 1.3.8) we have that the product

I
(γ′k),(δ

′
k)

1,p I

(
k

q−p+1
−1

)
,
(
bk− k

q−p+1

)
1,q−p = I

(γk),(δk)
1,p

is a generalized fractional integral of multiplicity p+(q−p) = q. This operator has explicit
representations of form (1.1.6) or (1.2.25), leading to (4.2.14), (4.2.14′), respectively. The
proof is over.

Example. In the case m = q−p = 1, Theorem 4.2.4 gives a representation of the function

pFp+1(−x) =

p+1∏
1

Γ
(
bj

)

p∏
1

Γ (ai)
G

1,p
p,p+2

[
x

∣∣∣∣
(1− ak)pk=1

0, (1− bk)p+1

k=1

]

as a generalized (p + 1)-tuple fractional integral of the usual cosine function. For p =
1, 2 and for a special choice of the parameters, the G

1,p
p,p+2-functions reduce themselves

to Lommel and Struve functions Sµ,ν(x), Hν(x) ((C.8)-(C.9)), to products of Bessel
functions , etc. For example, we have (see [106, I, 5.6] and [286, p. 58]):

G
1,1
1,3

[
x

∣∣∣∣
1
2

0, ν,−ν

]
=
√

πJν
(√

x
)
J−ν

(√
x
)
, G

1,1
1,3

[
x

∣∣∣∣
1
2

0, ν,−ν

]

=
√

πJ2
ν

(√
x
)
, G

1,2
2,4

[
x

∣∣∣∣
λ
2
, λ+1

2
λ+µ+ν

2
, λ−µ+ν

2
, λ+µ−ν

2
, λ−µ−ν

2

]
.

In this way formula (4.2.14′) leads to the following special cases (corollaries of represen-
tation (4.2.14) can also be written).

Corollary 4.2.5. (Poisson type integral representation of the product xλJν(x)J−ν(x))
For −1

2
< ν < 1

2
:

xλJν(x)J−ν(x) =
xλ
√

π

1∫

0

1∫

0

(1− t1)−ν− 1
2 (1− t2)ν−

1
2

Γ
(−ν + 1

2

)
Γ

(
ν + 1

2

) (t1t2)−
1
2 cos

(
2x
√

t1t2
)
dt1dt2.

(4.2.15)
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Corollary 4.2.6. (Poisson type representation of xλJ2
ν(x)) For ν > −1

4
:

xλJ2
ν(x) =

xλ+ν
2√

π

1∫

0

1∫

0

(1− t1)2ν− 1
2 (1− t2)−

1
2

Γ
(
2ν + 1

2

) t
− 1

2
1 t

ν− 1
2

2 cos
(
2x
√

t1t2
)
dt1dt2. (4.2.16)

Corollary 4.2.7. (Poisson type integral representation of the product xλJµ(x)Jν(x))
For λ > µ > 1

2
, µ + ν > −1:

xλJµ(x)Jν(x) =
xλ+µ+ν
√

π

1∫

0

1∫

0

1∫

0

(1− t1)µ−
1
2 (1− t2)

ν−µ
2
−1 (1− t3)

µ+ν−1

2

Γ
(
µ + 1

2

)
Γ

(
ν−µ

2

)
Γ

(
µ+ν−1

2

)

× t
− 1

2
1 t

µ+ν
2

2 t
µ+µ−1

2
3 cos

(
2x
√

t1t2t3
)
dt1dt2dt3.

(4.2.17)

Let us note that after the substitutions tk = sin2θk, k = 1, 2, . . ., integrals (4.2.15)-
(4.2.17) acquire the “standard” form of the Poisson type integrals, for example:

xλJµ(x)Jν(x) =
8√
π

.
xλ+µ+ν

Γ
(
µ + 1

2

)
Γ

(
ν−µ

2

)
Γ

(
µ+ν−1

2

)

×
π
2∫

0

π
2∫

0

π
2∫

0

cos2µ θ1 cosν−µ−1 θ2 cosµ+ν θ3 sinµ+ν+1 θ2 sinµ+ν θ3

× cos (2x sin θ1 sin θ2 sin θ3) dθ1dθ2dθ3.

(4.2.17′)

As far as we know, representations (4.2.14)-(4.2.17) seem to be new.

4.2.ii. Poisson integral representations of confluent type generalized hyper-
geometric functions pFq

In this case, Lemma 4.2.1 takes the form

k+1Fk+1 (a1, . . . , ak+1; b1, . . . , bk+1; λx)

=
Γ (bk+1)
Γ (ak+1)

x1−bk+1Rbk+1−ak+1xak+1−1
kFk (a1, . . . , ak; b1, . . . , bk; λx)

=
Γ (bk+1)
Γ (ak+1)

I
ak+1−1,bk+1−ak+1

1 kFk(λx) =
Γ (bk+1)
Γ (ak+1)

I
ak+1−1,bk+1−ak+1

1,1 { kFk(λx)} .

(4.2.18)
On the other hand, we have the following known representation of the basic function

1F1 (see e.g. [107, p.187, (14)] or [252, p. 261]).

Lemma 4.2.8. For b > a > 0:

1F1(a; b; λx) = Φ(a; b; λx) =
Γ(b)
Γ(a)

x1−bRb−axa−1
{

eλx
}

, (4.2.19)
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or in terms of Erdélyi-Kober operators:

1F1(a; b; λx) =
Γ(b)
Γ(a)

I
a−1,b−a
1

{
eλx

}

=
Γ(b)
Γ(a)

x1−aI
0,b−a
1

{
xa−1eλx

}
,

(4.2.19′)

if we wish to preserve the power multiplier xa−1 with the exponential function eλx.
Now, from (4.2.18) and (4.2.19′) we obtain the following result.

Theorem 4.2.9. (Poisson type integral representation of pFp) Let p = q and

bk > ak > 0, k = 1, . . . , p. (4.2.20)

Then, the generalized hypergeometric function pFp(λx) is an p-tuple fractional integral

of the elementary function
{

xa1−1eλx
}
, namely:

pFp
(
a1, . . . , ap; b1, . . . , bp; λx

)
= Γ′x1−a1I

(γk),(δk)
1,p

{
xa1−1eλx

}
, (4.2.21)

where γk = ak − a1, δk = bk − ak, k = 1, . . . , p, and Γ′ =
p∏

j=1

Γ(bj)
Γ(aj)

. This relation yield

the following integral representations:

pFp(a1, . . . , ap; b1, . . . , bq; λx) = Γ′
1∫

0

G
p,0
p,p

[
σ

∣∣∣∣
(bk)pk=1

(ak)pk=1

]
σ−1 exp(λxσ)dσ (4.2.22)

and

pFp
(
a1, . . . , ap; b1, . . . , bp; λx

)

= Γ′
1∫

0

. . .
(p)

1∫

0

p∏

k=1

[
(1− tk)bk−ak−1 t

ak−1

k

Γ (bk − ak)

]
exp

(
λxt1 . . . tp

)
dt1 . . . dtp.

(4.2.22′)

Proof. Relation (4.2.18) applied subsequently (p− 1) times to

pFp
(
a1, . . . , ap; b1, . . . , bp; λx

)
,

yields:

pFp(λx) =
Γ

(
bp

)

Γ
(
ap

)I
ap−1,bp−ap
1,1

{
p−1Fp−1(λx)

}

=
Γ

(
bp

)
Γ

(
bp−1

)

Γ
(
ap

)
Γ

(
ap−1

)I
ap−1,bp−ap
1 I

ap−1−1,bp−1−ap−1

1

{
p−2Fp−2(λx)

}

= . . . =
p∏

k=2

[
Γ (bk)
Γ (ak)

I
ak−1,bk−ak
1

]
{ 1F1(λx)} =

[ p∏

k=2

Γ (bk)
Γ (ak)

]
I
(ak−1),(bk−ak)
1,p−1 { 1F1(λx)} .

224



Further, we use (4.2.19′) and property (1.3.3) of the generalized fractional integrals, to
obtain the representation

pFp(λx) =

[ p∏

k=1

Γ (bk)
Γ (ak)

]
I
(ak−1),(bk−ak)
1,p−1 I

0,b1−a1

1

{
xa1−1eλx

}

=

[ p∏

k=1

Γ (bk)
Γ (ak)

]
I
(ak−a1),(bk−ak)
1,p−1 x1−a1I

0,b1−a1

1

{
xa1−1eλx

}

=

[ p∏

k=1

Γ (bk)
Γ (ak)

]
x1−a1I

(ak−a1),(bk−ak)
1,p x1−a1

{
xa1−1eλx

}
,

due to the composition property (1.3.12). The same result can be written also in the
concise form

pFp(λx) =

[ p∏

k=1

Γ (bk)
Γ (ak)

]
I
(ak−1),(bk−ak)
1,p−1 I

a1−1,b1−a1

1

{
eλx

}

=

[ p∏

k=1

Γ (bk)
Γ (ak)

]
I
(ak−1),(bk−ak)
1,p

{
eλx

}
.

(4.2.23)

It remains now to replace the generalized fractional integrals by their explicit integral
representations.

Remark 1. Since the function pFp is symmetric with respect to the parameters a1, a2,
. . ., ap, we can replace the parameter a1 in formula (4.2.21) by any one al, l = 1, . . . , p.

Remark 2. Formula (4.2.21) can be seen as a formal corollary of Theorem 4.2.4 with
m = q − p = 0, when cosm+1

(
(m + 1)x

1
m+1

)
= cos1 x = e−x (see Appendix, Definition

D.2). Remark 3. Theorem 4.2.9 (in particular, Lemma 4.2.8) is not applicable to the
Laguerre polynomials

Lα
n(x) =

(
n + α

n

)
1F1(−n; α + 1; x), n = 0, 1, 2, . . . ,

since b− a = α +1+ n > 0 but the other condition a = −n > 0 is not fulfilled. However,
there is another well-known relation between this confluent hypergeometric function and
the elementary function x−a1+b1−1e−x = xn+αe−x. This is the corresponding Rodrigues
differential formula for L

(α)
n (x) (see Appendix, (C.18))
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4.2.iii. Poisson integrals for the generalized hypergeometric functions of
Gauss type (p = q + 1)

Now we use Lemma 4.2.1 in the following form:

(k+1)+1Fk+1 (a1, . . . , ak+1, ak+2; b1, . . . , bk+1; λx)

=
Γ (bk+1)
Γ (ak+2)

x1−bk+1Rbk+1−ak+2xak+2−1
k+1Fk (a1, . . . , ak+1; b1, . . . , bk; λx)

=
Γ (bk+1)
Γ (ak+2)

I
ak+2−1,bk+1−ak+2

1 { k+1Fk(λx)} ,

(4.2.24)

provided bk+1 > ak+2 > 0, k = 1, 2, . . ., and |λx| < 1. For bevity we take λ := ε = ±1.

Suppose b2 > a3 > 0, . . . , bq > aq+1 > 0 and |x| < 1. Then, by (q − 1)-times
application of relation (4.2.24) we obtain, analogously to the previous considerations,
that

q+1Fq
(
a1, . . . , aq+1; b1, . . . , bq; εx

)

=

[q−1∏

k=1

Γ (bk+1)
Γ (ak+2)

]
I
(ak+2−1)q−1

1
,(bk+1−ak+2)

q−1

1

1,q−1 { 2F1(εx)} ,
(4.2.25)

i.e. q+1Fq is an (q − 1)-tuple fractional integral of 2F1.

In a modified form, this result can be found, for example, in Owa and Srivastava [352,
(56)].

On the other hand, we have a known fractional integral representation of the Gauss
hypergeometric function 2F1 by means of elementary function (see [107, p.186, (9)] or
[252, p. 261]). It is given by the following lemma.

Lemma 4.2.10. Let b1 > a2 > 0 and |x| < 1, ε = ±1. Then,

2F1 (a1, a2; b1; εx) =
Γ (b1)
Γ (a2)

x1−b1Rb1−a2xa2−1
{
(1− εx)−a1

}
, (4.2.26)

or in terms of Erdélyi-Kober operators I
γ,δ
β ,

2F1 (a1, a2; b1; εx) =
Γ (b1)
Γ (a2)

I
a2−1,b1−a2

1

{
(1− εx)−a1

}

=
Γ (b1)
Γ (a2)

x1−a2I
0,b1−a2

1

{
xa2−1(1− εx)−a1

}
.

(4.2.26′)

Note. Let us note that this relation can be extended analytically outside the unit disk
|x| < 1, provided | arg(1− εx)| < π.
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Combining (4.2.25) and (4.2.26′), we reach the final result:

q+1Fq (εx) = Γ′′I(ak+2−1)q−1

1
,(bk+1−ak+2)

q−1

1

1,q−1 I
a2−1,b1−a2

1

{
(1− εx)−a1

}

= Γ′′I(ak+2−1)q−1

0
,(bk+1−ak+2)

q−1

0
1,q

{
(1− εx)−a1

}
= Γ′′I(ak+1−1)q

1
,(bk−ak+1)

q
1

1,q

{
(1− εx)−a1

}
,

(4.2.27)

where Γ′′ =
q∏

j=1

[
Γ(bj)

Γ(aj+1)

]
, or in other forms:

q+1Fq (εx) = Γ′′I(ak+1−1)q
2
,(bk−ak+1)

q
2

1,q x1−a2I
0,b1−a2

1

{
xa2−1(1− εx)−a1

}

= Γ′′x1−a2I
(ak+1−1)q

1
,(bk−ak+1)

q
1

1,q

{
xa2−1(1− εx)−a1

}
.

In this manner we have already proved the following theorem.

Theorem 4.2.11. Let p = q + 1 and let the conditions

bk > ak > 0, k = 1, . . . , q (4.2.28)

hold. Then, in the unit disk |x| < 1 the generalized hypergeometric function of Gauss
type q+1Fq(εx) (ε = ±1) is an q-tuple generalized fractional integral of the elementary
function xa2−1 (1− εx)−a1, namely:

q+1Fq
(
a1, . . . , aq+1; b1, . . . , bq;±x

)

= Γ′′x1−a2I
(ak+1−1)q

1
,(bk−ak+1)

q
1

1,q

{
xa2−1(1∓ x)−a1

}
.

(4.2.29)

This means that the following Poisson type integral representation holds:

q+1Fq (±x) = Γ′′
1∫

0

G
q,0
q,q

[
σ

∣∣∣∣
(bk)
(ak+1)

]
σ−1(1∓ xσ)−a1dσ, (4.2.30)

or in terms of repeated integrals:

q+1Fq
(
a1, . . . , aq+1; b1, . . . , bq;±x

)

=




q∏

j=1

Γ
(
bj

)

Γ
(
aj+1

)
Γ

(
bj − aj+1

)



1∫

0

. . .
(q)

1∫

0

q∏

j=1

[
(1− tk)bk−ak+1−1 t

ak+1−1

k

]

× (
1∓ xt1 . . . tq

)−a1 dt1 . . . dtq.

(4.2.30′)

Remark . The repeated integral representation (4.2.30′) can be found also in Prudnikov,
Brychkov and Marichev [369, p. 438, (10)].
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Corollary 4.2.12. For q = 1, ε = 1 representations (4.2.30-30′) coincide with Lemma
4.2.10, written in the form of the known Euler formula for the Gauss function (see [106,
I, p.72, (10)]):

2F1 (a1, a2; b1; x) =
Γ (b1)

Γ (a2) Γ (b1 − a2)

1∫

0

(1− t)b1−a2−1ta2−1

(1− xt)a1
dt, (4.2.31)

valid for b1 > a2 > 0 and |x| < 1. This formula proposes a way
for an analytical continuation of 2F1(x) outside the unit disk to
the domain | arg(1− x)| < π, where the right-hand side of (4.2.31)
represents an analytical function of x (see the Remark in [106, I, p.
72]). For the same reasons, formulas (4.2.30), (4.2.30′) can serve
as analytical extension of the generalized hypergeometric functions
q+1Fq(x), q ≥ 1 from the unit disk |x| < 1 to the domain | arg(1−
x)| < π.

For other Poisson type integral representations the reader is referred also to the useful
works of Askey [25], Koornwinder [233], Prudnikov, Brychkov and Marichev [369]-[370],
etc.

4.3. Fractional derivative representation of the generalized hypergeometric
functions (Analogues of the Rodrigues formulas)

Rodrigues type formulas for defining special functions of mathematical physics and for
developing their theory and applications, have been recently used by many authors like:
Al-Bassam [10], [13]-[17], Al-Bassam and Kalla [22], Askey [25], Nikiforov and Uvarov
[318]-[319], Rusev [414], Srivastava [460], Srivastava, Lavoie and Tremblay [469], etc. The
results presented here have been inspired by the paper of Lavoie, Osler and Tremblay
[252]. They are published, in parts, in the author’s papers [198], [200], [202], [209].

“At times the representation by fractional derivatives is more convenient than that by
power series and by definite integrals because the notation itself suggests manipulations
which would otherwise not seem obvious. As an example, the definite integral (the so-
called Sonine integral for the Bessel functions)

x∫

0

J−β− 1
2
(t)

(
x2 − t2

)−α−1
t−β+ 1

2 dt = 2−a+ 1
2 x−α−β− 1

2 J−α−β− 1
2
(x),

in fractional derivative notation, is nothing but the obvious relation

Dα
x2D

β
x2

{cos x

x

}
= D

α+β
x2

{cos x

x

}
.

Mathematicians have more experience with Dn and fortunately, this experience often
carries over to Dα” [252, p. 240-241].
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In the above-cited paper, fractional derivative (in the classical sense) representations
for the Bessel functions Jν(x) as well as for both other basic hypergeometric functions 1F1,
2F1, have been mentioned, as natural extensions of the fractional integral representations
in Lemmas 4.2.8, 4.2.10 for negative orders of integration. From this point of view,
it might be expected that the integral representations of pFq found in Section 4.2 could
be extended to differintegral (differential or integro-differential) representations when the
components of the corresponding multiorders of “integration” are negative. Furthermore,
in Section 4.1 we have shown that such an extension holds in the case of hyper-Bessel
functions 0Fm. Now, we prove this hypothesis for pFq in the general case p ≤ q + 1.
Some special cases are considered when the representations are purely differential and
the corresponding generalized hypergeometric functions are said to be “spherical” hyper-
geometric functions.

The basic results used now as a starting point are the fractional derivative analogues of
Lemmas 4.2.1, 4.2.8, 4.2.10, mentioned in [252] as well as in other papers on this subject.
To illustrate the manner in which results for fractional integrals can be transferred into
corresponding ones for fractional derivatives, we also give sketches of the proofs and
stress on the conditions under which these analogues hold.

Lemma 4.3.1. If ap+1 > aq+1 > 0, then the fractional derivative relation holds:

p+1Fq+1

(
a1, . . . , ap+1; b1, . . . , bq+1; λx

)

=
Γ

(
bq+1

)

Γ
(
ap+1

)
(
x1−bq+1Dap+1−bq+1xap+1−1

)

× pFq
(
a1, . . . , ap; b1, . . . , bq; λx

)
,

(4.3.1)

where p ≤ q+1 (if p = q+1, then |λx| < 1 or | arg(1−λx)| < π is additionally required).

Remark . Here Dδ denotes the classical fractional derivative (1.5.7) of order δ > 0. In
the sense of Chapter 1, the one-tuple (single) generalized fractional derivative, i.e. the
so-called Erdélyi-Kober fractional derivative (1.6.7′) has the form

D
γ,δ
1,1 = D

γ,δ
1 = x−γDδxγ+δ, δ > 0, (4.3.2)(

cf. I
γ+δ
1 = x−(γ+δ)Rδxγ

)

and the m-tuple fractional derivatives are compositions of m single derivatives:

D
(γk),(δk)
β,m = D

γm,δm
β,1

(
. . . D

γ1,δ1

β,1

)
. Their explicit representations are given by Definition

1.5.4.

Taking into account (4.3.2), we can write down relation (4.3.1) in the concise form

p+1Fq+1(λx) =
Γ

(
bq+1

)

Γ
(
ap+1

)D
bq+1−1,ap+1−bq+1

1,1

{
pFq(λx)

}
. (4.3.1′)
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This result shows that p+1Fq+1 can be obtained from pFq by application of a suitable
Erdélyi-Kober fractional derivative, and so, from one of the basic functions 0Fq−p, 1F1

or 2F1, by means of a composition of such derivatives.

Proof. For ap+1 > bq+1 we introduce the integer

η =
{ [

ap+1 − bq+1

]
+ 1, if

(
ap+1 − bq+1

)
is non integer(

ap+1 − bq+1

)
, if

(
ap+1 − bq+1

)
is integer.

Then, by the classical definition of the Riemann-Liouville fractional derivative:

Dap+1−bq+1 =
(

d

dx

)η

Rη−(ap+1−bq+1) with η − (
ap+1 − bq+1

) ≥ 0.

Now, we can use the fractional integral representation (4.2.1):

Dap+1−bq+1
{
xap+1−1

pFq(λx)
}

=
(

d

dx

)η

Rη−(ap+1−bq+1) {
xap+1−1

pFq(λx)
}

=
(

d

dx

)η
{

Γ
(
ap+1

)

Γ
(
bq+1 + η

)xbq+1+η−1
p+1Fq+1

(
a1, . . . , ap+1; b1, . . . , bq,

(
bq+1 + η

)
; λx

)
}

.

According to Prudnikov, Brychkov and Marichev [369, p.442, (51)] (see also Luke [272,
I]), the right-hand side of this equality gives

Γ
(
ap+1

)

Γ
(
bq+1 + η

) Γ
(
bq+1 + η

)

Γ
(
bq+1

) xbq+1+η−1−η
p+1Fq+1

(
a1, . . . , ap+1; b1, . . . , bq+1; λx

)
.

Multiplied by Γ(bq+1)
Γ(ap+1)

x1−bq+1, this expression gives exactly p+1Fq+1(λx).

Further, we consider separately the cases p < q, p = q and p = q + 1.

4.3.i. Rodrigues type formulas for the generalized hypergeometric functions
pFq, p < q

Theorem 4.3.2. Let p < q and ai > bi > 0, i = 1, . . . , p. Then, the generalized hy-
pergeometric function of Bessel type pFq is an p-tuple fractional derivative of the hyper-
Bessel function 0Fq−p, namely:

pFq

(
(ai)

p
i=1

;
(
bj

)p
j=1

;
(
bj+p

)q−p
j=1

; λx
)

=

[ p∏

i=1

Γ (bi)
Γ (ai)

]
D

(bk−1),(ak−bk)
1,p

{
0Fq−p

((
bj+p

)q−p
j=1

; λx
)}

.
(4.3.3)
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Proof. We apply Lemma 4.3.1 p-times to 0Fm, where m = q− p > 0 is denoted. For
ai > bi > 0, i = 1, . . . , m, we obtain in turn:

1Fm+1

(
ap; bp,

(
bj+p

)m
j=1

; λx
)

=
Γ

(
bp

)

Γ
(
ap

)
(
x1−bpDap−bpxap−1

)
0Fm

((
bj+p

)m
j=1

; λx
)

,

. . . . . . . . .

. . . . . . . . .

pFm+p

(
a1, . . . , ap; b1, . . . , bp,

(
bj+p

)m
j=1

; λx
)

=
p∏

k=1

[
Γ (bk)
Γ (ak)

x1−bkDak−bkxak−1

]
0Fm

((
bj+p

)m
j=1

; λx
)

.

Then, we replace Dak−bk by D
0,ak−bk
1,1 xbk−ak and use property (1.6.3) to remove all the

power functions of x in front of the Erdélyi-Kober fractional derivatives. The same can
be done directly using (4.3.2), that is:

pFq(λx) =

[ p∏

k=1

Γ (bk)
Γ (ak)

D
bk−1,ak−bk
1,1

]
0Fq−p(λx).

This composition of single fractional derivatives can be written as an p-tuple generalized
fractional derivative, which gives (4.3.3).

Now let us combine Theorem 4.3.2 with the fractional derivative representation of
the hyper-Bessel functions 0Fq−p found in Theorem 4.1.6, more especially in Corollary
4.1.7. In this manner we obtain the following proposition (Kiryakova, [198]).

Theorem 4.3.3. (Fractional derivative representation of the generalized hypergeometric
functions of Bessel type) Let p < q and

ak > bk > 0, k = 1, . . . , p;
k − p

q − p + 1
> bk > 0, k = p + 1, . . . , q. (4.3.4)

Then, the function pFq, p < q, is an q-tuple fractional derivative of cosq−p+1(x), namely:

pFq
(
a1, . . . , ap; b1, . . . , bq;−x

)
=

√
q − p + 1
(2π)q−p




q∏
i=1

Γ (bi)

p∏
j=1

Γ
(
aj

)




×D
(γk),(δk)
1,q

{
cosq−p+1

(
(q − p + 1)x

1
q−p+1

)}
,

(4.3.5)

where

γk = bk − 1, k = 1, . . . , q; δk =
{

ak − bk k = 1, . . . , p
k−p

q−p+1
− bk k = p + 1, . . . , q.

(4.3.6)
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The explicit representation has the form (see Definition 1.5.4):

pFq
(
a1, . . . , ap; b1, . . . , bq;−x

)
=

√
q − p + 1
(2π)q−p




q∏
i=1

Γ (bi)

p∏
j=1

Γ
(
aj

)




×



q∏

k=1

ηk∏

j=1

(
x

d

dx
+ bk + j − 1

)


1∫

0

G
q,0
q,q

[
σ

∣∣∣∣∣
(bk − 1 + ηk)q1
(ak − 1)p1 ,

(
k−p

q−p+1
− 1

)q

p+1

]

× cosq−p+1

[
(q − p + 1)(xσ)

1
q−p+1

]
dσ,

(4.3.7)

where the integers ηk, k = 1, . . . , q, are chosen in the following way:

ηk =
{

[ak − bk] + 1, if (ak − bk) is non integer,
(ak − bk) , if (ak − bk) is integer,

for k = 1, . . . , p,

and

ηk =

{ [
k−p

q−p+1
− bk

]
+ 1, if

(
k−p

q−p+1
− bk

)
is non integer,

(
k−p

q−p+1
− bk

)
, if

(
k−p

q−p+1
− bk

)
is integer,

for k = p + 1, . . . , q.

Proof. The following property (see Section 1.6) is used:

D
(bi−1),(ai−bi)
1,p D

(bj+p−1),
(

j
q−p+1

−bj+p

)
1,q−p = D

(γk),(δk)
1,p+(q−p)=q.

Corollary 4.3.4. Let the parameters b1, . . . , bq of pFq, p < q, have the form

bk =
{

ak − ηk > 0 for k = 1, . . . , p,
k−p

q−p+1
− ηk > 0 for k = p + 1, . . . , q,

(4.3.8)

with some negative integers η1, . . . , ηq, that is: let the multiorder
(
δ1, . . . , δq

)
of the ge-

neralized fractional derivative in (4.3.5) consist of integers δk = ηk, k = 1, . . . , q. Then,

D
(γk),(δk)
1,q is a purely differential operator Dη of integer order η =

(
η1 + · · ·+ ηq

)
. In

this manner we obtain the following differential formula for the “spherical” Bessel type
generalized hypergeometric functions pFq (that is, for the functions pFq, p < q with
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parameters (4.3.8)):

pFq
((

a′i
)p
i=1

;
(
a′k − ηk

)q
k=1

;−x
)

=

√
q − p + 1
(2π)q−p




q∏
i=1

Γ
(
a′i − ηi

)

p∏
j=1

Γ
(
a′j

)


 Dη

{
cosq−p+1

(
(q − p + 1)x

1
q−p+1

)}

=

√
q − p + 1
(2π)q−p




q∏
i=1

Γ
(
a′i − ηi

)

p∏
j=1

Γ
(
a′j

)







q∏

k=1

ηk∏

j=1

(
x

d

dx
− a′k − j

)


×
{

cosq−p+1

(
(q − p + 1)x

1
q−p+1

)}
,

(4.3.9)

where the auxiliary parameters a′k > 0 are defined by

a′k =
{

ak for k = 1, . . . , p
k−p

q−p+1
for k = p + 1, . . . , q.

4.3.ii. Rodrigues type formulas for the confluent generalized hypergeometric
functions (p = q)

Lemma 4.3.5. If a1 > b1 > 0, then the confluent hypergeometric function Φ(a1; b1; x) =
1F1(x) is a fractional derivative of the elementary function xa1−1ex, viz.:

1F1 (a1; b1; λx) =
Γ (b1)
Γ (a1)

x1−b1Da1−b1

{
xa1−1eλx

}
, (4.3.10)

or in terms of the Erdélyi-Kober fractional derivatives:

1F1 (a1; b1; λx) =
Γ (b1)
Γ (a1)

D
1−b1,a1−b1

1,1

{
eλx

}

=
Γ (b1)
Γ (a1)

x1−a1D
b1−a1,a1−b1

1,1

{
xa1−1eλx

}
.

(4.3.10′)

The proof is analogous to that of Lemma 4.3.1. It uses the fractional integral repre-
sentation of Lemma 4.2.8 and the differential formula:

(
d

dx

)η

xb1+η−1
1F1 (a1; b1 + η; x) =

Γ (b1 + η)
Γ (b1)

xb1−1
1F1 (a1; b1; x) ,

which is a special case of a general formula in [369, p. 442, (51)].
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Theorem 4.3.6. If p = q and ak > bk > 0, k = 1, . . . , p, then the “confluent” ge-
neralized hypergeometric function pFp ((ak) ; (bk) ; x) is an p-tuple generalized fractional
derivative of the exponential function (with possible power weight), namely:

pFp ((ak) ; (bk) ; λx) =




p∏

j=1

Γ
(
bj

)

Γ
(
aj

)

 x1−a1D

(bk−a1),(ak−bk)
1,p

{
xa1−1eλx

}

=




p∏

j=1

Γ
(
bj

)

Γ
(
aj

)

 D

(bk−1),(ak−bk)
1,p

{
eλx

}
.

(4.3.11)

Remark . Since the function pFp is symmetric in the parameters a1, . . . , ap, one can take
instead of a1 each al, l = 1, . . . , p, in the first line of (4.3.11), i.e.

pFp(λx) =




p∏

j=1

Γ
(
bj

)

Γ
(
aj

)

 x1−alD

(bk−al),(ak−bk)
1,p

{
xal−1eλx

}
(4.3.11′)

for each l = 1, . . . , p.

The proof of Theorem 4.3.6 follows by p-times application of Lemma 4.3.1 to the
result of Lemma 4.3.5, in a manner analogous to that in Theorem 4.3.2.

Corollary 4.3.7. Let all the differences ak − bk = ηk, k = 1, . . . , p, be non negative
integers. Then, the differintegral operators in (4.3.11-11′) turn into differential opera-
tors Dη of integer order η = η1 + · · ·+ ηk ≥ 0 and of form (1.5.22), namely:

pFp
(
b1 + η1, . . . , bp + ηp; b1, . . . , bp; λx

)

=




p∏

j=1

Γ
(
bj

)

Γ
(
bj + ηj

)






p∏

k=1

ηk∏

j=1

(
x

d

dx
+ bk + j − 1

)


{
eλx

}
.

(4.3.12)

This purely differential representation suggests that we can call the pFp-functions in
(4.3.12) “spherical” generalized hypergeometric functions of confluent type.

Special case. If bk = a − 1, ηk = 1, k = 1, . . . , p, then from (4.3.12) and Section 3.1
((3.1.2)-(3.1.3)), we obtain:

pFp (a, . . . , a; (a− 1), . . . , (a− 1); x) = (a− 1)−p
(

x
d

dx
+ a− 1

)p

{ex}

= x1−a
(

x
d

dx

)p−1

xa−1 {ex} , p = 1, 2, . . . .

(4.3.13)
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In particular, for a = 2:

pFp(2, . . . , 2; 1, . . . , 1; x) =
(

x
d

dx
+ 1

)p

{ex}

=
d

dx

(
x

d

dx

)p

{ex} := Dp, p = 1, 2, . . .

(4.3.14)

Representation (4.3.14) and a representation similar to (4.3.13) can be found in Prud-
nikov, Brychkov and Marichev [369, p. 593, (3), (2)]. Differential formula (4.3.14) is
used in [369] to find that

pFp(2, . . . , 2; 1, . . . , 1; x) = Dp

=
p∑

k=0

(−1)k

(k + 1)!

k∑

l=0

(−1)l
(

k + 1
l + 1

)
(l + 1)p+1

{
xkex

}
, p = 0, 1, 2, . . .

that is,

D0 = ex, D1 = (x + 1)ex,

D2 =
(
x2 + 3x + 1

)
ex,

D3 =
(
x3 + 6x2 + 7x + 1

)
ex,

D4 =
(
x4 + 10x3 + 25x2 + 15x + 1

)
ex,

. . . ,

D7 =
(
x7 + 28x6 + 266x5 + 1050x4 + 1701x3 + 966x2 + 127x + 1

)
ex, etc.

This example shows how differential representations (4.3.12) and the other similar ones of
the “spherical” generalized hypergeometric function pFq(x) can be used for their explicit
calculation (especially for p = q) in the form

pFp
(
b1 + η1, . . . , bp + ηp; b1, . . . , bp; x

)
= Qp(x)ex, (4.3.12′)

where Qp(x) is a p-degree polynomial of x.

4.3.iii. Rodrigues formulas for the Gauss type generalized hypergeometric
functions q+1Fq

Lemma 4.3.8. For a1 > b1 > 0 and |λx| < 1 the Gauss 2F1-function is a fractional
derivative of an elementary function as follows:

2F1 (a1, a2; b1; λx) =
Γ (b1)
Γ (a1)

x1−b1Da1−b1
{
xa1−1(1− λx)−a2

}
. (4.3.15)
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In other words,

2F1 (a1, a2; b1; λx) =
Γ (b1)
Γ (a1)

D
b1−1,a1−b1

1,1

{
(1− λx)−a2

}

=
Γ (b1)
Γ (a1)

xa1−1D
b1−a1,a1−b1

1,1

{
xa1−1(1− λx)−a2

}
,

(4.3.15′)

provided |λx| < 1 or | arg(1− λx)| < π.

Proof. For a1 − b1 > 0 we introduce the integer:

η =
{

[a1 − b1] + 1, when (a1 − b1) is non integer,
(a1 − b1) , when (a1 − b1) is integer.

By the definition of the Riemann-Liouville fractional derivative,

Da1−b1 =
(

d

dx

)η

Rη−(a1−b1),

therefore

Da1−b1
{
xa1−1(1− λx)−a2

}
=

(
d

dx

)η

Rη−(a1−b1) {
xa1−1(1− λx)−a2

}

=
Γ (a1)

Γ (b1 + η)

(
d

dx

)η {
xb1+η−1

2F1 (a1, a2; b1 + η; λx)
}

,

due to the fractional integral formula [107, p.186, (9)] valid for a1 > 0, η > a1 − b1 > 0.
Then, the differential relation [106, I, 2.8, (22)] yields

(
d

dx

)η {
xb1+η−1

2F1 (a1, a2; b1 + η; λx)
}

=
Γ (b1 + η)

Γ (b1)
xb1−1

2F1 (a1, a2; b1; λx) .

In this manner, we get

Da1−b1
{
xa1−1(1− λx)−a2

}
=

Γ (a1) Γ (b1 + η)
Γ (b1 + η) Γ (b1)

xb1−1
2F1 (a1, a2; b1; λx) ,

which is (4.3.15).

The q-times application of Lemma 4.3.1 to (4.3.15′) leads to:

Theorem 4.3.9. Let p = q + 1 and ak > bk > 0, k = 1, . . . , q. Then, the Gauss type
generalized hypergeometric function q+1Fq can be represented as an q-tuple generalized
fractional derivative of each of the elementary functions xal−1(1−λx)−aq+1, l = 1, . . . , q,
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for example:

q+1Fq
(
a1, . . . , aq+1; b1, . . . , bq; λx

)

=




q∏

j=1

Γ
(
bj

)

Γ
(
aj

)

 x1−aqD

(bk−aq),(ak−bk)
1,q

{
xaq−1(1− λx)−aq+1

}

=




q∏

j=1

Γ
(
bj

)

Γ
(
aj

)

 D

(bk−1),(ak−bk)
1,q

{
(1− λx)−aq+1

}
.

(4.3.16)

Corollary 4.3.10. Let all the differences (ak − bk) = ηk, k = 1, . . . , q, be non
negative integers. Then, the generalized fractional differentiation operator (4.3.16)
is a purely differential operator Dη of integer order. The corresponding functions

q+1Fq

(
(ak)q+1

1 ; (bl)
q
1 ; x

)
are said to be spherical generalized hypergeometric functions

of Gauss type. The following differential representation holds then:

q+1Fq
(
b1 + η1, . . . , bq + ηq, aq+1; b1, . . . , bq; λx

)

=




q∏

j=1

Γ
(
bj

)

Γ
(
bj + εj

)






q∏

k=1

ηk∏

j=1

(
x

d

dx
+ bk + j − 1

)
 {

(1− λx)−aq+1
}

= c Q

(
x

d

dx

) {
(1− λx)−aq+1

}
,

(4.3.17)

where c = const and Q is a polynomial of degree η = η1 + · · ·+ ηq.

Special case (cf. [369, p. 572, (11)]). For bk = 1, ηk = 1, k = 1, . . . , q, aq+1 = 2, λ = 1
the previous formula (4.3.17) gives

q+1Fq(2, 2, . . . , 2; 1, 1, . . . , 1; x) =
(

x
d

dx
+ 1

)q {
1

1− x

}2

= x−1

(
x

d

dx

)q

x

{
1

1− x

}2

= x−1

(
x

d

dx

)q+1 {
1

1− x

}

=
q∑

k=0

(k + 1)(−x)k

(1− x)k+2




k∑

l=0

(−1)l
(

k

l

)
(l + 1)q


 .

(4.3.18)

This example shows, once again, the practical use of the differential formulas established
here.
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Corollary 4.3.11. Let us consider the so-called hypergeometric polynomials (A.3) (see
also [272, I, p. 142], [468, p. 33])

p+1Fq
(−n, a1, . . . , ap; b1, . . . , bq; x

)
=

n∑

k=0

(−n)k (a1)k . . .
(
ap

)
k

(b1)k . . .
(
bq

)
k

xk

k!
(4.3.19)

in the case p = q. Due to the symmetry in the first group of parameters of q+1Fq, we
take aq+1 = −n and suppose also that ak > bk > 0, k = 1, . . . , q. Then, (4.3.16) turns
into the Rodrigues type formula for these polynomials, viz.

q+1Fq
(−n, a1, . . . , aq; b1, . . . , bq; x

)

=




q∏

j=1

Γ
(
bj

)

Γ
(
aj

)

 x1−bqDaq−bqxap−bq−1Dap−1−bq−1 . . .

× xa3−b2Da2−b2xa2−b1Da1−b1
{
xa1−1(1− x)n

}
,

(4.3.20)

or, in terms of Erdélyi-Kober fractional derivatives,

q+1Fq
(−n, a1, . . . , aq; b1, . . . , bq; x

)

=




q∏

j=1

Γ
(
bj

)

Γ
(
aj

)

 x1−aqD

(bk−aq),(ak−bk)
1,q

{
xa1−1(1− x)n

}

=




q∏

j=1

Γ
(
bj

)

Γ
(
aj

)

 D

(bk−1),(ak−bk)
1,q {(1− x)n} .

(4.3.20′)

Note. Let us note that formula (4.3.20) for polynomials p+1Fq can be found in Misra [310]
but it is correct only for p = q and under the conditions for the parameters stated here.
In this notation, for p 6= q, the elementary function xa1−1(1− x)n should be replaced in
[310] either by xa1−1ex, or by cosq−p(x).

Some special cases of (4.3.20) yield the classical Rodrigues formulas. For example: If
p = q = 1,

2F1 (−n, a1; b1; x) =
Γ (b1)
Γ (a1)

x1−b1Da1−b1xa1−1(1− x)n,

whence, for a1 = n + 1, b1 = 1 (i.e. a1 > b1 > 0), x → 1−x
2

, the Rodrigues formula for
the Legendre polynomials follows:

Pn(x) = (−1)n2F1

(
−n, n + 1; 1;

1− x

2

)

=
(−1)n

n!
dn

dxn

[(
1− x

2

)n(
1 + x

2

)n]

=
1

2nn!
dn

dxn

{(
x2 − 1

)n}
,

(4.3.21)
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cf. (C. 21); analogously, formula (C.20) for the Gegenbauer polynomials Cν
n can be

derived.
If p = q = 2, by taking a1 = n + 1, b1 = 1 (i.e. a1 > b1 > 0), a2 = ζ, b2 = p (provided

ζ > p > 0), we get the Rodrigues formula for the Rice polynomialss, viz.

Rn(x) = 3F2 (−n, n + 1, ζ; 1, p; x)

=
Γ(p)

n!Γ (ζ)

[
dn

dxnx1−p
(

d

dx

)ζ−p
]
{xn(1− x)n} .

(4.3.22)

4.4. Integral representations of the generalized hypergeometric functions as
G-transformations of hyper-Bessel and generalized trigonometric functions

Integral transforms of the formal form

(Gf)(x) =

∞∫

0

G
m,n
p,q

[
xt

∣∣∣∣
a1, . . . , ap

b1, . . . , bq

]
f(t)dt (4.4.1)

are usually referred to as G-transforms. Many, perhaps most, of the known integral
transformations of functions on (0,∞) can be put into this form by simple changes of
variables. For example, the integral transforms of Laplace, Meijer, Hankel, etc. can be
represented in the form

(Gf)(x) = A

∞∫

0

G
m,n
p,q

(
c (xt)λ

)
f(t)dt (4.4.2)

(A 6= 0, A ∈ C, c > 0, λ 6= 0, λ ∈ R), while the fractional integrals, the even and odd
Hilbert transforms, etc. are G-transforms of the form

(Gf)(x) = A

∞∫

0

G
m,n
p,q

((x

t

)λ
)

f(t)dt (4.4.3)

(see Rooney [403]). For more details see Section 5.6.
As shown in Section 3.9, the so-called Obrechkoff integral transform is also a special

case of the G-transformations.
First we show that the pFq-functions are modified Obrechkoff transforms, that is, G-

transforms of the hyper-Bessel functions 0Fq. Finally, it turns out that the pFq-functions
are G-transforms of the form (4.4.2) of the generalized cosine function cosq+1(x). This
result can be compared with the similar but different result of Theorem 4.2.4; see Remark
2 at the end of this Section.

Theorem 4.4.1. Let 0 < x < ∞ and ak > 0, k = 1, . . . , p. Then, the generalized hyper-
geometric function pFq

(
(ak)p1 ; (bl)

q
1 ;−x

)
, p ≤ q+1 is a “modified” Obrechkoff transform
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of the hyper-Bessel function 0Fq
(
(bl)

q
1 ;−x

)
, namely:

pFq
(
a1, . . . , ap; b1, . . . , bq;−x

)
=

( p∏

k=1

Γ (ak)

)−1

×
∞∫

0

G
p,0
0,p

[
t| (ak − 1)p1

]
0Fq

(
(bl)

q
1 ;−xt

)
dt.

(4.4.4)

Proof. The transform

O {f(t); x} =

( p∏

k=1

Γ (ak)

)−1 ∞∫

0

G
p,0
0,p

[
t| (ak − 1)p1

]
f(xt)dt

is a modification of the Obrechkoff integral transform of order m = p. This is seen from
Definition 3.9.4.

Representation (4.4.4) will be deduced from the more general relation

G
s,p
p,q+1

[
x

∣∣∣∣
(Ak)p1
(Bl)

q+1
1

]
=

∞∫

0

G
p,0
0,p

[
t| (−Ak)p1

]
G

s,0
0,q+1

[
xt| (Bl)

q+1
1

]
dt, (4.4.5)

where 1 ≤ s ≤ q + 1 and p ≥ 1. This representation of the G
s,p
p,q+1-function in terms of

the same G-function with p = 0 is an immediate corollary of formula (A.29) for integrals
of a product of two G-functions. Now, let us take s = 1 and substitute Ak = (1− ak),
k = 1, . . . , p; B1 = 0, Bl = (1− bl), l = 2, . . . , q. Then, (4.4.5) turns into the equality

G
1,p
p,q+1

[
x

∣∣∣∣
(1− ak)p1
0, (1− bl)

q
1

]
=

∞∫

0

G
p,0
0,p

[
t| (ak − 1)p1

]
G

1,0
0,q+1

[
xt|0, (1− bl)

q
1

]
dt, (4.4.6)

that is, into (4.4.4), if one takes into account that

G
1,p
p,q+1

[
x

∣∣∣∣
(1− ak)p1
0, (1− bl)

q
1

]
= pFq ((ak) ; (bl) ;−x) , p ≥ 0.

In this manner (4.4.4) is formally proved. It remains to specify the conditions under
which this relation is true. Instead of using the general conditions for validity of for-
mula (A.29) which are quite complicated, we prefer investigating the convergence of the
particular integral (4.4.6), considered here.

Near the origin t = 0 the asymptotic behaviour of the G-functions in the integrand
is described simply. According to (A.21),

G
p,0
0,p [t| (ak − 1)] = O

(
tβ1

)
, β1 = min

1≤k≤p
(ak − 1) , t → +0,
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and
G

1,0
0,q+1 [xt|0, (1− bl)] = O (

t0
)

= O(1), t → +0.

Therefore, the integrand is O
(
tβ1

)
as t → +0. It is sufficient then to require β1 =

min
k

(ak − 1) > −1, i.e. min
k

ak > 0. Thus, we obtain the conditions

ak > 0, k = 1, . . . , p.

The problem concerning the asymptotics of the integrand near infinity is not so simple
but its answer is also known. In general, the G-function can increase or decrease like
a power function as well as like an exponent when its variable tends to infinity. In our
case, one of the multipliers, G

p,0
0,p(t), decreases exponentially, while the other, G

1,0
0,q+1(xt)

increases exponentially as t → ∞ (for q > 1). A description of this can be found, for
example, in [106, I, 5.4.1]. However, we need the exact asymptotic formulas. To this
end, the result of Obrechkoff [339, (14)] can be used. According to Lemma 3.9.1 and
(3.9.18) we obtain the following asymptotic behaviour of the kernel-function G

p,0
0,p of the

Obrechkoff transform:

G
p,0
0,p

[
t| (ak − 1)p1

] ∼ dpt
ρ1 exp

(
−pt

1
p

)
(4.4.7)

as t →∞, where ρ1 =

p∑
1

ak

p − 3p−1
2p . The other multiplier in the integrand is the hyper-

Bessel function

G
1,0
0,q+1

[
xt|0, (1− bl)]

q
1

]
=

[ q∏

l=1

Γ (bl)

]−1

0Fq
(
(bl)

q
l=1

;−xt
)
,

whose asymptotics near infinity are essentially different in the cases q = 1 and q > 1.

In the particular case q = 1, this is the Bessel function:

G
1,0
0,2 [xt|0, 1− b1] =

1
Γ (b1)

0F1 (b1;−xt) = (xt)
1−b1

2 Jb1−1

(
2
√

xt
)

,

therefore (see [106, II, p. 98, (3)]):

G
1,0
0,2 [xt|0, 1− b1] ∼ const (xt)−

1+b1
2

{
cos

(
2
√

xt− π (2b1 − 1)
)

const −(xt)−
1
2 sin

(
2
√

xt− π (2b1 − 1)
)}

, t →∞, x > 0.

Due to this result, we conclude that the asymptotic behaviour of the product G
p,0
0,p(t) ×

G
1,0
0,2(xt) is determined by the behaviour of G

p,0
0,p(t), that is, by the multiplier exp

(
−pt

1
p

)

in (4.4.7) ensuring the convergence of integral (4.4.4).
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It remains to consider the case q > 1. Let us use Marichev’s Theorem 21 from [276,
p. 59-60]. Formula (4.56) in [276] for p = 0, q = p+1 = 1 and z = t →∞ with arg z = 0,
gives:

[ q∏

l=1

Γ (bl)

]−1

0Fq
(
(bl)

q
1 ;−xt

) ∼2
(√

2π
)q

√
q + 1

exp
[
(q + 1)(xt)

1
q+1 cos

π

q + 1

]

× (xt)ρ2 cos
[
πρ1 +

1
q + 1

(xt)
1

q+1 sin
π

q + 1

]
,

(4.4.8)

where ρ2 = 1
q+1

[
q
2
−

q∑
1

bl

]
. This yields that the function 0Fq(−xt), i.e. G

1,0
0,q+1(xt),

increases exponentially as t →∞. So, for the integrand of (4.4.4), combining (4.4.7) and
(4.4.8), we obtain:

Φ(x, t) = G
p,0
0,p [t| (ak − 1)]G1,0

0,q+1 [xt|0, (1− bl)]

∼ const tρ1+ρ2 cos
[
πρ1 +

1
q + 1

(xt)
1

q+1 sin
π

q + 1

]
exp [ζ(x, t)] , t →∞,

(4.4.9)

provided p ≥ 1, q > 1, x > 0, where

ζ(x, t) = −pt
1
p + (q + 1)(xt)

1
q+1 cos

π

q + 1
. (4.4.9′)

If p ≤ q, that is, p < q + 1, then 1
p > 1

q+1
and t

1
p À t

1
q+1 as t → ∞. Therefore the

dominant term in ζ(x, t) is
(
−pt

1
p

)
and exp [ζ(x, t)] is exponentially decreasing:

exp [ζ(x, t)] = exp
[
−pt

1
p + cq,xt

1
q+1

]
∼ exp

[
−ct

1
p

]
, t →∞

(cq,x and c are constants). This ensures the convergence of (4.4.4).
If p = q + 1, then

ζ(x, t) = −pt
1
p + p

(
cos

π

p

)
x

1
p t

1
p

= pt
1
p

(
−1 + x

1
p cos

π

p

)
< pt

1
p

(
−1 + x

1
p

)
.

In this case, the generalized hypergeometric series pFq(−x) (the left-hand side of (4.4.4))

is considered only for |x| < 1. This means that 0 < x
1
p < 1, i.e.

(
−1 + x

1
p

)
< 0,

therefore, ζ(x, t) < 0 for each t > 0 and 0 < x < 1. From this, we conclude that
the dominant term in (4.4.9) is exponentially decreasing again and integral (4.4.4) is
convergent. All these considerations confirm that both sides of (4.4.4) are well defined
for ak > 0, k = 1, . . . , p, p ≤ q + 1 and are equal. The theorem is proved.

As particular cases one can obtain a series of known results, scatterred in the hand-
books and research papers. Some examples are given below.
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Corollary 4.4.2. Let p = 1, q = 1. Then, Theorem 4.4.1 gives the following represen-
tation of the confluent hypergeometric function by means of the Bessel function:

Φ
(

a; ν + 1;−x2

4

)
=1 F1

(
a; ν + 1;−x2

4

)

=
2ν+1

Γ(a)
x−ν

∞∫

0

e−t2t2a−ν−1Jν(xt)dt, provided a > 0.

(4.4.10)

This relation can be found in Luke [272, p. 115, (2)] and Prudnikov, Brychkov and
Marichev [368, p. 186, (2.12.9.3)].

As a special case of (4.4.10), taking a = ν+p
2

> 0 and x = α
γ > 0, we obtain the

formula [106, II, p.60, (22)]:

Φ
(

ν + p

2
; ν + 1;− α2

4γ2

)
= 1F1

(
ν + ρ

2
; ν + 1;− α2

4γ2

)

= 2γρ
(

α

2γ

)−ν Γ (ν + 1)
Γ
(ν+p

2

)
∞∫

0

Jν(αt)e−γ2t2tρ−1dt.

Corollary 4.4.3. Let p = 2, q = 2. Then, Theorem 4.4.1 gives a representation of the
Gauss hypergeometric function by means of the Bessel and Macdonald functions:

2F1

(
a, b; ν + 1;−x2

4

)
=

2ν+2Γ(ν + 1)
Γ(a) Γ(b)

∞∫

0

ta+b−ν−1Ka−b(2t)Jν(xt)dt, (4.4.11)

valid for a > 0, b > 0, |x| < 2

This relation can be found also in Prudnikov, Brychkov and Marichev [368, p. 365,
(2.16.21.1)]. Taking a = ν+p

2
> 0, b = ν+p+1

2
, x = 2α

γ , α2 < γ2, we obtain as its special
case the known Hankel integral ([106, II, p. 59, (16)])

2F1

(
ν + p

2
,
ν + p + 1

2
; ν + 1;−α2

γ2

)
=

(
2γ

α

)ν

γρΓ(ν + 1)
Γ(ν + p)

∞∫

0

e−γtJν(αt)tρ−1dt.

Remark 1. Theorem 4.4.1 represents the pFq-function as a Laplace type G-transforma-
tion of 0Fq, while Theorem 4.2.1 represents the same function as a G-transformation of
the form (4.4.3) (generalized fractional integral) of 0Fq−p (and for p < q only).

The next result is, to a certain extent, similar to Theorem 4.2.4.

Theorem 4.4.4. Let x > 0 and ak > 0, k = 1, . . . , p; bl > l
q+1

, l = 1, . . . , q. Then, the
pFq-function (p ≤ q + 1) can be represented as a Laplace type G-transformation of the
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generalized cosine function of order (q + 1):

pFq ((ak) ; (bl) ;−x) =

√
q + 1
(2π)q




q∏
l=1

Γ (bl)

p∏
k=1

Γ (ak)




∞∫

0

G
p+q,0
q,p+q

[
y

∣∣∣∣
(bl − 1)q1
(ak − 1)p1 ,

(
l

q+1
− 1

)q

1

]

× cosq+1

(
(q + 1)(xy)

1
q+1

)
dy.

(4.4.12)

Proof. Let us combine Theorem 4.4.1 and Corollary 4.1.4 of Theorem 4.1.1. Due to
(4.1.29), we have

0Fq ((bl) ;−xt) =

√
q + 1
(2π)q

[ q∏

l=1

Γ (bl)

] 1∫

0

G
q,0
q,q

[
τ

∣∣∣∣
(bl − 1)(

l
q+1

− 1
)

]
cosq+1

(
(q + 1)(xtτ)

1
q+1

)
dτ

=

√
q + 1
(2π)q

[ q∏

l=1

Γ (bl)

] ∞∫

0

G
q,0
q,q

[
τ

∣∣∣∣
(bl − 1)(

l
q+1

− 1
)

]
cosq+1

(
(q + 1)(xtτ)

1
q+1

)
dτ,

since G
q,0
q,q(τ) ≡ 0 for τ > 1. Replace this expression for 0Fq in (4.4.4) and interchange

the order of integrations by Fubini’s theorem. Then,

pFq ((ak) ; (bl) ;−x) =

√
q + 1
(2π)q




q∏
l=1

Γ (bl)

p∏
k=1

Γ (ak)




∞∫

0

G
p,0
0,p [t| (ak − 1)] dt

×
∞∫

0

G
q,0
q,q

[
τ

∣∣∣∣
(bl − 1)(

l
q+1

− 1
)

]
cosq+1

(
(q + 1)(xtτ)

1
q+1

)
dτ

=

√
q + 1
(2π)q




q∏
l=1

Γ (bl)

p∏
k=1

Γ (ak)




∞∫

0

cosq+1

(
(q + 1)(xy)

1
q+1

)
dy

×
∞∫

0

G
p,0
0,p [t| (ak − 2)] G0,q

q,q

[
t

y

∣∣∣∣
−

(
l

q+1

)

(−bl)

]
dt.

Now the inner integral contains a product of two G-functions and can be evaluated
according to the known result (A.29). For ak > 0, k = 1, . . . , p, and bl < l

q+1
, l = 1, . . . , q,
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this result reads:

∞∫

0

G
p,0
0,p

[
t| (ak − 2)p1

]
G

0,q
q,q

[
t

y

∣∣∣∣∣
−

(
l

q+1

)q

1

(−bl)
q
1

]
dt = G

p+q,0
q,p+q

[
y

∣∣∣∣
(bl − 1)q1
(ak − 1)p1 ,

(
l

q+1
− 1

)q

1

]
.

Thus, we obtain the kernel-function of the G-transform in (4.4.12) and the theorem is
proved.

Some known results can be obtained as special cases.

Example. For q = 1 formula (4.4.12) takes the form

pF1 ((ak) ; b;−x) =
Γ(b)∏

k
Γ (ak)

1√
π

∞∫

0

G
p+1,0
1,p+1

[
y

∣∣∣∣
(b− 1)
(ak − 1) ,

(−1
2

)
]

cos (2
√

xy) dy (4.4.13)

and represents the functions pF1(−x), 0 ≤ p ≤ 2 as G-transformations of the usual cosine
function. Three cases are possible, viz.:

Corollary 4.4.5. (p = 0, q = 1) Relation (4.4.13) turns into the classical Poisson
integral (4.0.1).

Corollary 4.4.6. (p = 1, q = 1) From (4.4.13) we can obtain the following relation
between the confluent hypergeometric functions Φ and Ψ of Kumer and Tricomi (which
seem to be new), provided a > 0, b > 1

2
, x > 0:

Φ(a; b;−x) =
Γ(b)√
πΓ(a)

∞∫

0

G
2,0
1,2

[
y

∣∣∣∣
b− 1
a− 1,−1

2

]
cos (2

√
xy) dy

=
Γ(b)√
πΓ(a)

∞∫

0

e−yya−1Ψ
(

b− 1
2
; a +

1
2
; y

)
cos (2

√
xy) dy.

(4.4.14)

Corollary 4.4.7. (p = 2, q = 1) From (4.4.13) we get the following representation of
the Gauss function, valid for a > 0, b > 0, c > 1

2
and 0 < x < 1:

2F1(a, b; c;−x) =
Γ(b)√

πΓ(a)Γ(b)

∞∫

0

G
3,0
1,3

[
y

∣∣∣∣
c− 1
a− 1, b− 1,−1

2

]
cos (2

√
xy) dy. (4.4.15)

The kernel-function G
3,0
1,3 of the latter integral representation is a “known” special

function only for the parameters a = 1
2

+ ν, b = 1
2
− ν, c = 1 (see [106, I, p. 213, (30)]).

Then the conditions a > 0, b > 0, c > 1
2

are reduced to the conditions −1
2

< ν < 1
2
. In
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this manner we get the following integral representation of the Gauss function, valid for
−1

2
< ν < 1

2
, 0 < x < 1:

2F1

(
1
2

+ ν,
1
2
− ν; 1;−x

)
=

4 cos πν

π2

∞∫

0

K2
ν(t) cos

(
2
√

xt
)
dt. (4.4.16)

Remark 2. Theorem 4.4.4 represents the pFq-functions (p ≤ q + 1) as Laplace type
G-transformations of cosq+1, while Theorem 4.2.4 represents the same functions (but
only for p < q) as other kinds of G-transformations (generalized fractional integrals) of
cosq−p+1.

Alternative approaches to the special functions from the point of view of the fractional
calculus and related interesting results can be seen in: Al-Bassam [10]-[21], Askey [25],
Al-Saqabi [23], Al-Saqabi and Kalla [24], Campos [48]-[51], Kalla et al. [166]-[173],
Koornwinder [233], Saigo and Raina [423], Srivastava [461]-[462], Srivastava and Manocha
[470], R. Srivastava [483] as well as in the collected volumes of Prudnikov, Brychkov and
Marichev [368]-[370].

Another good source of applications and problems, related to Special Functions, is
provided by univalent function theory; for more details see Section 5.5. However, here
we point out the recent work of de Branges [42], proposing a solution to the famous
Bieberbach conjecture.

— || —

The main results of Chapter 4 have been published in: Kiryakova [195]-[196], [198], [200],
[202], [209], Dimovski and Kiryakova [80]-[81].
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5 Further generalizations
and applications

5.1. Generalized fractional integrals and derivatives involving Fox’s H-
function

As we have seen in Chapter 1 (Section 1.2.ii), under some conditions the compositon of
an arbitrary number of Erdélyi-Kober fractional integrals (1.1.17):

I
γk,δk
β f(x) =

1∫

0

(1− σ)δk−1

Γ (δk)
σγkf

(
xσ

1

β

)
dσ, k = 1, . . . ,m (5.1.1)

with the same β > 0, can be represented by means of single integrals involving Meijer’s
G-function, namely, by the generalized fractional integrals (1.1.6), denoted by I

(γk),(δk)

β,m :

[
m∏

k=1

I
γk,δk
β f(x)

]
=

1∫

0

. . .

1∫

0

m∏

k=1

[
(1− σk)δk−1 σ

γk
k

Γ (δk)

]
f

[
x (σ1 . . . σm)

1

β

]
dσ1 . . . dσm

=

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk)m1
(γk)m1

]
f

(
xσ

1

β

)
dσ = I

(γk),(δk)

β,m f(x).

(5.1.2)

According to Lemma 1.2.9 and Theorems 1.2.10, 1.2.15, 1.2.17 and 1.2.18, the ope-
rators I

γk,δk
β , k = 1, . . . , m, commute and relation (5.1.2) holds in the spaces:

Cα, if α ≥ max
k

[−β (γk + 1)] , δk > 0, k = 1, . . . , m,

Lp(0,∞), p ≥ 1, if β (γk + 1) > 1
p , δk > 0, k = 1, . . . , m,

Hµ(Ω), µ ≥ 0, if β (γk + 1) > −µ , δk > 0, k = 1, . . . ,m.

(5.1.3)

However, one can state the more general problem concerning compositions of arbitrary
Erdélyi-Kober fractional intgrals I

γk,δk
βk

, k = 1, . . . , m, with different βk > 0, k = 1, . . . , m.
As mentioned in Samko, Kilbas and Marichev [434, p. 159], “we note that under corre-
sponding conditions a commutability takes place also for products of more general ope-
rators of forms xkβI

α−β
0+;xk

, xmβI
α−β
−;xm etc.” (in the notation used there). Such conditions
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and an explicit form of the resulting generalized fractional integration operator, involv-
ing a Fox’s H-function, have been derived by Kiryakova [203] (in the spaces Cα), Kalla
and Kiryakova [174]-[175] (in Lp and Lµ,p) and Kiryakova [204] (in Hµ(Ω)), cf. (5.1.3).
Some of the basic properties, inversion formulas and applications have been considered
in these articles too. It turned out that the generalized fractional integrals, representing
the products I

γ1,γ1

β1

{
I
γ2,γ2

β2
. . .

(
I
γm,γm
βm

)}
have as kernel-function Fox’s H

m,0
m,m-function

and thus, they are special cases of the fractional integration operators considered earlier
by Kalla [161], [163]-[164]:

Rf(x) =

1∫

0

σηΦ(σ)f(xσ)dσ, (5.1.4)

especially with a kernel

Φ(σ) = H
m,n
p,q

[
σ

∣∣∣∣∣

(
aj + γ

Aj
ρ ,

Aj
ρ

)p

1(
bk + γ Bk

ρ , Bk
ρ

)q

1

]
. (5.1.5)

Specifically, generalized fractional integration operators of the form

R
m,n,p,q; 1

γ,ρ,aj ,Aj ,bk,Bk
f(x) =

q∏
k=1

Γ (1− bk)

n∏
j=1

(
aj

) p∏
j=n+1

Γ
(
1− aj

)

×
1∫

0

H
m,n
p,q

[
σ

∣∣∣∣∣

(
aj + γ

Aj
ρ ,

Aj
ρ

)p

1(
bk + γ Bk

ρ , Bk
ρ

)q

1

]
f(xσ)dσ,

(5.1.6)

or with even more complicated arguments and parameters of the H-functions, and their
Weyl type analogues, have been considered by Kalla [157]-[158], [164], Srivastava and
Bushman [463], Saxena and Kumbhat [440], Saigo, Saxena and Ram [425] and recently,
by other authors. In particular, if Aj = Bk = 1, j = 1, . . . , p, k = 1, . . . , q, the
kernel-function turns into a G-function and then, (5.1.6) become special cases of the
G-transforms (3.9.22).

We now consider a special case of operators (5.1.6) with a particular kernel-function
H

m,0
m,m and representing products of an arbitrary number of Erdélyi-Kober operators with

all with different parameters.

On the other hand, this specific choice of the kernel H-function makes possible a more
detailed investigation, proper inversion by corresponding generalized fractional deriva-
tives, finding convolutions, and a number of applications: features not available for the
general case (5.1.6). Unlike in Chapter 1, where we used to emphasized on the details
for the space Cα of continuous type functions, here we give the main results for Lebesgue
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measurable functions from the space

Lµ,p =





f(x) ∈ L(0,∞) , ‖f‖µ,p =



∞∫

0

xµ−1|f(x)|pdx




1
ρ

< ∞





,

1 ≤ p < ∞, µ ∈ R; L1,p : = Lp(0,∞).

(5.1.7)

Definition 5.1.1. Let m ≥ 1 be an integer; βk > 0, γk ∈ R, δk ≥ 0, k = 1, . . . , m. Con-
sider γ = (γ1, . . . , γm) as a multiweight and respectively δ = (δ1, . . . , δm) as a multiorder
of fractional integration. The integral operator defined as follows:

I
(γk),(δk)
(βk),m

f(x) =





1∫
0

H
m,0
m,m


σ

∣∣∣∣∣∣

(
γk + δk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1


 f(xσ)dσ, if

m∑
k=1

δk > 0,

f(x), if δ1 = δ2 = · · · = δm = 0
(5.1.8)

is said to be a multiple (m-tuple) Erdélyi-Kober fractional integration operator of
Riemann-Liouville type. Then, each operator of the form

Rf(x) = xδ0I
(γk),(δk)
(βk),m

f(x), δ0 ≥ 0, (5.1.9)

is called briefly a generalized (Riemann-Liouville) fractional integral.

Note. We have used the same notions for the operators (1.1.6), (1.1.7), involving a G
m,0
m,m-

function (special cases of (5.1.8), (5.1.9)), since they have essentially the same nature.
The difference is only a matter of the level of generality. Operators (5.1.8) can also be
put in the form:

I
(γk),(δk)
(βk),m

f(x) =
1
x

x∫

0

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + δk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(t)dt. (5.1.8′)

The special choice of the kernel H-function of the form:

H
m,0
m,m

[
σ

∣∣∣∣
(ak, Ak)m1
(bk, Ak)m1

]
=

1
2πi

∫

L

[
m∏

k=1

Γ (bk −Aks)
Γ (ak −Aks)

]
σsds, (5.1.10)

determines some of its specific properties (see Section E in Appendix), namely, it has
three regular singular points σ = 0, 1,∞;

H
m,0
m,m(σ) ≡ 0 for |σ| > 1, (5.1.11)

and in 0 < |σ| < 1 it is an analytic function.
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If we denote the kernel-function of (5.1.8′) by h(x, t), namely:

h(x, t) =
1
t
k
(x

t

)
, where k(τ) := H

m,0
m,m

[
1
τ

∣∣∣∣∣

(
γk + δk + 1, 1

βk

)m

1(
γk + 1, 1

βk

)m

1

]
, (5.1.12)

then operator (5.1.8′) can be put in the form of a convolutional type integral transform:

I
(γk),(δk)
(βk),m

f(x) =

∞∫

0

k
(x

t

)
f(t)

dt

t
=

∞∫

0

h(x, t)f(t)dt

=

x∫

0

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + δk + 1, 1

βk

)m

1(
γk + 1, 1

βk

)m

1

]
f(t)

dt

t
.

(5.1.13)

In terms of [434], the kernel-function h(x, t), (5.1.12) is a homogeneous function of
order (−1). In the we shall make use of the following general proposition, descending
from Hardy, Littlewood and Polya [125]; see also Rooney [399, Lemma 3.1] and Samko,
Kilbas and Marichev [434, Theorem 1.5].

We modify this approach suitably for the spaces Lµ,p instead of Lp(0,∞), viz.

Lemma 5.1.2. Suppose k(τ) is measurable on (0,∞) and such that

h∗ =

∞∫

0

τ
µ
p−1 |k(τ)| dτ < ∞. (5.1.14)

For f ∈ Lµ,p we set

If(x) =

∞∫

0

k
(x

t

)
f(t)

dt

t
. (5.1.15)

Then, If(x) exists for almost all x ∈ (0,∞), the integral operator I is a bounded operator
from Lµ,p into itself and ‖I‖ ≤ h∗.

On the basis of (5.1.13) and Lemma 5.1.2, we are going to consider the mapping pro-
perties of operators (5.1.8) in the spaces Lµ,p, Lp(0,∞), i.e. the conditions under which
they are linear bounded operators there.

Theorem 5.1.3. Let 1 ≤ p < ∞, µ ∈ R, m > 1 be integer and let the parameters of the
generalized (m-tuple) Erdélyi-Kober fractional integral (5.1.8) satisfy the conditions

βk (γk + 1) >
µ

p
, δk > 0, k = 1, . . . ,m. (5.1.16)
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Then, I
(γk),(δk)
(βk),m

f(x) exists almost everywhere on (0,∞) and it is a bounded linear ope-

rator from the Banach space Lµ,p (5.1.7) into itself. More exactly,

∥∥∥∥I
(γk),(δk)
(βk),m

f

∥∥∥∥
µ,p

≤ hµ,p‖f‖µ,p, i.e.
∥∥∥∥I

(γk),(δk)
(βk),m

f

∥∥∥∥ ≤ hµ,p (5.1.17)

with

hµ,p =
m∏

k=1

Γ
(
γk − µ

pβk
+ 1

)

Γ
(
γk + δk − µ

pβk
+ 1

) < ∞. (5.1.18)

Proof. The linearity of (5.1.8) is obvious. The main statement of the theorem follows
from Lemma 5.1.2 applied to the kernel k(τ), defined by (5.1.12). To this end, we have
to determine the corresponding conditions on the parameters γk, δk, βk, k = 1, . . . , m,
under which integral (5.1.14) makes sense and to find its value h∗ := hµ,p. Substituting
τ = σ−1 in (5.1.12) and using (E.9), we have for (5.1.14):

hµ,p =

∞∫

0

σ
1−µ

p

∣∣∣∣k
(

1
σ

)∣∣∣∣ dσ

=

1∫

0

H
m,0
m,m


σ

∣∣∣∣∣∣∣

(
γk + δk + 1−

µ
p +1

βk
, 1
βk

)m

1(
γk + 1−

µ
p +1

βk
, 1
βk

)m

1


 dσ.

(5.1.19)

The asymptotic behaviour of the kernel H-function near the singular points σ = 0, 1 is
(see (E.16) and (E.18)):

H
m,0
m,m


σ

∣∣∣∣∣∣∣

(
γk + δk + 1−

µ
p +1

βk
, 1
βk

)m

1(
γk + 1−

µ
p +1

βk
, 1
βk

)m

1


 = O (σγ) as σ → +0,

H
m,0
m,m


σ

∣∣∣∣∣∣∣

(
γk + δk + 1−

µ
p +1

βk
, 1
βk

)m

1(
γk + 1−

µ
p +1

βk
, 1
βk

)m

1


 = O

(
(1− σ)−ν∗

)
as σ → 1− 0,

(5.1.20)

where according to conditions (5.1.16):

γ = min
1≤k≤m

[
βk

(
γk + 1−

µ
p + 1

βk

)]
> −1 for βk (γk + 1) >

µ

p
, k = 1, . . . , m;

−ν∗ =
m∑

k=1

δk − 1 > −1 for
m∑

k=1

δk > 0
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(for
m∑

k=1

δk = 1, 2, . . . a logarithmic term also appears in the second of formulas (5.1.20),

but it does not make the convergence of (5.1.19) worse). The asymptotic formulas (5.1.20)
with γ > −1, −ν∗ > −1 ensure the convergence of the improper integral (5.1.19), i.e.
hµ,p < ∞. All that remains is to work out its value. To this end we use the integral
formula (E.21) with

bk = γk + 1−
µ
p + 1

βk
, ak = bk + δk, Ck =

1
βk

, k = 1, . . . , m

and obtain (5.1.18) for hµ,p. This completes the proof.

It is seen that the above results are easily transferred to spaces of continuous functions
like Cα (1.1.1), following the scheme of Chapter 1 (Lemma 1.2.1, Theorem 1.2.15) and the
proof of Theorem 5.1.3. In particular, to evaluate the images of the functions f(x) = xp,
p > α, we use property (E.9) and integral formula (E.21). Thus, we obtain (see also
Kiryakova [203]):

Theorem 5.1.4. Each multiple Erdélyi-Kober fractional integral (5.1.8) preserves the
power functions in Cα, α ≥ max

k
[−β (γk + 1)] up to a constant multiplier:

I
(γk),(δk)
(βk),m

{xp} = cpx
p, p > α where cp =

m∏

k=1

Γ
(
γk + p

βk
+ 1

)

Γ
(
γk + δk + p

βk
+ 1

) (5.1.21)

and maps Cα isomorphically into itself. Conversely, for a fixed index α of Cα, the
conditions

γk ≥ − α

βk
− 1, δk > 0, ηk :=

{
[δk] + 1, for non integer δk,
δk, for integer δk,

k = 1, . . . , m (5.1.22)

ensure that (5.1.8) is an invertible mapping

I
(γk),(δk)
(βk),m

: Cα −→ C
(η1+···+ηm)
α ⊂ Cα.

Note. An inversion formula of the kind of (1.2.34) can be written down, but we are
proposing further an appropriate differintegral inversion formula (see (5.1.42)). The
following theorem holds also in Cα, under conditions of the form (5.1.22).

For functions f(x) ∈ Lµ,p(0,∞), the Mellin transform

M(s) = M {f(x); s} =

∞∫

0

xs−1f(x)dx, s ∈ C
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is usually considered with s restricted to the line Rs = µ
p . We also have in mind that for

p > 1 the above integral is meant to be:

M{f(x); s} = l.i.m.
X→∞

X∫

1

X

xs−1f(x)dx,

with l.i.m. denoting the limit in mean for Lµ,p-spaces and for 1 ≤ p ≤ 2,

M(s) ∈ Lq

(
1
q
− i∞,

1
q

+ i∞
)

,
1
p

+
1
q

= 1.

Theorem 5.1.5. In terms of the Mellin convolution

(k ◦ f)(x) =

x∫

0

k
(x

t

)
f(t)

dt

t
, (5.1.23)

the multiple Erdélyi-Kober operator (5.1.8) has the following convolutional type represen-
tation in Lµ,p:

I
(γk),(δk)
(βk),m

f(x) = H
m,0
m,m

[
1
x

∣∣∣∣∣

(
γk + δk + 1, 1

βk

)m

1(
γk + 1, 1

βk

)m

1

]
◦ f(x) (5.1.24)

and for 1 ≤ p ≤ 2 its Mellin transformation is given by the equality

M

{
I
(γk),(δk)
(βk),m

f(x); s
}

=




m∏

k=1

Γ
(
γk − s

βk
+ 1

)

Γ
(
γk + δk − s

βk
+ 1

)

 M{f(x); s}. (5.1.25)

Proof. The convolutional type representation (5.1.24) follows immediately from
(5.1.12)-(5.1.13). Then, according to the Mellin convolution theorem,

M

{
I

(γk),(δk)

(βk),m
f(x); s

}
= M {(k ◦ f)(x); s}
= M {k(x); s}M {f(x); s} .

So, it remains to evaluate the Mellin image of the kernel-function k(x) and due to formulas
(E.10), (E.20) this is:

M {k(x); s} = M

{
H

0,m
m,m

[
x

∣∣∣∣∣

(
−γk, 1

βk

)m

1(
−γk − δk, 1

βk

)m

1

]
; s

}

=
m∏

k=1

Γ
(
γk − s

βk
+ 1

)

Γ
(
γk + δk − s

βk
+ 1

) ,
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which is the first multiplier in the right-hand side of (5.1.25).
The properties of the H-function (see Section E, Appendix) are useful in deriving some

of the basic operational properties of the operators I
(γk),(δk)

(βk),m
that characterize them as

generalizations of the classical fractional integrals. They are summarized in the following
theorem.

Theorem 5.1.6. Let 1 ≤ p < ∞, µ ∈ R and m > 1, n ≥ 1 be integers. Suppose
conditions (5.1.16):

βk > 0, βk (γk + 1) >
µ

p
, δk > 0, k = 1, . . . ,m

are satisfied and analogously,

εj > 0, εj
(
τj + 1

)
>

µ

p
, αj > 0, j = 1, . . . , n.

Then, for functions f ∈ Lµ,p the following operational rules of the multiple Erdélyi-Kober
fractional integrals (5.1.8) hold:

I
(γk),(δk)

(βk),m
{λf(cx) + ηg(cx)} = λ

{
I

(γk),(δk)

(βk),m
f

}
(cx) + η

{
I

(γk),(δk)

(βk),m
g

}
(cx) (5.1.26)

(bilinearity of (5.1.8));

I
(γ1,...,γs,γs+1,...,γm),(0,...,0,δs+1,...,δm)
(β1,...,βm),m f(x) = I

(γs+1,...,γm)(δs+1,...,δm)
(βs+1,...,βm),m−s

f(x) (5.1.27)

(if δ1 = δ2 = · · · = δs = 0, then the multiplicity reduces to (m− s));

I
(γk),(δk)

(βk),m
xλf(x) = xλI

(
γk+ λ

βk

)
,(δk)

(βk),m
f(x), λ ∈ R (5.1.28)

(generalized commutability with power functions);

I
(γk),(δk)

(βk),m
I
(τj),(αj)
(εj),n

f(x) = I
(τj),(αj)
(εj),n

I
(γk),(δk)

(βk),m
f(x) (5.1.29)

(commutability of operators of the form (5.1.8));

the left-hand side of (5.1.29) = I
((γk)

m
1

,(τj)n
1
)((δk)

m
1

,(αj)n
1
)

((βk)
m
1

,(εj)n
1
),m+n

f(x) (5.1.30)

(compositions of m-tuple and n-tuple integrals (5.1.8) are (m + n)-tuple integrals);

I
(γk+δk),(σk)
(βk),m

I
(γk),(δk)

(βk),m
f(x) = I

(γk),(σk+δk)
(βk),m

f(x), if δk > 0, σk > 0, k = 1, . . . , m

(5.1.31)
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(law of indices, product rule or semigroup property);

{
I

(γk),(δk)

(βk),m

}−1

f(x) = I
(γk+δk),(−δk)
(βk),m

f(x) (5.1.32)

(formal inversion formula).
Proof. For detailed proof see [174]-[175]. This results follow by using operational

rules (E.8)-(E.10), (E.13) for the H-functions, in the same way as the proofs of Lemma
1.3.1 and Theorem 1.3.8 follow from the properties of the G-functions. Most of the for-
mulas (5.1.26)-(5.1.32) are seen to be m-tuple analogues of the properties of the classical
Erdélyi-Kober operators (5.1.1).

Index law (5.1.31) for σk = −δk < 0, k = 1, . . . , m, and definition (5.1.8) for zero
multiorder of integration yield the formal inversion formula (5.1.32), since:

I
(γk+δk),(−δk)
(βk),m

I
(γk),(δk)

(βk),m
f(x) = I

(γk),(0,...,0)

(βk),m
f(x) = f(x).

But (5.1.31) is strictly applied only for σk ≥ 0, k = 1, . . . ,m, and on the other
hand, symbols (5.1.8) have not yet been defined for negative multiorder of integration
−δk < 0, k = 1, . . . , m. The problem now is to propose an appropriate meaning for
them and hence to avoid the divergent integral appearing in (5.1.32). The sitution is the
same as in the simplest case when the Riemann-Liouville and Erdélyi-Kober operators
of fractional order δ > 0 are inverted by appealing to an additional differentiation of
suitable integer order η = [δ] + 1.

In Chapter 1 we have already found the corresponding proper inversion formula
(1.5.26) for operators I

(γk),(δk)

β,m (1.1.6) (see Section 1.5). It is based on differential relation

(1.5.11) for the kernel G
m,0
m,m-function and involves an auxiliary differential operator Dη,

see (1.5.19). In the present case, the formal kernel-function of the operator I
(γk+δk),(−δk)
(βk),m

:

H
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + 1− 1

βk
, 1
βk

)m

1(
γk + δk + 1− 1

βk
, 1
βk

)m

1

]
= H

m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + 1, 1

βk

)m

1(
γk + δk + 1, 1

βk

)m

1

]
,

(5.1.33)

σ :=
t

x
, 0 ≤ t ≤ x,

should be improved by means of a corresponding differential operator, in order to make
the integral convergent.

Lemma 5.1.7. Let η1 ≥ 0, . . . , ηm ≥ 0 be arbitrary integers. Then, Fox’s H
m,0
m,m-

function, m ≥ 1, satisfies the relation

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
ak, 1

βk

)m

1(
bk, 1

βk

)m

1

]
= DηH

m,0
m,m

[
t

x

∣∣∣∣∣

(
ak + ηk, 1

βk

)m

1(
bk, 1

βk

)m

1

]
, (5.1.34)
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where the differential operator Dη stands for the following polynomial of the Euler dif-
ferential operator δ = x d

dx of degree η = η1 + · · ·+ ηm:

Dη =
m∏

r=1

ηr∏

j=1

(
1
βr

x
d

dx
+ ar − 1 + j

)
. (5.1.35)

This Lemma means that the parameters ak, k = 1, . . . , m, of the H-function in the
upper row can be increased by arbitrary integers ηk ≥ 0, k = 1, . . . , m, on account of
application of the operator Dη. The proof follows by a repeated use of differential formula
(E.14), similarly to the proof of Lemma B.3 and Corollary B.6 for the G-functions.

Let us make use of Lemma 5.1.7 with ak = γk + 1 ≤ γk + δk + 1 = bk, k = 1, . . . , m,
and take the integers η1 ≥ 0, . . ., ηm ≥ 0 defined as follows:

ηk =
{

[δk] + 1, if δk is non integer,
δk, if δk is integer,

k = 1, . . . ,m. (5.1.36)

Then, we can give an appropriate meaning to the symbols
{

I
(γk),(δk)

(βk),m

}−1

= I
(γk+δk),(−δk)
(βk),m

by means of the following differintegral expressions D
(γk),(δk)
(βk),m

.

Definition 5.1.8. Let m ≥ 1 be an integer, βk > 0, γk, δk ≥ 0, k = 1, . . . ,m, be real
numbers and the integers ηk ≥ 0, k = 1, . . . , m, be defined by (5.1.36). The differintegral

operator D
(γk),(δk)
(βk),m

defined by means of the differential operator

Dη =




m∏
r=1

ηr∏

j=1

(
1
βr

x
d

dx
+ γr + j

)
 (5.1.37)

in the following way:

D
(γk),(δk)
(βk),m

f(x) = DηI
(γk+δk),(ηk−δk)
(βk),m

f(x)

=




m∏
r=1

ηr∏

j=1

(
1
βr

x
d

dx
+ γr + j

)


×
1∫

0

H
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + ηk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(xσ)dσ

(5.1.38)

is said to be a multiple (m-tuple) Erdélyi-Kober fractional derivative of multiorder δ =
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(δ1, . . . , δm) and in general, the differintegral operators of the form

Df(x) = D
(γk),(δk)
(βk),m

x−δ0f(x) = x−δ0D

(
γk− δ0

βk

)
,(δk)

(βk),m
f(x) (5.1.39)

with δ0 ≥ 0 are called generalized (multiple) fractional derivatives.

Theorem 5.1.9. (Kalla and Kiryakova [174]-[175]) Let f ∈ Lµ,p, let conditions (5.1.16)
be satisfied and

g(x) = I
(γk),(δk)

(βk),m
f(x). (5.1.40)

Then, the following inversion formula holds with a generalized fractional derivative

D
(γk),(δk)
(βk),m

defined as in (5.1.37)-(5.1.38):

f(x) = D
(γk),(δk)
(βk),m

g(x), (5.1.41)

i.e.

f(x) =
{

I
(γk),(δk)

(βk),m

}−1

g(x) = D
(γk),(δk)
(βk),m

g(x) for g ∈ I
(γk),(δk)

(βk),m
(
Lµ,p

)
. (5.1.42)

Proof. A detailed proof can be made following the lines of the proof of Theorem
1.5.5. However, we give here alternatively the formal manipulations, suggesting the

idea of introducing the generalized fractional derivatives D
(γk),(δk)
(βk),m

of the form (5.1.37)-

(5.1.38) and the proof that

D
(γk),(δk)
(βk),m

I
(γk),(δk)

(βk),m
f(x) = f(x), f ∈ Lµ,p. (5.1.42′)

Having in mind the index law (5.1.31) and representation (5.1.8′), then putting the
differential operator Dη under the integral sign and using differential relation (5.1.34),
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we have:

D
(γk),(δk)
(βk),m

I
(γk),(δk)

(βk),m
f(x) = DηI

(γk+δk),(ηk−δk)
(βk),m

I
(γk),(δk)

(βk),m
f(x) = DηI

(γk),(ηk)
(βk),m

f(x)

= Dη



x−1

x∫

0

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + ηk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(t)dt





= Dη





x∫

0

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + ηk + 1, 1

βk

)m

1(
γk + 1, 1

βk

)m

1

]
f(t)

t
dt





=

x∫

0

DηH
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + ηk + 1, 1

βk

)m

1(
γk + 1, 1

βk

)m

1

]
f(t)

t
dt

=

x∫

0

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + 1, 1

βk

)m

1(
γk + 1, 1

βk

)m

1

]
f(t)

t
dt

= x−1

x∫

0

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + 0 + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(t)dt

= I
(γk),(0,...,0)

(βk),m
f(x) = f(x),

which is (5.1.42′).

Note. Identity (5.1.42′) holds also in the other functional spaces like Cα, Hµ(Ω) etc,
under the corresponding conditions for the convergence of integral (5.1.8).

Note. In the case of integers δk = ηk, k = 1, . . . , m, I
(γk+δk),(ηk−δk)
(βk),m

is the identity

operator and so D
(γk),(δk)
(βk),m

= Dη is a purely differential operator, the inverse of the

multiple Erdélyi-Kober integral I
(γk),(δk)

(βk),m
.

Now we can consider both multiple fractional integrals (5.1.8) and multiple fractional
derivatives (5.1.38) as a united object: multiple (generalized) fractional differintegrals.
We can also use the common symbols I

(γk),(δk)

(βk),m
with arbitrary real δ1, . . . , δm, if we adopt,

in addition to (5.1.8),

I
(γk),(δk)

(βk),m
= Dη̃I

(γk),(δk+η̃k)
(βk),m

(5.1.43)

with η̃k =





[−δk] + 1, for non integer δk < 0,

−δk, for integer δk,

0, for δk ≥ 0,

k = 1, . . . , m.
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It is seen that (5.1.43) coincides with (5.1.8) if all the δk ≥ 0, k = 1, . . . ,m; and with
(5.1.38) if all the δk ≤ 0, k = 1, . . . , m. However, if for instance

δ1 < 0, . . . , δs < 0; δs+1 = · · · = δr = 0; δr+1 > 0, . . . , δm > 0, (5.1.44)

then the symbol (5.1.43) is meant as a composition of an s-tuple fractional derivative
and an (m− r)-tuple fractional integral, namely:

I
(γk),(δk)

(βk),m
=

[
s∏

k=1

D
γk+δk,−δk
βk

]
.


I . . . I︸ ︷︷ ︸

(r−s)


 .




m∏

j=r+1

I
γj ,δj

βj




= D
(γk+δk),(−δk)
(βk),s

I
(γj),(δj)
(βj),m−r

,

(5.1.45)

the latter being fully justified by the considerations in next section.

5.2. Special cases, decomposition and applications of the generalized frac-
tional differintegrals in solving Abel type integral equations

Consider first the special case of multiple Erdélyi-Kober fractional integrals (5.1.8) with
m = 1. The kernel-function H

1,0
1,1 (σ), due to formulas (E.6′), with c = 1

β and (C.10), is:

H
1,0
1,1

[
σ

∣∣∣∣∣

(
γ + δ + 1− 1

β , 1
β

)
(
γ + 1− 1

β , 1
β

)
]

= βG
1,0
1,1

[
σβ

∣∣∣∣
γ + δ + 1− 1

β

γ + 1− 1
β

]
= βσβ−1G

1,0
1,1

[
σβ

∣∣∣∣
γ + δ

γ

]

= βσβ−1

(
1− σβ

)δ−1

Γ(δ)
σβγ ,

(5.2.1)
therefore

I
γ,δ
β,1f(x) =

1∫

0

(1− σβ)δ−1

Γ(δ)
σβγf(xσ)dσβ

=

1∫

0

(1− τ)δ−1

Γ(δ)
τγf

(
xτ

1

β

)
dτ = I

γ,δ
β f(x),

(5.2.2)

i.e. the 1-tuple generalized fractional integral (5.1.8) involving an H-function coincides
with the classical Erdélyi-Kober fractional integral (5.1.1) (and also with the 1-tuple
fractional integral (1.1.6) involving Meijer’s G-function).

Consider also the case m = 2. In particular, if β1 = β2 = β > 0, due to [287, p. 11,
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(1.7.11)], (E.6′) and (1.1.18):

H
2,0
2,2

[
σ

∣∣∣∣∣

(
γ1 + δ1 + 1− 1

β , 1
β

)
,
(
γ2 + δ2 + 1− 1

β , 1
β

)
(
γ1 + 1− 1

β , 1
β

)
,
(
γ2 + 1− 1

β , 1
β

)
]

=
σβγ2(1− σ)δ1+δ2−1

Γ (δ1 + δ2)
2F1

(
γ2 + δ2 − γ1, δ1; δ1 + δ2; 1− σβ

) (5.2.3)

and so, we obtain again the hypergeometric fractional integrals (see Section 1.1.iii (m =
2)):

I
(γ1,γ2),(δ1,δ2)
(β,β),2 f(x) = Hf(x) of the form (1.1.19). (5.2.4)

For β1 6= β2, the operator I
(γk),(δk)
(βk),2

has a more complicated form, related to the Gauss

hypergeometric kernel-function again.

For arbitrary m > 1 let us compare the Mellin transforms of the classical Erdélyi-
Kober fractional integral (5.1.1) (see (1.2.17)):

M
{

I
γk,δk
βk

f(x); s
}

=
Γ

(
γk − sk

βk
+ 1

)

Γ
(
γk + δk − sk

βk
+ 1

)M{f(x); s}

and of the multiple Erdélyi-Kober fractional integral (5.1.8) (see (5.1.25)):

M

{
I

(γk),(δk)

(βk),m
f(x); s

}
=




m∏

k=1

Γ
(
γk − sk

βk
+ 1

)

Γ
(
γk + δk − sk

βk
+ 1

)

 M{f(x); s}.

This suggests

M

{
I

(γk),(δk)

(βk),m
f(x); s

}
= M

{(
m∏

k=1

I
γk,δk
βk

)
f(x); s

}
, (5.2.5)

i.e. the Mellin images of the generalized fractional integral (5.1.8) and of the product(
m∏

k=1

I
γk,δk
βk

)
of Erdélyi-Kober operators (5.1.1) coincide. The same relation follows bet-

ween the corresponding kernel-functions:

M

{
H

m,0
m,m

[
σ

∣∣∣∣∣

(
γk + δk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
; s

}

=
m∏

k=1

M

{
H

1,0
1,1

[
σ

∣∣∣∣∣

(
γk + δk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
; s

}
.

(5.2.6)

This gives the idea of the following theorem.
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Theorem 5.2.1. (Composition/Decomposition theorem) Under the conditions (5.1.16),
the classical Erdélyi-Kober fractional integrals of the form (5.1.1): I

γk,δk
βk

, k = 1, . . . , m,
commute in the space Lµ,p and their product

I
γm,δm
βm

{
I
γm−1,δm−1

βm−1
. . .

(
I
γ1,δ1

β1
f(x)

)}
=

[
m∏

k=1

I
γk,δk
βk

]
f(x)

=

1∫

0

. . .︸︷︷︸
m

1∫

0

[
m∏

k=1

(1− σk)δk−1 σ
γk
k

Γ (δk)

]
f

(
xσ

1

β1

1 . . . σ
1

βm
m

)
dσ1 . . . dσm

(5.2.7)

can be represented as an m-tuple Erdélyi-Kober operator (5.1.8), i.e. by means of a single
integral involving the H-function:

[
m∏

k=1

I
γk,δk
βk

]
f(x) = I

(γk),(δk)

(βk),m
f(x)

=

1∫

0

H
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + δk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(xσ)dσ, f ∈ Lµ,p.

(5.2.8)
Conversely, under the same conditions, each multiple Erdélyi-Kober operator of form
(5.1.8) can be represented as a product (5.2.7).

Proof. Besides comparing the Mellin images of (5.2.7) and (5.2.8), one can use also
the method of mathematical induction. The statement is evident for m = 1, due to
(5.2.1). In view of (5.2.3), it can be checked for m = 2, after calculating the repeated

integral
2∏

k=1

I
γk,δk
βk

. Further, supposing that (5.2.8) holds for some m > 1, we can show

the same for m + 1, following the same calculations as in the proof of Theorem 1.2.10,
but with Fox’s H-function. For details of the proof see Kalla and Kiryakova [175].

Similarly, let us consider a product of Weyl type Erdélyi-Kober fractional integrals
(1.1.17∗):

K
τj ,αj
εj f(x) =

1∫

0

(σ − 1)αj−1στj

Γ
(
αj

) f
(
xσ

1

β

)
dσ, j = 1, . . . , n. (5.2.9)

We introduce also the following definition.

Definition 5.2.2. Let n ≥ 1 be integer and α0 ≥ 0, αj ≥ 0, τj , εj > 0, j = 1, . . . , n, be
real parameters. By n-tuple (generalized) Erdélyi-Kober fractional integrals of Weyl type
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we mean the integral operators of the form

Wf(x) = xα0K
(τj),(αj)
(εj),n

f(x)

= xα0

∞∫

1

H
n,0
n,n

[
1
σ

∣∣∣∣∣

(
τj + αj + 1

εj
, 1
εj

)n

1(
τj + 1

εj
, 1
εj

)n

1

]
f(σx)dx.

(5.2.10)

It is seen that for n = 1 and α0 = 0, (5.2.10) coincides with Erdélyi-Kober operator
(5.2.9):

K
τ,α
ε,1 = K

τ,α
ε

and for εj = ε, j = 1, . . . , n we obtain the multiple Weyl type fractional integrals (1.4.2)
involving Meijer’s G

n,0
n,n-function:

K
(τj),(αj)
(ε,...,ε),n = W

(τj),(αj)
ε,n .

Theorem 5.2.3. (Kalla and Kiryakova [174]-[175]) If f ∈ Lµ,p and

εj > 0, εjτj > −µ

p
, αj > 0, j = 1, . . . , n, (5.2.11)

then K
(τj),(αj)
(εj),n

f ∈ Lµ,p too and

∥∥∥∥K
(τj),(αj)
(εj),n

∥∥∥∥ ≤ h∗µ,p =
n∏

j=1

Γ
(
τj + µ

pεj

)

Γ
(
τj + αj + µ

pεj

) < ∞. (5.2.12)

Also (cf. Section 1.4, Theorem 1.4.4) the following composition/decomposiiton prop-
erty holds.

Theorem 5.2.4. ([174]-[175]) Under conditions (5.2.11) the operators K
τj ,αj
εj , j =

1, . . . , n, commute in Lµ,p and their product is representable by means of multiple Weyl
type integrals (5.2.10) and conversely , i.e. for f ∈ Lµ,p:




n∏

j=1

K
τj ,αj
εj


 f(x) = K

(τj),(αj)
(εj),n

f(x). (5.2.13)

It is interesting then to consider products of commuting Erdélyi-Kober fractional
integrals, some of them being of Riemann-Liouville type (1.1.17), and others of Weyl
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type (1.1.17∗), namely:

T =

(
m∏

k=1

I
γk,δk
βk

) 


n∏

j=1

K
τj ,αj
εj


 . (5.2.14)

The problem of the commutability of these multipliers and the representation of their
product by means of a single integral has been considered by Samko, Kilbas and Marichev
[434, Theorem 10.7] but for case of βk = εj = 1, k = 1, . . . , m, j = 1, . . . , n; Lµ,p with
µ = 1 only. Under the corresponding weaker conditions, it is shown there that the ope-
rator T coincides in Lp(0,∞) with a single integral involving a G

m,n
m+n,m+n-function. In

Kalla and Kiryakova [174]-[175] we propose the corresponding more general result.

Theorem 5.2.5. Let f ∈ Lµ,p and let both conditions (5.1.16), (5.2.11) be satisfied.
Then, the Erdélyi-Kober fractional integrals in the brackets in (5.2.14) commute and the
operator T maps Lµ,p boundedly into itself and can be represented by the following single
integral:

Tf(x) = x−1

∞∫

0

H
m,n
m+n,m+n

[
t

x

∣∣∣∣∣

(
−τj + 1− 1

εj
, 1
εj

)n

1
,
(
γk + δk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1
,
(
−τj − αj + 1− 1

εj
, 1
εj

)n

1

]

× f(t)dt.
(5.2.15)

Note. By the techniques used in Chapter 1 (see also Kiryakova [203]), one can establish
that the properties of the multiple Erdélyi-Kober operators (5.1.8), (5.2.10), stated in
Sections 5.1 and 5.2 hold also in the spaces Cα, respectively C∗α, under suitable conditions
on the parameters.

Theorems 5.1.9 and 5.2.1 and their Weyl-type analogues concerning K
(τj),(αj)
(εj),n

, can

be used successfully in solving certain convolutional integral equations.

Generalized Abel integral equation (explicit solution)

The famous Abel equation

x∫

0

(x− t)−αy(t)dt = f(x), 0 < α < 1, (5.2.16)

involving the Riemann-Liouville fractional integral of order δ = 1−α > 0, is historically
the first example of the Volterra integral equations of the first kind (Volterra [506]):

x∫

0

K(x, t)y(t)dt = f(x). (5.2.17)

Arising from the so-called tautochrone (isochrone) problem, it was solved by Abel
(1823) by appyling the fractional derivatives technique. The solution was so elegant
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that it became one of the most important motivatoins for further development of the
fractional calculus. Various generalizations of the equation (5.2.16) involving generali-
zed operators of fractional integration have been considered (for some history see e.g.
Srivastava and Buschman [464]-[465]). These Volterra type integral equations find a
wide range of applications, for instance, to boundary value problems for PDEs of mixed
type. Naturally, we consider Abel type equations related to the multiple Erdélyi-Kober
fractional integrals with H

m,0
m,m-functions as kernels. We can state:

Theorem 5.2.6. (Kiryakova [207]) Consider the generalized (multiple) Abel integral
equation

x−1

x∫

0

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + δk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
y(t)dt = f(x), (5.2.18)

or its equivalent multiple form:

1
Γ (δ1) . . . Γ (δm)

x∫

0

(
xβm − t

βm
m

)δm−1
t
βmγm
m d

(
t
βm
m

)
. . .

×
t2∫

0

(
t
β1

2 − t
β1

1

)δ1−1
t
β1γ1

1 y (t1) d
(
t
β1

1

)
= xβm(γm+δm)f(x)

(5.2.19)

under the conditions:

f ∈ I
(γk),(δk)

(βk),m
(
Lµ,p

)
, βk > 0, βk (γk + 1) >

µ

p
, δk > 0, k = 1, . . . , m. (5.2.20)

Then, equations (5.2.18)-(5.2.19) have unique solution of the explicit form:

y(x) = D
(γk),(δk)

(βk),m
f(x)

=




m∏
r=1

ηr∏

j=1

(
1
βr

x
d

dx
+ γr + j

)
x−1

x∫

0

H
m,0
m,m

[
t

x

∣∣∣∣∣

(
γk + ηk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(t)dt,

(5.2.21)
belonging to Lµ,p, where the integers ηk, k = 1, . . . ,m, are defined as in (5.1.36).

Proof. The condition f(x) ∈ I
(γk),(δk)

(βk),m
(
Lµ,p

)
is to ensure the existence of the so-

lution. For a more detailed description of the space of the functions, representable
by fractional integrals of functions from Lµ,p, one can see, for example, Samko, Kil-
bas and Marichev [434, §6], Dinh [84], etc. Other suitable functional spaces for this
purpose are the popular spaces Fp,µ of McBride [288]-[291]. Since integral equations
(5.2.18), (5.2.19) are of convolutional type, the uniqueness of their solution follows from
the theorem of Mikusinski and Ryll-Nardzewski [307], stated in the proof of Theorem
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1.2.15. Both integral equations however can be written down in the operator form
I

(γk),(δk)

(βk),m
y(x) = f(x) and then their solution is given by the generalized (m-tuple) frac-

tional derivative: y(x) = D
(γk),(δk)

(βk),m
f(x), represented explicitly in the form (5.2.21).

Special case. If all the βk = β, k = 1, . . . ,m, are equal, then the generalized Abel
equation (5.2.18) turns into an integral equation involving the G

m,0
m,m-function and its

solution is expressed by D
(γk),(δk)

β,m , (1.5.19) (see also Dinh [84]).

More generally, generalized Abel integral equations involving combinations of Erdélyi-
Kober fractional integrals both of Riemann-Liouville and Weyl type can be considered.
The simplest case concerns equations of the forms

u(x)

x∫

a

(x− t)α−1

Γ(α)
y(t)dt + v(x)

b∫

x

(t− x)α−1

Γ(α)
y(t)dt = f(x),

x∫

a

(x− t)α−1u(x)
Γ(α)

y(t)dt +

b∫

x

(t− x)α−1v(x)
Γ(α)

y(t)dt = f(x),

(5.2.22)

resolved, for example, in Samko, Kilbas and Marichev [434, §30.2-3]. One can take in
particular, a = 0, b = ∞, u(x) = xγ , v(x) = xτ and then the Erdélyi-Kober operators
(1.1.17)-(1.1.17∗) appear in (5.2.22). Penzel [363] investigated systems of generalized
Abel equations of the form

u(x)Iγ,α
β y(x) + v(x)K1−γ−α,α

β y(x) = f(x) (5.2.23)

in the spaces Lµ,p.
More about the history of solving other generalizations of the Abel integral equations

can be found in [434, §34]; for related results see Sakaljuk [428]-[429], Samko [430]-[433]
etc.

5.3. Solutions to dual integral equations with H- and G-functions via the
generalized fractional integrals

There are many techniques available for solving mixed boundary value problems arising
in mathematical physics (see Sneddon [452]). A specific approach to this class of problems
is to reduce them to dual integral equations. It seems that the first and simplest example
of such a pair of equations, called Titchmarsh equations, is the following:

∞∫

0

u−1J0(xu)f(u)du = 1, 0 < x < 1,

∞∫

0

J0(xu)f(u)du = 0, x > 1.

(5.3.1)
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In general, the pair of equations

∞∫

0

ω(u)K(x, u)f(u)du = ϕ(x), 0 < x < 1,

∞∫

0

K(x, u)f(u)du = ψ(x), x > 1,

(5.3.2)

where the kernel K(x, u), the weight ω(u) and boundary conditions ϕ(x), ψ(x) are known
functions and f(u) is to be determined, is known as a pair of dual integral equations. Seve-
ral methods for their solutions in the case ω(u) = uλ, K(x, u) = Jν(xu) were developed
by Weber (1873), Busbridge (1938), Titchmarsh (1948), Noble (1958), Peters (1961),
Erdélyi and Sneddon [110] and others. In most of these approaches an important role is
played by the operators of fractional integration. A more precise description of the history
of this method can be found in [434, §39], [498], [504]. In the papers of Fox [115]-[116],
Saxena [436] and Mathai and Saxena [286, p. 238-248] a general method is proposed for
obtaining solutions of dual integral equations associated with an arbitrary special function
having a Mellin-Barnes type integral representation. The kernel-function is taken to be
a H-function of Fox’s or a Meijer’s G-function and compositions of the Erdélyi-Kober
operators of fractional integration are applied to reduce the given equations to others
with one and same kernel. Thus, in Mathai and Saxena [286] the solution is given in
a closed but rather involved form, since these compositions of fractional integrals are
not calculated explicitly. Moreover, no conditions on the parameters of the H- and
G-functions in the kernel are stated in order for the solution to be a non formal one.

Here we give an explicit solution to a class of dual integral equations involving H- and
G-functions. It contains as special cases the solutions of dual integral equations involving
many special functions of mathematical physics. We illustrate this by the example with
Bessel functions as kernels. The basic results have been published in Kiryakova [205] and
Galue, Kiryakova and Kalla [119].

Consider, in general, the following pair of dual integral equations:

∞∫

0

H
m,n
p+n,q+m

[
xu

∣∣∣∣
(
aj , Aj

)n+p
1

(bk, Bk)m+q
1

]
f(u)du = ϕ(x), 0 < x < 1,

∞∫

0

H
m,n
p+n,q+m

[
xu

∣∣∣∣
(
cj , Cj

)n+p
1

(dk, Dk)m+q
1

]
f(u)du = ψ(x), x > 1,

(5.3.3)

where m ≥ 0, n ≥ 0, p ≥ 0, q ≥ 0 are integers and all the Aj , Cj , Bk, Dk are positive so
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that
n∑

j=1

Aj +
m∑

k=1

Bk =
n+p∑

j=n+1

Aj +
m+q∑

k=m+1

Bk,

n∑

j=1

Cj +
m∑

k=1

Dk =
n+p∑

j=n+1

Cj +
m+q∑

k=m+1

Dk;

(5.3.4)

n∑

j=1

Cj ≥
n∑

j=1

Aj ,

n+p∑

j=n+1

Cj ≥
n+p∑

j=n+1

Aj ,

m∑

k=1

Bk ≥
m∑

k=1

Dk,

m+q∑

k=m+1

Bk ≥
m+q∑

k=m+1

Dk;

(5.3.5)

and ϕ(x) ∈ Cα, ψ(x) ∈ C∗α∗, α∗ ≤ α, Cα and C∗α∗ being spaces (1.1.1), (1.1.2) of
continuous type functions.

The main result we achieve here by means of the generalized fractional calculus tech-
niques gives the explicit solution as follows.

Theorem 5.3.1. (Galue, Kiryakova and Kalla [119]) For boundary conditions (right-
hand sides)

ϕ(x) ∈ Cα, ψ(x) ∈ C∗α∗, α∗ ≤ α, (5.3.6)

and parameters aj, Aj, . . ., dk, Dk, j = 1, . . . , n + p, k = 1, . . . , m + q, satisfying
conditions (5.3.4), (5.3.5) and

αCj + 1 > cj > aj , j = 1, . . . , n; αBm+k + 1 > bm+k > dm+k, k = 1, . . . , q;
dk > bk > α∗Bk, k = 1, . . . , m; an+j > cn+j > α∗Cn+j , j = 1, . . . , p;

(5.3.7)

the explicit solution of the dual integral equations (5.3.3) has the form:

f(x) =

1∫

0

H
q,p
p+n,q+m

[
xu

∣∣∣∣
(1− an+k −An+k, An+k)p

1
, (1− ck − Ck, Ck)n1

(1− dm+k −Dm+k, Dm+k)q
1
, (1− bk −Bk, Bk)m1

]

×




1∫

0

H
n+q,0
n+q,n+q

[
σ

∣∣∣∣
(1− ak −Ak, Ak)n1 , (1− dm+k −Dm+k, Dm+k)q

1

(1− ck − Ck, Ck)n1 , (1− bm+k −Bm+k, Bm+k)q
1

]
ϕ(uσ)dσ



 du

+

∞∫

1

H
q,p
p+n,q+m

[
xu

∣∣∣∣
(1− an+k −An+k, An+k)p

1
, (1− ck − Ck, Ck)n1

(1− dm+k −Dm+k, Dm+k)q
1
, (1− bk −Bk, Bk)m1

]

×




∞∫

1

H
m+p,0
m+p,m+p

[
1
σ

∣∣∣∣
(dk + Dk, Dk)m1 , (an+k + An+k, An+k)p

1

(bk + Bk, Bk)m1 , (cn+k + Cn+k, Cn+k)p
1

]
ψ(uσ)dσ



 du.

(5.3.8)
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To avoid the complicated notation in the most general case (5.3.3), we illustarte below
the idea and its realization in the case with G-functions as kernels, following Kiryakova
[205]. The same techniques then work quite well in the case of H-functions too and the
particular details can be seen in [119].

Thus, we consider now the dual integral equations

∞∫

0

G
m,n
p+n,q+m

[
xu

∣∣∣∣
a1, . . . , an+p

b1, . . . , bm+q

]
f(u)du = ϕ(x), o < x < 1,

∞∫

0

G
m,n
p+n,q+m

[
xu

∣∣∣∣
c1, . . . , cn+p

d1, . . . , dm+q

]
f(u)du = ψ(x), x > 1,

(5.3.9)

with condition
m + n = p + q, corresponding to (5.3.4). (5.3.10)

Denote the kernel-functions of (5.3.9) by

G1(x) = G
m,n
p+n,q+m

[
x

∣∣∣∣
(ak)
(bl)

]
=

1
2πi

∫

L

X1(s)x−sds,

G2(x) = G
m,n
p+n,q+m

[
x

∣∣∣∣
(ck)
(dl)

]
=

1
2πi

∫

L

X2(s)x−sds,

where

X1(s) =

m∏
j=1

Γ
(
bj + s

) n∏
j=1

Γ
(
1− aj − s

)

q∏
j=1

Γ
(
1− bm+j − s

) p∏
j=1

Γ
(
an+j + s

) =
Γ1,1.Γ2,1

Γ3,1.Γ4,1
,

X2(s) =

m∏
j=1

Γ
(
dj + s

) n∏
j=1

Γ
(
1− cj − s

)

q∏
j=1

Γ
(
1− dm+j − s

) p∏
j=1

Γ
(
cn+j + s

) =
Γ1,2.Γ2,2

Γ3,2.Γ4,2
.

(5.3.11)

The Mellin transform

M{f(u)} = F (s) =

∞∫

0

us−1f(u)du

with its inversion formula

M−1{F (s)} = f(u) =
1

2πi

∫

L

F (s)u−sds
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and the known Parseval theorem, is a useful tool in solving dual integral equations.
Applying this transform to equations (5.3.8), we can reduce them to a pair of equations
whose kernels are the Mellin transforms of the G-functions, namely:

M

{
G

m,n
p+n,q+m

[
x

∣∣∣∣
a1, . . . , an+p

b1, . . . , bm+q

]}
= X1(s)

M

{
G

m,n
p+n,q+m

[
x

∣∣∣∣
c1, . . . , cn+p

d1, . . . , dm+q

]}
= X2(s).

(5.3.12)

As shown in [286, §7.2], by using the Parseval theorem for the Mellin transform, the new
pair of equations is

1
2πi

∫

L

X1(s)x−sF (1− s)ds = ϕ(x), 0 < x < 1,

1
2πi

∫

L

X2(s)x−sF (1− s)ds = ψ(x), x > 1.

(5.3.13)

Here the new unknown function is the Mellin transform F (s) of f(u). For the details of
the reduction of (5.3.9) to (5.3.13) we refer to [286, p. 242-243].

Next, the main idea is to transform each of the kernels Xi(s), i = 1, 2, of equations
(5.3.13) to a common kernel X (s) of the same form using fractional integration operators.
By an application of the generalized Riemann-Liouville type fractional integral to the first
equation of (5.3.13) we try to transform the quotient Γ2,1

Γ3,1
of Γ-functions with (−s) from

the expression for X1(s) in (5.3.11), into the corresponding quotient Γ2

Γ3
= Γ2,2

Γ3,2
from the

expression for X2(s). Similarly, by a fractional integral of Weyl type applied to the
second equation of (5.3.11) we transform the quotient Γ1,2

Γ4,2
of Γ-functions with (+s) in

X2(s), (5.3.11), into the coresponding quotient Γ1

Γ4
= Γ1,1

Γ4,1
. In this way, equations (5.3.13)

can be reduced to a pair of equations with a common kernel

X (s) =
Γ1.Γ2

Γ3.Γ4

=

m∏
j=1

Γ
(
bj + s

) n∏
j=1

(
1− cj − s

)

q∏
j=1

Γ
(
1− dm+j − s

) p∏
j=1

Γ
(
an+j + s

) (5.3.14)

and their solution can be written by a single formula.

To this end, we consider the following Erdélyi-Kober fractional integrals (5.1.1):

r′j = I
−cj ,cj−aj
1 , j = 1, . . . , n; r∗k = I

−bm+k,dm+k−bm+k
1 , k = 1, . . . , q (5.3.15)
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and form their compositions as follows:

R′ =
n∏

j=1

r′j , R∗ =
q∏

k=1

r∗k, R = R∗.R′.

Supposing cj > aj , j = 1, . . . , n, and bm+k > dm+k, k = 1, . . . , q. According to Theorem
1.2.10, we obtain the multiple Erdélyi-Kober integral

R = I
(γk),(δk)
1,n+q ;

γk = −ck, δk = ck − ak, k = 1, . . . n,

γn+k = −bm+k, δn+k = bm+k − dm+k, k = 1, . . . , q,
(5.3.16)

written by means of a G
n+q,0
n+q,n+q-function as a kernel.

Lemma 5.3.2. For

ϕ(x) ∈ Cα, α+1 > cj > aj , j = 1, . . . , n; α+1 > bm+k > dm+k, k = 1, . . . , q, (5.3.17)

the Riemann-Liouville type multiple fractional integral (5.3.16) transforms the first equa-
tion of (5.3.13) into an integral equation of the same form but with a kernel-function
X (s), defined by (5.3.14), viz.

1
2πi

∫

L

X (s)x−sF (1− s)ds = Rϕ(x), 0 < x < 1, (5.3.18)

with Rϕ(x) ∈ Cα.

Proof. We apply first R′ = I
(−cj),(cj−aj)
1,n to the first equation of (5.3.13) and using

(1.2.1):

R′ {x−s} = x−s
n∏

j=1

Γ
(
1− cj − s

)

Γ
(
1− aj − s

) ,

we obtain

R′ϕ(x) = R′





1
2πi

∫

L

X1(s)x−sF (1− s)ds





=
1

2πi

∫

L

X1(s)R′ {x−s} F (1− s)ds

=
1

2πi

∫

L

Γ1,1.Γ2,1

Γ3,1.Γ4,1
.
Γ2,2

Γ2,1
x−sF (1− s)ds.

Similarly, since

R∗ {
x−s} = x−s

q∏

k=1

Γ (1− bm+k − s)
Γ (1− dm+k − s)

,
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we have

Rϕ(x) = R∗ {
R′ϕ(x)

}
=

1
2πi

∫

L

Γ1,1.Γ2,2

Γ3,1.Γ4,1
.
Γ3,1

Γ3,2
x−sF (1− s)ds

=
1

2πi

∫

L

X (s)x−sF (1− s)ds,

as required. According to Theorem 1.2.15, for ϕ(x) ∈ Cα and the other conditions
(5.3.17), it follows that Rϕ(x) ∈ Cα too.

Analogously, we consider the Weyl type multiple integral

W = W∗W′ =




p∏

j=1

K
cn+j ,an+j−cn+j
1




(
m∏

k=1

K
bk,dk−bk
1

)

= W
(cn+j),(an+j−cn+j)
1,p W

(bk),(dk−bk)
1,m

= W
(τk),(αk)
1,m+p with

τk = bk, αk = dk − bk, k = 1, . . . , m

τm+j = cn+k, αm+j = an+j − cn+j , j = 1, . . . , p,

(5.3.19)

see (1.1.17∗), (1.4.2), (1.4.8). Now by using formula (1.4.4), namely:

W′ {x−s} = x−s
m∏

k=1

Γ (bk + s)
Γ (dk + s)

; W∗ {
x−s} = x−s

p∏

j=1

Γ
(
cn+j + s

)

Γ
(
am+j + s

) ,

from the second equation of (5.3.13), we obtain subsequently:

Wψ(x) = W∗ {
W′ψ(x)

}
=

1
2πi

∫

L

Γ1,2.Γ2,2

Γ3,2.Γ4,2
.
Γ1,1

Γ1,2
.
Γ4,2

Γ4,1
x−sF (1− s)ds

=
1

2πi

∫

L

Γ1,1Γ2,2

Γ3,2Γ4,1
x−sF (1− s)ds =

1
2πi

∫

L

X (s)x−sF (1− s)ds.

Then, by Theorem 1.4.8 the next lemma follows.

Lemma 5.3.3. For

ψ(x) ∈ C∗α∗, an+j > cn+j > α∗, j = 1, . . . , p; dk > bk > α∗, k = 1, . . . , m, (5.3.20)

the Weyl type multiple fractional integral (5.3.19) transforms the second equation of
(5.3.13) into an equation with kernel X , (5.3.14), namely:

1
2πi

∫

L

X (s)x−sF (1− s)ds = Wψ(x), x > 1, (5.3.21)
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and with Wψ(x) ∈ C∗α∗.
It is seen now that if we apply generalized multiple integrals (5.3.16), (5.3.19) respec-

tively to the first and second equations (5.3.13), we transform them into a single integral
equation with X (s), defined by (5.3.14) as a kernel:

1
2πi

∫

L

Xx−sF (1− s)ds = g(x), 0 < x < ∞, (5.3.22)

where we denote by

g(x) =
{

Rϕ(x), 0 < x < 1,

Wψ(x), x > 1,
(5.3.23)

the new right-hand side; Rϕ ∈ Cα, Wψ ∈ C∗α∗.
According to Marichev [276, Theorem 11], an appropriate space for considering func-

tions like g(x) with Mellin transforms in the strip Rs = γ, −α ≤ γ ≤ −α∗ is the space

Cα,α∗ :=
{

g(x) ∈ C[0, 1] ∩ C[1,∞); and
|g(x)| ≤ Axα, 0 < x < 1;
|g(x)| ≤ Axα∗, x > 1;

}
with α∗ ≤ α.

(5.3.24)

Then, by the Mellin transform techniques ([286, p. 242, Lemma 7.2.2]), equation
(5.3.22) can be rewritten in the form

f(x) =
1

2πi

∫

L

x−sG(1− s)
X (1− s)

ds, (5.3.25)

where f(x) is the original unknown function and G(s) = M{g(x); s}. Let us denote

H(s) =
1

X (1− s)
=

q∏
k=1

Γ (−dm+k + s)
p∏

j=1

Γ
(
1− (−an+j

)− s
)

m∏
k=1

Γ (1− (−bk)− s)
n∏

j=1

Γ
(−cj + s

) (5.3.26)

and let h(x) = M−1 {H(s)} be the original of (5.3.26). This does exist for m+n = p+ q,
under the conditions on the parameters accepted here and

h(x) = G
q,p
n+p,m+q

[
x

∣∣∣∣
(−an+j

)p
j=1

;
(−cj

)n
j=1

(−dm+k)qk=1
; (−bk)mk=1

]
. (5.3.27)

According to Parseval theorem ([286, p.242, Lemma 7.2.1]) it follows that the solution
f(x) of the original pair of integral equations (5.3.9) has the form

f(x) =

∞∫

0

h(xu)g(u)du =

∞∫

0

G
q,p
n+p,m+q

[
x

∣∣∣∣
(−an+j

)p
j=1

;
(−cj

)n
j=1

(−dm+k)qk=1
;

(−bj
)n
j=1

]
g(u)du (5.3.28)
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with g(x) defined by (5.3.23). Thus, we obtain that

f(x) =

1∫

0

h(xu)Rϕ(u)du +

∞∫

1

h(xu)Wψ(u)du. (5.3.29)

By replacing h(x) by the G-function (5.3.27) and the multiple fractional integrals Rϕ(u),
Wψ(u) by their single integral representations via G-functions (see (1.1.6), (1.1.9)), for-
mula (5.3.29) gives the explicit solution of the dual integral equations (5.3.9). Let us bear
in mind that this was obtained by the above formal technique. Therefore, strictly, we
have to verify it by substituting the final expression for f(x) into (5.3.9) and then, work-
ing out the trivial but boring calculation of integrals involving products of G-functions
(by formula (A.28)). In the most general case (5.3.3) with H-functions, this is done in
Galue, Kiryakova and Kalla [119].

In this way, we finally obtain the following theorem.

Theorem 5.3.4. (Kiryakova [205]) The function

f(x) =

1∫

0

G
q,p
n+p,m+q

[
xu

∣∣∣∣
(−an+j

)p
1
;

(−cj
)n
1

(−dm+k)q
1
; (−bk)m1

]
du

×
1∫

0

G
n+q,0
n+q,n+q

[
ν

∣∣∣∣
(−aj

)n
1

, (−dm+k)q
1(−cj

)n
1

, (−bm+k)q
1

]
ϕ(uv)dv

+

∞∫

1

G
q,p
n+p,m+q

[
xu

∣∣∣∣
(−an+j

)p
1
;

(−cj
)n
1

(−dm+k)q
1
; (−bk)m1

]
du

×
∞∫

1

G
m+p,0
m+p,m+p

[
1
ν

∣∣∣∣
(dk + 1)m1 ,

(
an+j + 1

)p
1

(bk + 1)m1 ,
(
cn+j + 1

)p
1

]
ψ(uv)dv

(5.3.30)

satisfies the dual integral equations (5.3.9):

∞∫

0

G
m,n
p+n,q+m

[
xu

∣∣∣∣
(
aj

)n+p
1

(bk)m+q
1

]
f(u)du = ϕ(x), 0 < x < 1

∞∫

0

G
m,n
p+n,q+m

[
xu

∣∣∣∣
(
cj

)n+p
1

(dk)m+q
1

]
f(u)du = ψ(x), x > 1.

Note. The result obtained in [286, p. 247, (7.2.35)] is the same, but it contains compo-
sitions of fractional integrals

Rϕ(u) = r∗1r∗2 . . . r∗q
(
r′1 . . . r′nϕ(u)

)
; Wϕ(u) = w∗1w∗2 . . . w∗p

(
w′1 . . . w′mψ(u)

)
,
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written only symbolically. Their explicit representations

Rϕ(u) =

1∫

0

G
n+q,0
n+q,n+q

[
ν

∣∣∣∣
(−aj

)n
1

, (−dm+k)q
1(−cj

)n
1

, (−bm+k)q
1

]
ϕ(uv)dv

=

1∫

0

. . .︸︷︷︸
(n+q)

1∫

0

n+q∏

k=1

[
(1− tk)δk−1

Γ (δk)
t
γk
k

]
ϕ

[
u

(
t1 . . . tn+q

)]
dt1 . . . dtn+q

and the similar ones for Wψ(u) found in the above theorem allow us to write down, for
the first time, the solution (5.3.30) explicitly. Moreover our conditions (combination of
(5.3.17) and (5.3.20)):

ϕ ∈ Cα, ψ ∈ C∗α∗, α∗ ≤ α; α + 1 > cj > aj , j = 1, . . . , n; α + 1 > bm+k > dm+k,

k = 1, . . . , q; an+j > cn+j > α∗, j = 1, . . . , p; dk > bk > α∗, k = 1, . . . , m;
(5.3.31)

ensure the correct application of the fractional integration operators R, W to the bound-
ary conditions ϕ(x) and ψ(x). These conditions are missing in [286].

Note. The solutions of the dual integral equations involving various special functions,
used in applied mathematics, can be derived as particular cases of (5.3.8), in particular
of (5.3.30).

First of all, let us consider the dual integral equations with H-functions, considered
in Mathai and Saxena [286, §7.2].

Example 5.3.5.

∞∫

0

H
m,n
p+n,q+m

[
xu

∣∣∣∣
(
aj , Aj

)n+p
1

(bk, Bk)m+q
1

]
f(u)du = ϕ(x), 0 < x < 1,

∞∫

0

H
m,n
p+n,q+m

[
xu

∣∣∣∣
(
cj , Aj

)n+p
1

(dk, Bk)m+q
1

]
f(u)du = ψ(x), x > 1.

(5.3.32)

This case follows from (5.3.3) if Cj = Aj , j = 1, . . . , n + p, Dk = Bk, k = 1, . . . , m + q,
respectively. Conditions (5.3.4) reduce to condition (v), [286, p. 240]. Conditions (5.3.5)
are also fulfulled with “=” signs in all of them. The additional conditions (5.3.31) have
no changes. Then, Theorem 5.3.5 gives the explicit solution (5.3.8), simplified by the
above substitutions.

Next, we illustrate the general results on the example of dual integral equations in-
volving Bessel functions of arbitrary order.
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Example 5.3.6. (Titchmarsh dual integral equations)

∞∫

0

u−γJµ
(
2
√

xu
)
f(u)du = g1(x), 0 < x < 1,

∞∫

0

u−δJν
(
2
√

xu
)
f(u)du = g2(x), x > 1.

(5.3.33)

Since (see (C.6), Appendix):

Jν
(
2
√

x
)

= x
ν
2 G

1,0
0,2 [x|0,−ν] ,

the dual integral equations (5.3.33) turn into a special case of (5.3.9) with condition
(5.3.10) satisfied, viz. (m + n)− (p + q) = (1 + 0)− (0 + 1) = 1. If we put additionally

b1 = µ
2
− γ, b2 = −µ

2
− γ, d1 = ν

2
− δ, d2 = −ν

2
− δ,

ϕ(x) = x−γg1(x), ψ(x) = x−δg2(x),

then equations (5.3.33) have the form:

∞∫

0

G
1,0
0,2 [xu|b1, b2] f(u)du = ϕ(x), 0 < x < 1,

∞∫

0

G
1,0
0,2 [xu|d1, d2] f(u)du = ψ(x), x > 1.

(5.3.34)

From Theorem 5.3.5 we find the solution

f(x) =

1∫

0

G
1,0
0,2 [xu| − d2,−b1] du

1∫

0

G
1,0
1,1

[
ν

∣∣∣∣
−d2

−b2

]
ϕ(uv)dv

+

∞∫

1

G
1,0
0,2 [xu| − d2,−b1] du

∞∫

1

G
1,0
1,1

[
1
ν

∣∣∣∣
d1 + 1
b1 + 1

]
ψ(uv)dv.

By taking into account (C.10):

G
1,0
1,1

[
x

∣∣∣∣
α + β

α

]
=

xα(1− x)β−1

Γ(b)
, 0 < x < 1,
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in the previous notation we obtain:

f(x) = x
µ+3ν

4
+

3δ−γ
2





1∫

0

u
µ+3ν

2
+3

δ−γ
2 Jλ

(
2
√

xu
)
du

1∫

0

v
µ
2 (1− v)λ−µ−1

Γ(λ− µ)
g1(uv)dv

+

∞∫

1

u
µ+3ν

2
+

δ−γ
2 Jλ

(
2
√

xu
)
du

∞∫

1

v−
ν
2 (v − 1)ν−λ−1

Γ(ν − λ)
g2(uv)dv





(5.3.35)
where λ = µ+ν

2
+ (δ − γ).

For the right-hand sides g1(x) ∈ Cα, g2 ∈ C∗α∗, the corresponding conditions (5.3.31)
are:

ν > λ > µ,
µ

2
+ α + 1 > 0,

µ

2
+ δ − γ − α∗ > 0. (5.3.36)

After a change of variables, we can obtain the solution of the classical Titchmarsh
dual integral equations (see Sneddon [452]):

∞∫

0

u−2γJµ(xu)f(u)du = F1(x), 0 < x < 1,

∞∫

0

u−2δJν(xu)f(u)du = F2(x), x > 1,

(5.3.37)

which for γ = −ω
2
, δ = 0, λ = µ+ν+ω

2
has the form

f(x) = 2λ−νx1−λ+ν





1∫

0

t1−λ−νJλ(xt)h1(t)dt +

∞∫

1

t1−λ+νJλ(xt)h2(t)dt



 , (5.3.38)

found earlier by Peters ([452, p. 85-86]), where

h1(t) =
21−ωtν+2ω

Γ(λ− µ)

t∫

0

(
t2 − τ 2

)λ−µ−1
τµ+1F1(τ)dτ

and

h2(t) =
2tµ+ω

Γ(ν − λ)

∞∫

t

(
τ 2 − t2

)ν−λ−1
τ 1−νF2(τ)dτ.

Let us assume F1(x) ∈ C−1, F2(x) ∈ C∗−1, i.e. α = α∗ = −1 and therefore,

F (x) =
{

F1(x), 0 < x < 1
F2(x), x > 1

}
∈ C−1,1 ⊂ L1(0,∞).
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This is the most natural case usually considered, i.e. with Lebesgue integrable boundary
conditions. Then, conditions (5.3.31) take the known form (see [452, p. 86] again):

λ > µ > −1, µ + ω > −1, ν > λ.

For other results on dual integral equations obtained by means of the fractional cal-
culus and some alternative approaches, one can see the articles: Erdélyi and Sneddon
[110], Fox [115]-[116], Love and Clements [267], Saxena [436]-[437], Virchenko [502]-[503],
Virchenko and Makarenko [505] as well as the books: Sneddon [452], [455], Samko, Kilbas
and Marichev [434], Ufljand [498], Virchenko [504].

5.4. Convolutions of generalized fractional integrals. Multiple Džrbashjan-
Gelfond-Leontiev differintegration operators

Following Definition 2.1.1 for a convolution of a linear operator L, mapping a linear space
into itself, we can state now the problem for finding convolutions of the multiple Erdélyi-
Kober fractional integrals L = xβ0I

(γk),(δk)

(βk),m
in spaces Cα. Till recently, this problem has

been solved in some special but important cases, namely:
a) m = 1; arbitrary β > 0, γ, δ > 0; β0 = βδ > 0:

L = xβδI
γ,δ
β , (5.4.1)

the Erdélyi-Kober fractional integrals (2.1.4). The corresponding family of convolutions
of L is found in Kiryakova [206] and Section 2.1, Theorem 2.1.2.

b) arbitrary m ≥ 2; arbitrary γk, all δk = 1, all βk = β > 1, k = 1, . . . , m;
β0 = β > 0:

L = xβI
(γk),(1,...,1)
β,m = xβ

[
m∏

k=1

I
γk,1
β

]
, (5.4.2)

the hyper-Bessel integral operators (3.1.21)-(3.1.23), corresponding to the Bessel type
differential operators of order m > 1, (3.1.2)-(3.1.3):

B = xα0
d

dx
xα1 . . .

d

dx
xαm = x−β

[
m∏

k=1

(
x

d

dx
+ βγk

)]
.

A one-parameter family of convolutions of operator (5.4.2) was found by Dimovski [64]-
[71] and gave rise to the development of operational calculi, integral tramsforms and the
theory of hyper-Bessel operators of arbitrary order. Later on, the same convolutions were
represented briefly by means of generalized fractional integrals, see Section 3.6, Theorem
3.6.1 and related results.

c) m = 2; arbitrary γ1, γ2; integer δ1 > 0, δ2 > 0; the problem was solved for
some special cases, for instance, for the operator

L = Lν,µ = xµI
(ν,0),(1,µ)
1,2 , µ > 0 (5.4.3)
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related to the Bessel-Maitland function J
(µ)
ν (x) (E.36), see Section 1.6, Example h). A

convolution for integer µ > 0 was found by Krätzel [239]. The problem of finding a
convolution in the case of arbitrary rational µ > 0 still seems to be open (Open problem
No 1, Kiryakova [196, p. 57]).

Recently, following the general convolutional scheme of Dimovski [73], Nguen
and Yakubovich [317], Yakubovich [513]-[514], Yakubovich and Luchko [515]-[516],
Yakubovich and Nguen [517], Luchko and Yakubovich [270]-[271] have found some very
general convolutions, related to the G- and H-functions. Their results allow solving the
problem for convolutions of almost arbitrary multiple fractional integrals L = xβ0I

(γk),(δk)

(βk),m
.

In essence, the convolutions found by Yakubovich and Luchko are related to above the
operators with arbitrary γk, δk > 0, k = 1, . . . , m, β0 = µ > 0 but βk = µ

δk
, k = 1, . . . , m,

i.e. of the form L = xµI
(γk),(δk)
µ
δk

,m
.

Theorem (Luchko and Yakubovich [270]-[271]). Let µ > 0, ai > 0, αi ∈ R, 1 ≤
i ≤ n;

α = max
1≤i≤n

(
αi − 1

ai

)
, λ ≥ max

1≤i≤n

1− αi

ai
. (5.4.4)

Then, the operation

(
f

λ∗ g
)

(x) = xλ

{
n∏

i=1

I
1−2αi,αi+λai−1
ai (f ◦ g)(x)

}
, (5.4.5)

where

(f ◦ g)(x) =

1∫

0

. . .

1∫

0

n∏

j=1

[ui (1− ui)]
−αi f

[
x

n∏

i=1

uai
i

]

× g

[
x

n∏

i=1

(1− ui)
ai

]
du1 . . . dun,

(5.4.6)

is a convolution without divisors of zero of the linear operator Lµ in Cα, where:

Lµf(x) = xµ

[
n∏

i=1

I
−αi,µai
ai

]

= xµ

1∫

0

. . .

1∫

0

n∏

i=1

(1− ui)
µai−1 u−αi

i

Γ (µai)
f

[
x

n∏

i=1

uai
i

]
du1 . . . dun.

(5.4.7)
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5.4.i. Fractional hyper-Bessel differential operators and convolutions related
to them

Definition 5.4.1. By a fractional hyper-Bessel differential operator we mean a differin-
tegral operator of the symbolic form

B̃ = xα0

(
d

dx

)δ1

xα1

(
d

dx

)δ2

. . . xαm−1

(
d

dx

)δm

xαm (5.4.8)

with integer m ≥ 1, real α0, α1, . . ., αm and positive δ1, . . ., δm.

As shown in Section 1.6, operators (5.4.8) can be considered as generalized (m-tuple)
fractional derivatives (1.6.17):

B̃ = D
(γk),(δk)
1,m with

α0 = −γ1; αk = γk + δk − γk+1

k = 1, . . . , m− 1; αm = γm + δm,
(5.4.9)

i.e. as a product of Erdélyi-Kober fractional derivatives D
γ,δ
β of the form (1.6.7):

D
γ,δ
β f(x) =

[
x−γ

(
d

dx

)δ

xγ+δf
(
x

1

β

)]

x→xβ

, (5.4.10)

namely (Lemma 1.6.5):
B̃ = D

γ1,δ1

β D
γ2,δ2

β . . . D
γm,δm
β .

In order to use the convolution (5.4.6) for the fractional hyper-Bessel operators B̃ (strictly,
for the corresponding integral operators L̃), we now represent them in an alternative way,
using compositions of Erdélyi-Kober derivatives (5.4.10) with different parameters β > 0,
and hence related to Fox’s H-function as a kernel.

First, we should note that a composition/decomposition theorem, analogous to
Lemma 1.6.5 but corresponding Theorem 5.2.1, holds: the composition of commuting
Erdélyi-Kober fractional derivatives I

γk,δk
βk

, k = 1, . . . , m, with different βk’s can be rep-

resented as a generalized (multiple) fractional derivative D
(γk),(δk)

(βk),m
of form the (5.1.38),

viz.:
D

γ1,δ1

β1
D

γ2,δ2

β2
. . . D

γm,δm
βm

= D
(γk),(δk)

(βk),m
. (5.4.11)

Then, for the fractional hyper-Bessel differential operator (5.4.8)

B̃ = xα0

(
d

dx

)δ1

xα1 . . .

(
d

dx

)δm

xαm

with

M =

[
m∏

k=1

(
δk

µ

)δk
]

, µ =
m∑

k=1

δk −
m∑

i=0

αi := ∆−A > 0, (5.4.13)
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the same δk’s and new parameters:

γk =
δk

µ
[αk + · · ·+ αm − δm − δm+1 − · · · − δk+1] , k = 1, . . . , m− 1,

γm =
δm

µ
αµ; βk =

µ

δk
, k = 1, . . . , m.

(5.4.14)

we find the alternative representation:

B̃ =
1
M

D
(γk),(δk)(

µ
δk

)
,m

x−µ (5.4.12)

Indeed,

B̃ = xα0

(
d

dx

)δ1

xα1 . . .

(
d

dx

)δm

xαm

= x
−δ2−µ

(
1−γ1

δ1

) (
d

dx

)δ1

x
δ2+µ

(
γ1
δ1
−γ2

δ2

) (
d

dx

)δ2

. . . x
µγm

δm

=
1
M

[(
δ1

µ

)δ1

x
− µ

δ1
(γ1+δ1)+δ1

(
d

dx

)δ1

x
µ
δ1

(γ1+δ1)
]

. . .

[(
δm

µ

)δm

x
− µ

δm
(γm+δm)+δm

(
d

dx

)δm

x
µ

δm
(γm+δm)

]
x−µ

=
1
M

D
γ1,δ1
µ
δ1

D
γ1,δ2
µ
δ2

. . . D
γm,δm
µ

δm

x−µ =
1
M

D
(γk),(δk)(

µ
δk

)
,m

x−µ,

in a subspace of Cα, where D
γk,δk
µ
δk

commute.

By Theorem 5.1.9 (see (5.1.42′)), the linear right inverse operator of B̃ (5.4.14), is
the generalized (m-tuple) fractional integral of the form (5.1.8):

L̃ = MxµI
(γk),(δk)(

µ
δk

)
,m

, (5.4.15)

considred in Cα, α = max
1≤k≤m

[
− µ

βk
(γk + 1)

]
, and L̃ : Cα → Cα+µ ⊂ Cα.

This can be called a fractional hyper-Bessel integral operator and has the representa-
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tion:

L̃f(x) = Mxµ

1∫

0

. . .

1∫

0

m∏

k=1

[
(1− tk)δk−1 t

γk
k

]

Γ (δk)
f

[
xt

δ1
µ
1 . . . t

δm
µ

m

]
dt1 . . . dtm

= Mxµ

1∫

0

H
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + δk + 1− δk

µ , δk
µ

)m

1(
γk + 1− δk

µ , δk
µ

)m

1

]
f(xσ)dσ.

(5.4.16)

Then, by a suitable change of notation in (5.4.5)-(5.4.7), from the result of Luchko
and Yakubovich [270] we obtain the following convolutions of L̃.

Theorem 5.4.2. For λ ≥ max
1≤k≤m

[
1+γk−δk

δk

]
the operations

(
f

λ∗ g
)

(x) = xµ(λ+1)

[
m∏

k=1

I
2γk+1,(λ+1)δk−γk−1
µ
δk

]
(f ◦ g)(x)

= xµ(λ+1)I
(2γk+1),((λ+1)δk−γk−1)(

µ
δk

)
,m

= Tλ(f ◦ g)(x),
(5.4.17)

where (◦) is the auxiliary operation

(f ◦ g)(x) =

1∫

0

. . .

1∫

0

m∏

k=1

[tk (1− tk)]γk f

[
x

m∏

k=1

t

δk
µ

k

]
g

[
x

m∏

k=1

(1− tk)
δk
µ

]
dt1 . . . dtm,

(5.4.18)
and the parameters µ > 0, βk, γk, δk > 0, k = 1, . . . , m, are as in (5.4.12)-(5.4.13), are
convolutions without divisors of zero of the fractional hyper-Bessel integral operator L̃,

(5.4.15)-(5.4.16) in the space Cα, α = max
1≤k≤m

[
−µ(γk+1)

δk

]
.

Note. Along with representations by multiple integrals like (5.2.7), the generalized frac-
tional integrals

Tλ = xµ(λ+1)I
(2γk+1),((λ+1)δk−γk−1)(

µ
δk

)
,m

(5.4.19)

in (5.4.17), also have single integral representations of the form (5.1.8) involving H-
functions. This fact allows representations of the convolutions

(
λ∗
)

by means of (m + 1)-
tuple integrals only, namely:

(
f

λ∗ g
)

(x) = xµ(λ+1)
1∫

0

H
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + 1 +

(
λ− 1

µ + 1
)

δk, δk
µ

)m

1(
2γk + 2− 1

µδk, δk
µ

)m

1

]
(f ◦ g) (xσ)dσ,

(5.4.20)
(f ◦ g)(x) being an m-tuple integral (5.4.18).
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By means of these convolutions one can develop operational calculi, corresponding to
the fractional hyper-Bessel differential operators B̃, (5.4.8) or (5.4.12).

Special cases:
i) for m > 1; δ1 = · · · = δm = 1, µ = m− (α0 + · · ·+ αm) := β > 0, λ ≥ max

k
γk, Cα

with α = max
k

[−β (γk + 1)] we obtain the convolutions of Dimovski [64]-[71], Dimovski

and Kiryakova [79] of the “integer” hyper-Bessel operators (see Theorem 3.6.1, (3.6.6)).
ii) for m = 1, µ = βδ > 0, the convolutions (2.1.7) of the Erdélyi-Kober integral

L = xβδI
γ,δ
β are found. In particular, the convolutions (2.2.25) of the Džrbashjan-Gel-

fond-Leontiev operator lp,µ, (2.2.16)-(2.2.17) follow.
Next, we show one more interesting special case of the fractional hyper-Bessel opera-

tors which is a multiple analogue of Džrbashjan-Gelfond-Leontiev operator (2.2.16).

5.4.ii. Multiple Džrbashjan-Gelfond-Leontiev operators and their convolu-
tions
Similarly to the Džrbashjan-Gelfond-Leontiev operators of integration (see Section 2.2):

lρ,µf(x) = xI
µ−1, 1

ρ
ρ f(x) = x

1∫

0

(1− σ)
1
ρ−1

Γ
(

1
ρ

) σµ−1f
(
xσ

1
ρ

)
dσ

=
∞∑

k=0

ak

Γ
(
µ + k

ρ

)

Γ
(
µ + k+1

ρ

)xk+1, if f(x) =
∞∑

k=0

akxk,

(5.4.21)

we can consider their multiple counterparts.

Definition 5.4.3. For power series f(x) =
∞∑
k=0

akxk, arbitrary real µ1, . . ., µm and

ρ1 > 0, . . ., ρm > 0 we define a multiple Džrbashjan-Gelfond-Leontiev integration op-
erator by means of the series

Lf(x) = L(ρk),(µk)f(x) =
∞∑

k=0

ak

Γ
(
µ1 + k

ρ1

)
. . . Γ

(
µm + k

ρm

)

Γ
(
µ1 + k+1

ρ1

)
. . . Γ

(
µm + k+1

ρm

)xk+1. (5.4.22)

It is easily seen that this operator extends to analytic funcitons in spaces Hα(Ω),
continuous functions of Cα, α = max

1≤k≤m
(−ρk) and even to integrable functions by means

of the integral representation

L(ρk),(µk)f(x) = xI
(µk−1),

(
1

ρk

)

(ρk),m
f(x)

= x

1∫

0

H
m,0
m,m

[
σ

∣∣∣∣∣

(
µk, 1

ρk

)m

1(
µk − 1

ρk
, 1
ρk

)m

1

]
f(xσ)dσ.

(5.4.23)
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Thus, this is a generalized fractional integral of the form (5.4.15) for which we dispose
with a family of convolutions (5.4.17). By putting µ = 1, γk = µk−1, δk = 1

ρk
in (5.4.17)

we obtain the following result.

Theorem 5.4.4. For λ ≥ max
k

(µkρk − 1) the operations

(
f

λ∗
(ρ),(µ)

g

)
(x) = xλ+1I

(2µk−1),
(

λ+1
ρk
−µk

)

(ρk),m
(f ◦ g) (x)

= xλ+1

1∫

0

H
m,0
m,m

[
σ

∣∣∣∣∣

(
λ
ρk

+ µk, 1
ρk

)m

1(
2µk − 1

ρk
, 1
ρk

)m

1

]
(f ◦ g)(xσ)dσ,

(5.4.24)

where (◦) is the auxiliary operator

(f ◦ g)(x) =

1∫

0

. . .

1∫

0

m∏

k=1

[tk (1− tk)]µk−1 f

[
x

m∏

k=1

t
1

ρk
k

]

× g

[
x

m∏

k=1

(1− tk)
1

ρk

]
dt1 . . . dtm,

(5.4.25)

are convolutions of themultipleDžrbashjan-Gelfond-Leontiev integration operator (5.4.23)
in Cα, α = max

k
(−µkρk).

The corresponding fractional differential operator B(ρk),(µk), i.e. the multiple Džr-
bashjan-Gelfond-Leontiev operator of differentiation can be represented in the forms

B(ρk),(µk) = x−1D

(
µk−1− 1

ρk

)
,

(
1

ρk

)

(ρk),m

= xα0

(
d

dx

) 1
ρ1

xα1 . . .

(
d

dx

) 1
ρ1

xαm ,

with µ =
m∑

k=1

1
ρk
−

m∑
i=0

αi = 1 > 0.

In particular, in the case m = 2, our 2-tuple Džrbashjan-Gelfond-Leontiev integration
operator (5.4.22) has the representation

L(ρ1,ρ2),(µ1,µ2)f(x) =
∞∑

k=0

ak

Γ
(
µ1 + k

ρ1

)
Γ

(
µ2 + k

ρ2

)

Γ
(
µ1 + k+1

ρ1

)
Γ

(
µ2 + k+1

ρ2

)xk+1 (5.4.26)

as well as a representation of the form (5.4.23), i.e. involving the Gauss hypergeometric
function in the kernel. It is seen now that (5.4.26) is nothing but a Gelfond-Leontiev
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integration operator (2.2.8) with respect to Džrbashjan’s function (E.33):

Φρ1,ρ2
(x; µ1, µ2) =

∞∑

k=0

xk

Γ
(
µ1 + k

ρ1

)
Γ

(
µ2 + k

ρ2

) , (5.4.27)

considered as a 2-index analogue of the Mittag-Leffler function Eρ(x; µ). Operators of
the form (5.4.26), related to function (5.4.27) do not seem to have been considered till
now. Formula (5.4.24) with m = 2 provides a family of convolutions for them.

Note. Convolutions (5.4.17), (5.4.24) of the fractional hyper-Bessel integral operators

L̃ = xµI
(γk),(δk)(

µ
δk

)
,m

and multiple Džrbashjan-Gelfond-Leontiev operators L(ρk),(µk) can be

used for representations of the commutants of these operators and their integer powers,
like the results shown in Section 2.3.

Open problem 5.4.5. Although Theorem 5.4.2 provides convolutions for the class of ge-

neralized fractional integrals of the form L = xµI
(γk),(δk)(

µ
δk

)
,m

, µ > 0 (i.e. with βk = µ
δk

,

k = 1, . . . , m), the problem of finding a convolution of the most general multiple fractional
integral L = xδ0I

(γk),(δk)

(βk),m
, δ0 > 0 of the form (5.1.9) still seems to be open. In particular,

it states the problem for a convolution of Krätzel’s operator (5.4.3), when µ > 0 is an
arbitrary (rational) parameter.

5.5. Generalized fractional calculus in classes of analytic functions and appli-
cations to univalent function theory

There are several approaches in defining fractional differintegrals for functions of a com-
plex variable, each of them with its pros and cons. There has also been some controversy
leading to a certain distrust in the general concept of fractional calculus, especially in
the mid-nineteenth century. “The mathematicians at that time were aiming for a plau-
sible definition of the generalized differentiation. But, in fairness to them, one should
note they lacked the tools to examine the consequences of their definitions in the complex
plane” (Davis, see [404, p. 4]). As pointed out in [434], the first successful attempts in
developing fractional calculus for functions of a complex variable belong to the Russian
mathematicians Sonine [456] and Letnikov [254]-[255]. They have established that the
extension of the Cauchy integral formula

f (ρ)(z) =
ρ!
2πi

∫

L

f(ζ)
(ζ − z)ρ+1

dζ, ρ = 0, 1, 2, . . . (5.5.1)

to non integer negative values of ρ (or in general, to complex ρ with Rρ < 0) coincides
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with Riemann’s definition for integration of order δ = −ρ > 0, viz.

Rδf(z) = Dρf(z) =
1

Γ(−ρ)

z∫

c

f(ζ) dζ

(z − ζ)ρ+1
=

1
Γ(δ)

z∫

c

(z − ζ)δ−1f(ζ) dζ, (5.5.2)

where c is the cross-point of the contour L, encircling z, and the cut in C put for
determinig a unique branch of (ζ − z)−ρ−1 in (5.5.1).

Another frequently used method descends from Hadamard’s paper [124]. There, the
idea of a fractional differentiation of analytic functions via term-by-term differentiation
of their Taylor series:

Dδ

{ ∞∑

k=0

ak(z − c)k
}

=
∞∑

k=0

ak
Γ(k + 1)

Γ(k − δ + 1)
(z − c)k−δ, δ 6= −1,−2, . . . (5.5.3)

has been effectively used and gave rise to the so-called Hadamard approach. In [124], also
the representation

Rδf(z) = zδ

1∫

0

(1− σ)δ−1

Γ(δ)
f(zσ)dσ, δ > 0 (5.5.4)

of the Riemann-Liouville fractional integral (5.5.2) has appeared. This form, following
by a simple substitution is however much more convenient than (5.5.2) when dealing with
complex variables. Then, the choice of the unique branch there depends only on the fixed
point z = 0 while in (5.5.2) the branch-point z = ζ is variable.

There exist also several other approaches in developing fractional calculus in complex
domains, for example, Nishimoto’s approach (see [321]-[331] and especially the books
[324], [326], [329], [331]). He uses contour integrals similar to (5.5.1) but allowing frac-
tional values of ρ. Recently, the Riemann-Liouville fractional integrals and derivatives
in that sense have been used repeatedly by: Nishimoto et al. [332]-[335], Nunukawa and
Owa [336], Owa [344], Owa et al. [345]-[354], Srivastava and Owa [471]-[474], Srivastava
et al. [477]-[482] and other authors of the same school, see the volumes [475]-[476]. There,
the Riemann-Liouville fractional derivatives of order 0 < δ < 1 are used in the form

Dδf(z) =
d

dz

z∫

0

(z − ζ)−δ

Γ(1− δ)
f(ζ)dζ, (5.5.5)

in simply connected domains Ω and requiring ln(z − ζ) to be real for (z − ζ) > 0.

Some of the other recent articles on the topic, related mainly to the univalent star-
like and convex functions are: Rusheweyh [411]-[412], Mokanu [311], Owa, Altintas and
Pashkuleva [346], Sekine [443], Yakubowski [150]-[152], Dimkov [63], Kapoor and Patel
[183], Saitoh [427], etc. Worthy of mentioning is the recent resolution of the famous
Bieberbach conjecture by de Branges [42].

285



Most of the difficulties, arising with respect to multi-valued in integrals (5.5.2), (5.5.5)
or factors zδ in (5.5.4), can be easily overcome by considering the Erdélyi-Kober operators
of fractional integration and especially, in their form:

I
γ,δ
β f(z) =

1∫

0

(1− σ)δ−1

Γ(δ)
σγf

(
zσ

1

β

)
dσ, γ ∈ R, δ > 0, β > 0. (5.5.6)

Originally, they were introduced by Kober [220] and Erdélyi [104] and used till recently
by many authors in the more complicated form

I
γ,δ
β f(z) = z−β(γ+δ)

z∫

0

(
zβ − ζβ

)δ−1

Γ(δ)
ζβγf(ζ)d(ζβ), (5.5.6′)

its disadvantage being obvious especially when dealing in complex domains.

This is the main idea in the following development: to use the Erdélyi-Kober fractional
integrals (5.5.6) and their multiple analogues of the same form: I

(γk),(δk)

β,m (1.1.6), D
(γk),(δk)

β,m

(1.5.19), I
(γk),(δk)

(βk),m
(5.1.8), D

(γk),(δk)

(βk),m
(1.5.38), and hence the techniques of the G- and H-

functions, for the purposes of complex analysis.

5.5.i. Generalized fractional differintegrals in classes of analytic functions

Definition 5.5.1. Let Ω be a complex domain, starlike with respect to the origin z = 0,
and hence a simply connected domain. Denote by H(Ω) the space of analytic and single-
valued (i.e. holomormphic) functions in Ω. Further, for real µ ≥ 0 we consider the
following classes of functions:

Hµ(Ω) =
{

f(z) = zµf̃(z); f̃(z) ∈ H(Ω)
}

, H0(Ω) := H(Ω). (5.5.7)

(in practice, most often µ ≥ 0 is taken to be integer). To avoid the multiplicity of the
factors zµ we determine a unique branch of arg z : 0 ≤ arg z ≤ 2π by putting a cut in Ω
along the half-line {Rz ≥ 0, Imz = 0} and assuming

zµ = |z|µ exp(iµ arg z), µ ≥ 0.

In particular, Ω can be taken the unit disk

U = ∆1 : |z| < 1, or the disk ∆R : |z| < R, R > 0.

In the latter case, we can consider the functions f(z) given by their power series

f(z) = zµ
∞∑

n=0

anzn = zµ (a0 + a1z + . . .) ∈ Hµ(∆R), (5.5.8)
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absolutely convergent in ∆R with R > 0 defined by the Cauchy-Hadamard formula

R =
{

lim
n→∞

n
√
|an|

}−1
. (5.5.9)

In Chapter 1 and in Sections 5.1-5.4 we have studied the multiple Erdélyi-Kober
fractional integrals and derivatives in the spaces Cα (continuous type functions) and Lp,
Lµ,p (Lebesgue integrable functions). In Chapter 2 some special cases of generalized
fractional differintegrals have been considered also for functions of complex variables.
Now, we go deeper into the problems, related to generalized fractional calculus in the
classes (5.5.7) of analytic functions.

For the most general case of multiple fractional integrals involving H
m,0
m,m-functions

we state the following result.

Theorem 5.5.2. (Kiryakova [204]) Let the conditions

γk > − µ

βk
− 1, δk > 0, k = 1, . . . , m (5.5.10)

be satisfied. Then, the multiple Erdélyi-Kober operator I
(γk),(δk)

(βk),m
defined by (5.1.8) or

(5.2.7), maps the class Hµ(Ω) into itself, preserving the power functions up to a constant
multiplier:

I
(γk),(δk)

(βk),m
{zp} = cpz

p, p ≥ µ with cp =
m∏

k=1

Γ
(
γk + p

βk
+ 1

)

Γ
(
γk + δk + p

βk
+ 1

) . (5.5.11)

Hence, the image of power series (5.5.8) is given by the series

I
(γk),(δk)

(βk),m
f(z) = zµ

∞∑
n=0



an

m∏

k=1

Γ
(
γk + n+µ

βk
+ 1

)

Γ
(
γk + δk + n+µ

βk
+ 1

)


 zn, (5.5.12)

having the same radius of convergence R > 0, defined by (5.5.9) and the same signs of
the coefficients. More generaly, each generalized fractional integral Rf(z) = zδ0I

(γk),(δk)

(βk),m
,

δ0 ≥ 0 maps Hµ(Ω) into Hµ+δ0
(Ω) ⊆ Hµ(Ω).

Proof. We emphasize only the specific details for Hµ(Ω) which have not been used
in the proofs of the similar theorems for spaces Cα, Lµ,p. For instance, (5.5.11) has been
calculated in Theorem 5.1.4. Then, term-by-term integration of f(z) ∈ Hµ (∆R), (5.5.8)
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leads to the power series

I
(γk),(δk)

(βk),m
f(z) =

∞∑
n=0

anI
(γk),(δk)

(βk),m
{
zµ+n}

= zµ
∞∑

n=0

ancµ+nzn

= zµ
∞∑

n=0

bnzn,

where the new coefficients are:

bn = ancµ+n = an

m∏

k=1

Γ
(
γk + n+µ

βk
+ 1

)

Γ
(
γk + δk + n+µ

βk
+ 1

)

and so have the same signs as an, n = 0, 1, 2, . . . . The radius of convergence of the
image-series, due to (5.5.9), is:

R̃ =
{

lim
n→∞|bn|

1
n

}−1
=

{
lim

n→∞|an|
1
n |cµ+n|

1
n

}−1
.

By repeated use of the asymptotic formula Γ(x+b)
Γ(x+a)

∼ xb−a, x →∞, we obtain:

lim
n→∞|cµ+n|

1
n = lim

n→∞

[
m∏

k=1

(
n

1
n

)−δk
(

β
1
n
k

)δk
]

= 1,

i.e. lim
n→∞|bn|

1
n = lim

n→∞|an|
1
n ⇒ R̃ = R.

The correctness of definition (5.1.8) (with x = z ∈ Ω) for arbitrary functions f(z) =
zµf̃(z) ∈ Hµ(Ω) can be justified by means of Range’s approximation theorem applied to
each compact subset of the simply connected domain Ω. Namely, we can approximate
there the analytic function f̃(z) by means of polynomials Pn(z), and therefore f(z), by
the polynomials zµPn(z), n = 1, 2, . . . . Another way is to establish that the improper
integral I

(γk),(δk)

(βk),m

{
zµf̃(z)

}
, depending on the parameter z ∈ Ω, is uniformly convergent

in each compact subset Ω̃ ⊂ Ω, and thus it is a function from Hµ(Ω) again. To this end,
we use the asymptotics of the kernel H

m,0
m,m-function (see the proof of Theorem 5.1.3) and

conditions (5.5.10).
For the leter use, we shall consider the simpler case when

the β1 = β2 = · · · = βm = β > 0, i.e. the kernel is H
m,0
m,m(σ) = G

m,0
m,m(σ). (5.5.13)

Then, the simpler Erdélyi-Kober fractional integrals I
(γk),(δk)

β,m , (1.1.6) with a complex
variable x = z ∈ Ω, considered in the classes Hµ(Ω) have the same properties as stated in
Theorem 5.5.2 but with the substitution βk = β, k = 1, . . . , m; see Theorem 1.2.18 and
its proof in Kiryakova [199]. The simplest (and the most useful) case is with parameters
βk = β = 1, k = 1, . . . ,m. Then, we have the following statement.
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Corollary 5.5.3. Let us consider the multiple Erdélyi-Kober fractional integral (1.1.6)
with β = 1:

I
(γk),(δk)
1,m f(z) =

1∫

0

G
m,0
m,m

[
σ

∣∣∣∣
(γk + δk + 1)m1
(γk + 1)m1

]
f(zσ)dσ (5.5.14)

in the classes of function Hµ(Ω). If

γk > −µ− 1, δk > 0, k = 1, . . . , m, (5.5.15)

then I
(γk),(δk)
1,m : Hµ(Ω) → Hµ(Ω) and in particular, for f ∈ Hµ(∆R) ⊂ Hµ(Ω):

I
(γk),(δk)
1,m

{
zµ

∞∑
n=0

anzn

}
= zµ

∞∑
n=0

ancµ+nzn (5.5.16)

with

cµ+n =
n∏

k=1

Γ (γk + 1 + n + µ)
Γ (γk + δk + 1 + n + µ)

> 0, n = 0, 1, 2, . . . , µ ≥ 0, (5.5.17)

i.e. these operators transform power series into power series with the same radius of
convergence and the same signs of the coefficients.

Note. For the classes of analytic functions considered here, the generalized fractional
integrals I

(γk),(δk)

(βk),m
and derivatives D

(γk),(δk)

(βk),m
, (5.1.38) act in almost the same manner,

so the mapping and other properties of the latter are similar to those of the integrals
I

(γk),(δk)

(βk),m
.

All the other operational rules and properties, stated in Chapter 1 (for the case of
G

m,0
m,m-kernels) and in Sections 5.1-5.4 (for the H

m,0
m,m-kernels) are also valid for the ge-

neralized fractional differintegrals I
(γk),(δk)

(βk),m
, D

(γk),(δk)

(βk),m
in the classes of functions Hµ(Ω)

and we shall use them (e.g. Theorems 5.1.6, 5.1.9, 5.2.1, etc.) under conditions (5.5.10),
(5.5.15).

In particular, for m = 1, the above general results have as consequences the proper-
ties of the clasical Erdélyi-Kober operators in spaces of analytic functions. Some of them
are well-known but present interest as a tool, commonly used in dealing with univalent
(starlike, convex) functions. Let us list them in the form of a separate proposition.

Theorem 5.5.4. If γ > −µ−1, δ > 0, then the Erdélyi-Kober fractional integrals (5.5.6)
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(with β = 1) preserve the class Hµ(Ω);

I
γ,δ
1

{
zµ

∞∑
n=0

anzn

}
= zµ

∞∑
n=0

an
Γ (γ + 1 + n + µ)

Γ (γ + δ + 1 + n + µ)
zn;

I
γ,δ
1 zλ = zλI

λ+γ,δ
1 ; I

γ+δ,σ
1 I

γ,δ
1 = I

γ,δ+σ
1 ; I

γ,δ
1 I

τ,α
1 = I

τ,α
1 I

γ,δ
1 = I

(γ,τ ),(δ,α)
1,2 ;

I
γ,0
1 = I;

{
I
γ,δ
1

}−1
= I

γ+δ,−δ
1 := D

γ,δ
1 ; D

γ,δ
1 = z−γ

(
d

dz

)δ

zγ+δ

(5.5.18)

and (
m∏

k=1

I
γk,δk
1

)
= I

(γk),(δk)
1,m ;

(
m∏

k=1

D
γk,δk
1

)
= D

(γk),(δk)
1,m . (5.5.19)

5.5.ii. Application to some special classes of analytic functions

Definition 5.5.5. For integer µ = p ≥ 1 and Ω = ∆1 = {|z| < 1} we define the
subclasses Ap ⊂ Hp (∆1) of functions, analytic in the unit disk ∆1 and satisfying the
conditions

f(0) = f ′(0) = · · · = f (p−1)(0) = 0, f (p)(0) = p!,

i.e.

Ap =
{

f(z) = zp + a1z
p+1 + a2z

p+2 + · · · = zpf̃(z); f̃ ∈ H (∆1) ; a0 = 1
}

. (5.5.20)

We are interested in the problem of preserving these subclasses Ap, which play an
important role in the theory of functions of a complex variable, when acting on them
by generalized fractional differintegrals I

(γk),(δk)

(βk),m
, D

(γk),(δk)

(βk),m
, considered in the previous

theorems. To this end, we should only put there integer µ = p ≥ 1, Ω = ∆1 and add the
requirement:

I
(γk),(δk)
1,m

{
zp

∞∑
n=0

anzn

}
= zp

∞∑
n=0

bnzn with a0 = 1 ⇒ b0 = 1. (5.5.21)

Since

bn = ancn+p ⇒ b0 = a0cp = cp =
m∏

k=1

Γ (γk + 1 + p)
Γ (γk + δk + 1 + p)

,

we “normalize” the fractional integrals and derivatives by the factors cp, respectively 1
cp

.
Then, from Corollary 5.5.3, we obtain the following.

Theorem 5.5.6. Let p ≥ 1 be an integer and

γk > −p− 1, δk > 0, k = 1, . . . , m. (5.5.22)
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Then, the (normalized) multiple Erdélyi-Kober fractional integrals and derivatives:

Ĩ
(γk),(δk)
1,m =

1
cp

I
(γk),(δk)
1,m with

1
cp

=
m∏

k=1

Γ (γk + δk + 1 + p)
Γ (γk + 1 + p)

,

D̃
(γk),(δk)
1,m = cpD

(γk),(δk)
1,m = cpI

(γk+δk),(−δk)
1,m

(5.5.23)

preserve the classes Ap, defined by (5.5.20). In particular,

Ĩ
(γk),(δk)
1,m {zp} = D̃

(γk),(δk)
1,m {zp} = zp

and for functions f(z) = zp (1 + a1z + a2z
2 + . . .) ∈ Ap operators (5.5.23) act as follows:

Ĩ
(γk,δk)
1,m f(z) = zp

(
1 + b̃1z + b̃2z

2 + . . .
)

, b̃n = angn,p,

D̃
(γk,δk)
1,m f(z) = zp

(
1 + d̃1z + d̃2z

2 + . . .
)

, d̃n = ang−1
n,p, n = 1, 2, . . .

(5.5.24)

where the “multiplier coefficients” are:

gn,p =
cn+p

cp
=

m∏

k=1

Γ (γk + 1 + n + p) Γ (γk + δk + 1 + p)
Γ (γk + δk + 1 + n + p) Γ (γk + 1 + p)

> 0, (5.5.25)

therefore,
sign b̃n = sign d̃n = sign ãn, n = 1, 2, . . . . (5.5.26)

Most frequently, special cases of the generalized fractional differintegrals (5.5.23) (see
the examples below) are used in the classes Ap with p = 0 and p = 1, namely:

A0 =
{
f(z) = 1 + a1z + a2z

2 + . . . ; analytic in ∆1

}
, (5.5.27)

A = A1 =
{
f(z) = z + a1z

2 + · · ·+ anzn+1 + . . . ∈ H (∆1)
}

.

(5.5.28)

The latter is the familiar class A of functions, analytic in the unit disk and normalized
by the conditions f(0) = f ′(0)− 1 = 0.

It is now easy to specify the conditions (5.5.22) under which the generalized Erdélyi-
Kober operators (5.5.23) preserve these two classes, namely:

γk > −1, δk > 0, k = 1, . . . , m, for A0; (5.5.27′)
γk > −2, δk > 0, k = 1, . . . , m, for A = A1. (5.5.28′)

Note. In terms of the so-called Hadamard convolution (product) (◦) of power series (see

(2.2.9)) one can say that the generalized integration Ĩ
(γk),(δk)
1,m , (5.5.23), maps a function
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f ∈ Ap into its Hadamard product by an analytic function gp(z) whose Taylor coefficients
are gn,p, namely:

Ĩ
(γk),(δk)
1,m f(z) = Ĩ

(γk),(δk)
1,m

{
zpf̃(z)

}
=

(
f

p◦ gp

)
(z)

:= zp
(
f̃ ◦ gp

)
(z) = zp

∞∑
n=0

angn,pz
n,

(5.5.29)

where

gp(z) =
∞∑

n=0

gn,pz
n with gn,p → 0, n →∞. (5.5.30)

Analogously, the generalized differentiation D̃
(γk),(δk)
1,m is nothing but a Hadamard

product with the “associated” function

g∗p(z) =
∞∑

n=0

g−1
n,pz

n with g−1
n,p →∞, n →∞, (5.5.31)

i.e.
D̃

(γk),(δk)
1,m f(z) = D̃

(γk),(δk)
1,m

{
zpf̃(z)

}
=

(
f

p◦ g∗p
)

(z)

:= zp
(
f̃ ◦ g∗p

)
(z) = zp

∞∑
n=0

an

gn,p
zn.

(5.5.32)

Examples of generalized Erdélyi-Kober fractional integrals
used in the topic of univalent, starlike and convex functions

These operators have been introduced by different authors who use them to study analytic
functions in various subclasses of the class A defined by (5.5.28). Such classes include
the class S of functions univalent in ∆1; the clases S∗(α) of functions starlike of order
α (0 ≥ α ≥ 1) in ∆1; the class K and K(α) of convex (convex of order α) functions in
∆1; the C(α, β) (see e.g. [351]), etc. Most of the operators listed below are defined in
the class A and preserve it (as a corollary of Theorem 5.5.6 when p = 1). Their proper-
ties in the above subclasses of A have been discussed in many papers and books. We
shall not describe in detail the various interesting results on this topic, but let us give
some examples only. We begin with the simplest case m = 1 of the classical (single)
Erdélyi-Kober operators of fractional differintegration.

Example 1 (Biernacki [33]). The linear integral operator B is defined in A by

Bf(z) =

z∫

0

f(t)
t

dt =

1∫

0

σ−1f(zσ)dσ = I
−1,1
1 f(z).
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Example 2 (Komatu [230]-[232]). The integral operator L is defined in A by

Lf(z) =

1∫

0

f(zσ)
σ

dω(σ) =

1∫

0

σ−1f(zσ)dσ = I
−1,1
1 f(z),

in the case when the probability measure on [0, 1] is taken to be ω(σ) = σ. The sequence
{Ln} (n = 0, 1, 2, . . .) is then interpolated into a family of operators

{
Lλ

}
, depending

on a continuous parameter λ ≥ 0. According to our theory, the integer powers Ln can
be considered as n-tuple compositions of the operator L itself:

Ln =
(
I
−1,1
1

)n
= I

−1,1
1

{
I
−1,1
1 . . .

(
I
−1,1
1

)}
= I

(−1)n1 ,(1)n1
1,n ,

that is, as n-tuple Erdélyi-Kober fractional integrals of the form (1.1.6):

Lnf(z) = I
(−1),(1)
1,n f(z) =

1∫

0

G
n,0
n,n

[
σ

∣∣∣∣
0, . . . , 0
−1, . . . ,−1

]
f(zσ)dσ

=

1∫

0

G
n,0
n,n

[
σ

∣∣∣∣
1, . . . , 1
0, . . . , 0

]
f(zσ)

σ
dσ

=
1

(n− 1)!

1∫

0

(
ln

1
σ

)n−1

f(zσ)dσ

(5.5.33)

(see [370, p. 637, (3)]). This result coincides with the representation for integer λ = n > 1
found by Komatu [230]-[232].

Example 3 (Libera [256]). The linear integral operator

If(z) =
2
z

z∫

0

f(t)dt = 2

1∫

0

f(zσ)dσ = 2I
0,1
1 f(z).

Example 4 (Owa and Srivastava [351], Owa and Obradović [349]). The generalized Libera
operator Bc is defined for c > −1 by

Bcf(z) =
c + 1
zc

z∫

0

tc−1f(t)dt = (c + 1)

1∫

0

σc−1f(zσ)dσ

= (c + 1)Ic−1,1
1 f(z) = (c + 1)Ic−1,1

1,1 f(z).

(5.5.34)

For integer c = n = 0, 1, 2, . . ., this operator is considered by Bernardi [30].
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Example 5 (Ruscheweyh [411]-[412]; Owa and Obradović [348]). The so-called Ruscheweyh
derivative is defined by

Dαf(z) =
{

z

(1− z)1+α

}
◦ f(z) (α ≥ 0), (5.5.35)

where (as before) f ◦ g denotes the Hadamard product of two power series, that is,

(f ◦ g)(z) =
∞∑

n=0

anbnzn (5.5.36)

for f(z) =
∞∑

n=0

anzn and g(z) =
∞∑

n=0

bnzn.

It can easily be seen that (5.5.35) has the alternative representation:

Dαf(z) =
1

Γ (α + 1)

[
z

(
d

dz

)α

zα−1

]
f(z)

=
1

Γ (α + 1)
D
−1,α
1 f(z)

(5.5.37)

in terms of the Erdélyi-Kober fractional derivatives of order α, defined by (5.5.18). Ac-
cording to Theorem 5.5.4, this differintegral operator is an inverse operator of the Erdélyi-
Kober integral

Lα = Γ(α + 1)I−1,α
1 (α ≥ 0).

For integer α = n = 0, 1, 2, . . ., the Ruscheweyh derivative (5.5.35), (5.5.37) has the
known form:

Dnf(z) = (Ln)−1 f(z) =
1
n!

z
(
zn−1f(z)

)(n) =
1
n!

D
−1,n
1 f(z).

In particular, for n = 1, we obtain the operator

(L1)−1 f(z) =
(
I
−1,1
1

)−1
f(z) = D

−1,1
1 f(z) = zf ′(z),

inverse to the Biernacki operator considered in Example 1.

Since Dα is an Erdélyi-Kober derivative of the form D
γ,δ
1 with γ = −1 > −2 and

δ = α ≥ 0 (see conditions (5.5.27′) and (5.5.28′)) and Dα{z} = z, Theorem 5.5.6 implies
that Dα maps the class A into itself. Further, we can consider a composition of a finite
number of Ruscheweyh derivatives Dαk (αk ≥ 0, k = 1, . . . , m), that is, the m-tuple
Erdélyi-Kober derivative:

Dα1,...,αmf(z) :=

(
m∏

k=1

Dαk

)
f(z) = D

(−1)m1 ,(αk)
m
1

1,m f(z), (5.5.38)
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defined by (1.5.19). On the other hand, formula (5.5.32) provides a representation of
(5.5.38) as the Hadamard product

g∗(z) =
∞∑

n=0

(
1
n!

m∏

k=1

Γ (αk + n + 1)
Γ (αk + 1)

)
zn,

that is,
Dα1,...,αmf(z) = (g∗ ◦ f) (z). (5.5.39)

Then, the inverse operator Iα1,...,αm := I
(−1),(αk)
1,m is a product with the generalized hy-

pergeometric function (5.5.30):

g(z) =
∞∑

n=0

n!

(
m∏

k=1

Γ (αk + 1)
Γ (αk + n + 1)

)
zn =

∞∑
n=0

(1)n(1)n
(α1 + 1)n . . . (αm + 1)n

zn

n!

= 2Fm (1, 1; (αk + 1)m1 ; z) ,

i.e. in terms of the Hadamard product:

Iiα1,...,αmf(z) = 2Fm (1, 1; (αk + 1)m1 ; z) ◦ f(z). (5.5.39′)

We may call the a generalized fractional derivative (5.5.38) a multiple Ruscheweyh
derivative.

Example 6 (Owa and Srivastava [352]; Sekine et al. [444]). The differintegral operator
Ωλ defined by

Ωλ = Γ(2− λ)zλ
(

d

dz

)λ

f(z) = Γ(2− λ)D−λ,λ
1 f(z) (λ 6= 2, 3, 4, . . . )

provides another example of an Erdélyi-Kober fractional derivative (5.5.18).

Example 7 (Carlson and Shaffer [52]; Owa and Srivastava [352]; Owa et al. [354]). Con-
sider the integral operator L(a, c) defined in A by the Hadamard product (5.5.36) as
follows:

L(a, c)f(z) = Φ(a, c; z) ◦ f(z) = {z2F1(1, a; c; z)} ◦ f(z). (5.5.40)

It is easily seen that

L(a, c)f(z) =
Γ(c)

Γ(a) Γ(c− a)

1∫

0

(1− σ)c−a−1σa−2f(zσ)dσ

=
Γ(c)
Γ(a)

I
a−2,c−a
1 f(z) (0 < a < c).

(5.5.41)
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Naturally, L(a, a) is the identity operator. The inverse operator of L(a, c) is formally
given (cf. [52] and our inversion formula (5.5.18)) by:

L−1(a, c) =
Γ(a)
Γ(c)

I
(a−2)+(c−a), a−c
1 =

Γ(a)
Γ(c)

I
c−2, a−c
1 = L(c, a),

which has to be understood as an Erdélyi-Kober fractional derivative:

L−1(a, c) = L(c, a) =
Γ(a)
Γ(c)

D
a−2,c−a
1 (c− a ≥ 0).

The property from [52]:
L(b, c)L(a, b) = L(a, c)

follows readily from the product rule in (5.5.18); in fact we have

L(b, c)L(a, b) =
Γ(c)
Γ(b)

I
b−2,c−b
1

Γ(b)
Γ(a)

I
a−2,b−a
1 =

Γ(c)
Γ(a)

I
a−2,c−a
1 = L(a, c).

A composition of operators (5.5.40) was considered by Owa and Srivastava [352].
Note that, according to Theorems 1.2.10, 1.2.18, we can represent such a composition as
a multiple fractional integral involving G-function in the kernel; for example:

L = L (a1, b1) . . .L (
aq, bq

)L (
aq+1, 1

)

=
q+1∏

k=1

Γ (bk)
Γ (ak)

I
(ak−2),(bk−ak)
1,q+1 .

(5.5.42)

Then, the following result related to operator (5.5.42) (see Owa and Srivastava [352, p.
1067, (5.6)]) can be found also by the technique of the (q + 1)-tuple fractional integrals
of Erdélyi-Kober (cf. Kiryakova [200], [209]):

z q+1Fq
(
a1, . . . , aq+1; b1, . . . , bq; z

)
= L{z 2F1(1, 1; 1; z)} . (5.5.43)

For other applications of the operator L(a, c), see Owa and Srivastava [352].

Let us mention now two interesting special cases of the multiple Erdélyi-Kober ope-

rators I
(γk),(δk)
1,m with m = 2 which have been recently used in univalent function theory.

Example 8 (Saigo [415], [420]). The hypergeometric fractional integral operator Iα,β,η

defined by

Iα,β,ηf(z) = z−(α+β)

z∫

0

(z − ζ)α−1

Γ(α) 2F1

(
α + β,−η; α; 1− ζ

z

)
f(ζ)dζ (5.5.44)
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is, according to the proof of Theorem 1.2.10 with m = 2, a double Erdélyi-Kober frac-
tional integral:

Iα,β,η = z−βI
(η−β,0), (−η,α+η)
1,2 = z−βI

η−β, −η
1 I

0,α+η
1 . (5.5.45)

Therefore, for α ≥ −η ≥ 0 and β < η + 2 (see condition (5.5.28′)), the normalized
operator

Ĩα,β,η = czβIα,β,η
(

c :=
Γ(2− β)Γ(2 + η + α)

Γ(2 + η − β)

)

preserves the class A.

Example 9 (Hohlov [135], [136]). Another hypergeometric fractional integral is defined in
A by means of the Hadamard product, namely:

F(a, b, c)f(z) = {z 2F1(a, b; c; z)} ◦ f(z). (5.5.46)

Hohlov [135], [136] uses them in solving some interesting problems concerning the uni-
valence of functions of the class A.

Operators (5.5.46) also have a representation as double Erdélyi-Kober fractional in-
tegrals:

F(a, b, c)f(z) =
Γ(c)

Γ(a)Γ(b)

1∫

0

(1− σ)c−a−b

Γ(c− a− b + 1)
σb−c

× 2F1(c− a, 1− a; c− a− b + 1; 1− σ)f(zσ)dσ

=
Γ(c)

Γ(a)Γ(b)
I
a−2, 1−a
1 I

b−2, c−b
1 f(z) =

Γ(c)
Γ(a)Γ(b)

I
(a−2,b−2), (1−a,c−b)
1,2 .

(5.5.47)

Naturally, when a = 1 or b = c, Hohlov’s operator (5.5.47) reduces to a single Erdélyi-
Kober integral. For a < 1 and b < c, it is a purely integral operator; otherwise, F(a, b, c)
has a differintegral representation. All the properties of this operator follow from Theo-
rems 5.1.6, 5.5.2, 5.5.6 with m = 2. According to (5.1.32), the inverse operator has the
form:

F−1(a, b, c) =
Γ(a)Γ(b)

Γ(c)
I

(−1,c−2), (a−1,b−c)
1,2

=
Γ(a)Γ(b)

Γ(c)
D

(a−2,b−2), (1−a,c−b)
1,2 .

(5.5.48)

Most of the operators listed until now (those of Biernacki, Libera, Ruscheweyh and
others) are easily seen to be special cases of (5.5.46) and its inverse (5.5.48).

One of the problems considered by Hohlov [135], [136] was to find the conditions
for the parameters a, b and c under which the operator F(a, b, c) maps the class S of
normalized univalent functions into itself and analogously, for the class of normalized
convex functions K.
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The variety of the results and the concluding remarks in [135]-[136], as well as the
collection of other papers cited here, suggest the following problem for further discussion.

Open problem 5.5.7.Study the same problems (as those considered by Hohlov) for the ge-
neralized (multiple) Erdélyi-Kober operators of fractional differintegration and use them
in the theory of univalent functions.

In fact, compositions of Erdélyi-Kober operators and integer powers of them arise
frequently in analysis. Examples of these occurences are the so-called Gelfond-Leontiev
generalized integrations and differentiations of power series, the hyper-Bessel differen-
tial operators of arbitrary order m > 1, some transmutation operators used in solving
integral and differential equations and a series of other generalized integrations and dif-
ferentiations, all of them having the general form proposed by Kalla [164]. Multiple
Erdélyi-Kober operators of differintegration have been recently used sometimes, along
the lines discussed in this section (e.g. equations (5.5.33) and (5.5.42)) but (as a rule)
the repeated integral representations (m > 2) or the Hadamard products (m = 2; e.g.
equation (5.5.46)) are considered. No other authors seem to have used the excellent
properties of Meijer’s G-function as a kernel of the corresponding single integral repre-
sentation, especially in the above field (see e.g. Srivastava and Owa [475]-[476]). By
this description of the G-function approach, we would like to stimulate researchers on
analytic function theory to use it.

5.6. Generalized Laplace type integral transforms generated by multiple
Erdélyi-Kober fractional integrals

There are many results relating Integral Transforms and Fractional Calculus (see e.g.
Erdélyi [104], Widder [510], Fox [114], Zemanian [519], McBride [288], etc.)

Here we consider briefly the two-fold connection between the generalized (multiple)
fractional differintegrals and a class of integral transforms, generalizing the Laplace trans-

form. First, each fractional integral xλ0I
(γk),(λk)
(βk),m

, (5.1.9) generates such a transforma-

tion. On the other hand, these integral transformations have the property of algebraizing
some corresponding fractional (or integer) integrals and derivatives.

The Laplace transform

L{f(x); z} =

∞∫

0

exp(−zx)f(x)dx, Rz > µ (5.6.1)

can be considered for functions from C−1 = {f(x) = xpf̃(x), p > −1; f̃ ∈ C[0,∞)}
which have exponential growth as x →∞, i.e. in the subspace

Cexp
−1 = {f(x) ∈ C−1; f(x) = O(exp µx), x →∞; µ ∈ R} . (5.6.2)

More general integral transforms involving Meijer’s G-functions, Fox’s H-functions
and other special functions have been considered recently by various authors, e.g. Fox
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[113], Rooney [403], Srivastava [458]-[459], Srivastava and Buschman [465], Pathak [358]-
[361], Tuan [495]-[496], Tuan, Marichev and Yakubovich [497], Yakubovich and Nguen
[517], Nguen and Yakubovich [317], Luchko and Yakubovich [270]-[271], McBride and
Spratt [292]-[294], Berkel [29], Kiryakova [196], [201]; and for generalized functions, re-
spectively by Lighthill [257], Zemanian [519], McBride [288], Lamb [244]-[245], Pathak
and Pandey [362], etc.

According to recent developments (see Marichev [276], Brychkov, Glaeske and
Marichev [44], Tuan [496], Marichev and Tuan [284]), there are mainly three kinds of
generalized integral transforms: of the type of the Fourier transform (sin-, cos-Fourier,
Hankel and symmetrical Fourier transforms); of the type of the fractional integrals (1.1.6),
(5.1.8) and of the type of the Laplace transform (like the Meijer, Borel-Džrbashjanand
Obrechkoff transforms).

Definition 5.6.1. The G- and H-transforms of the form

Gf(x) =

∞∫

0

G
m,n
p,q

[
zx

∣∣∣∣
(
aj

)p
1

(bk)q1

]
f(x)dx, (5.6.3)

respectively,

Hf(x) =

∞∫

0

H
m,n
p,q

[
zx

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
f(x)dx, (5.6.4)

are said to be generalized integral transforms of Laplace type when

δ = m + n− p + q

2
> 0 (5.6.5)

for (5.6.3), respectively

Ω =
n∑

j=1

Aj −
p∑

j=1

Aj +
m∑

k=1

Bk −
q∑

k=m+1

Bk > 0 (5.6.6)

for (5.6.4) (cf. (A.10), (E.4)).

Definition 5.6.2. A generalized (multiple) fractional integral (5.1.9):

Tf(x) = xλ0I
(γk),(λk)
(βk),m

f(x)

= xλ0

1∫

0

H
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + λk + 1− 1

βk
, 1
βk

)m

1(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(xσ)dσ, λ0 ≥ 0,

(5.6.7)

considered as a transmutation operator from the Laplace transform to a generalized
Laplace type transform, is called a generator of the latter integral transform.
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Definition 5.6.3. A composition of the Laplace transform and a generalized fractional
integral (5.6.7) as a transmutation operator T :

H{f(x); z} := L{Tf(x); z} (5.6.8)

is said to be a generalized integral transform of Laplace type, generated by the transmu-
tation operator (generator) T .

The notions of Definitions 5.6.2-5.6.3 have been used, for example, in Kiryakova
[201] and deeper investigations on this topic have been made recently by Luchko and
Yakubovich [270]-[271], Yakubovich and Luchko [515]-[516], Yakubovich and Nguen [517],
etc.

Here we propose only some basic ideas along the lines of our previous results on the
integral transforms of Borel-Džrbashjan, Meijer and Obrechkoff (see Chapters 2, 3) and
further possible generalizations of the Laplace transform.

Theorem 5.6.4. For functions of the space

CH
α =

{
f(x) ∈ Cα, α = max

k
[−βk (γk + 1)] ;

f(x) = O
{

H
1,m
m,m+1

[
−µx

∣∣∣∣∣

(
−γk − λk, 1

βk

)m

1

(α + 1, 1),
(
−γk, 1

βk

)m

1

]}
as x →∞, µ ∈ R

}
,

(5.6.9)
the generalized integral transform of Laplace type (5.6.8) generated by the transmutation
operator (5.6.7) with λ0 = −α − 1 has the following explicit representation as an H-
transform:

H{f(x); z} = L{Tf(x); z}

= zα+1

∞∫

0

H
m+1,0
m,m+1

[
zx

∣∣∣∣∣

(
γk + λk + 1− 1

βk
, 1
βk

)m

1

(−α− 1, 1) ,
(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(x)dx, Rz > µ.

(5.6.10)

The transform (5.6.8), (5.6.10) has a convolution in CH
α of the form

(
f

H∗ g

)
(x) = T−1 {(Tf ∗ Tg)(x)} , (5.6.11)

where (∗) is the Duhamel (Laplace) convolution

(f ∗ g)(x) =

x∫

0

f(x− t)g(t)dt, (5.6.12)
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namely, for f, g ∈ CH
α :

H

{(
f

H∗ g

)
(x); z

}
= H{f(x); z}.H{g(x); z}. (5.6.13)

Proof. Formal calculations based on representation (5.6.7) of T and integral formula
(E.21′) with

xλ0 exp(−zx) = G
1,0
0,1 [zx|λ0] = H

1,0
0,1 [zx |(λ0, 1)] ,

lead to representation (5.6.10), namely:

H{f(x); z} = L{Tf(x); z} =

∞∫

0

exp(−zx)Tf(x)dx

=

∞∫

0

xλ0 exp(−zx)dx

1∫

0

H
m,0
m,m

[
σ

∣∣∣∣∣

(
γk + λk + 1− 1

βk
, 1
βk

)
(
γk + 1− 1

βk
, 1
βk

)
]

f(xσ)dσ

= · · · =
∞∫

0

f(t)dt

∞∫

t

xλ0−1 exp(−zx)Hm,0
m,m

[
t

x

]
dx

= z−λ0

∞∫

0

H
m+1,0
m,m+1

[
zt

∣∣∣∣∣

(
γk + λk + 1− 1

βk
, 1
βk

)m

1

(λ0, 1),
(
γk + 1− 1

βk
, 1
βk

)m

1

]
f(t)dt,

where λ0 = −α− 1.

On the other hand operator T , (5.6.7), maps Cα into Cα+λ0
for the choice α =

max
k

[−βk (γk + 1)] (Theorem 5.1.4). For λ0 = −α − 1 this means T : Cα → C−1. It

remains to establish additionally that the subspace CH
α ⊂ Cα is suitably chosen so that

T transforms the behaviour of f ∈ CH
α as x →∞ into the condition Tf ∈ Cexp

−1 . Actually,
by using formula (E.21′) again (and (E.12)-(E.13), (E.8)), we see that:

T

{
H

1,m
m,m+1

[
−µx

∣∣∣∣

(
−γk − λk, 1

βk

)m

1

(−λ0, 1) , (−γk)m1

]}
= xλ0

1∫

0

H
m,0
m,m(σ)H1,m

m,m+1(−µxσ)dσ

= xλ0H
1,2m
2m,2m+1

[
−µx

∣∣∣∣∣

(
−γk − λk, 1

βk

)m

1
,
(
−γk, 1

βk

)m

1

(−λ0, 1) ,
(
−γk − λk, 1

βk

)m

1
,
(
−γk, 1

βk

)m

1

]

= xλ0H
1,0
0,1 [−µx |(−λ0, 1)] = zλ0 exp(µx)x−λ0 = exp(µx).

(5.6.14)

Since generalized fractional integrals “preserve”, in general, the asymptotics (see,
for example, the proof of Theorem 3.9.15 for x → +0; but Theorem 3.9.16 deals with
x → +∞; details can be seen also in the article [28]), then (5.6.14) means that the new
transformation (5.6.10) is well defined in CH

α and for Rz > µ.
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Using the property of the Duhamel convolution (5.6.12): L{f ∗ g; z} = L{f}.L{g}
and representation H{f ; z} = L{Tf ; z}, we find:

H

{
h

H∗ g; z
}

= H
{
T−1(Tf ∗ Tg); z

}
= L

{
TT−1(Tf ∗ Tg); z

}

= L{Tf ; z}.L{Tg; z} = H{f ; z}.H{g; z}

i.e. (5.6.13).

Note. By replacing operators T and T−1 in (5.6.11) by their (differ)integral represen-
tations via H-functions and simplifying suitably in special cases, one can find also ex-

plicit representations for the convolutions
(

H∗
)

. For instance, it is suitable to choose

Tf(x) = xµI
(γk),(δk)(

µ
δk

)
,m

, µ = −α− 1, as in Section 5.4.

In particular, let us consider a simpler case of a transmutation operator T involving
a G

m,0
m,m-function and the corresponding Laplace type G-transform, generated by it. As

established in Kiryakova [201], we can take the Sonine-Dimovski type transformation

Tf := ϕf

(
x

β
m

)
= xβ(γm+1)− β

m I
(γk),(λk)
β,m−1

f(x) (5.6.15)

in Cα, α = max
1≤k≤m

[−β (γk + 1)], and consider the corresponding new transform

G{f(x); z} = L{ϕf(x); z}

=
√

m(2π)1−mz−βγm

∞∫

0

G
2m−1,0
m−1,2m−1

[( z

m

)m
xβ

∣∣∣∣∣
(γk + λk)m−1

1

(γk)m−1
1 ,

(
γk + k

m

)m−1

0

]
f(x)dx,

(5.6.16)
for f ∈ Cexp

α, β
m

and Rz > µ, where

Cexp

α, β
m

=
{

f ∈ Cα; f(x) = O
(

exp µx
β
m

)
, x →∞; µ ∈ R

}
. (5.6.17)

Being a special case of the H-transform (5.6.10), the G-transform (5.6.16) is easily
seen to generalize some other integral transforms, considered in previous Chapters 2, 3.

Example 1. Let m = 1, then transmutation ϕ in (5.6.15) reduces to the simple trans-

formation ϕf(x) = xγf
(
x

1

β

)
and the generalized Laplace type transformation (5.6.16)

takes the form:

L{ϕf(x); z} = β

∞∫

0

exp
(
−zxβ

)
xβ(γ+1)−1f(x)dx. (5.6.18)
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This is a modification of the Borel-Džrbashjan transform (2.4.4):

Bρ,µ{f(x); z} = ρzµρ−1

∞∫

0

exp (−zρtρ) tµρ−1f(t)dt. (5.6.19)

As shown in Section 2.4, this transform turns the Džrbashjan-Gelfond-Leontiev operators
of differentiation and integration into algebraic operations (Theorems 2.4.2, 2.4.3). Its
convolution is (2.4.11).

Example 2. Let m > 1 and let us choose λk = γm − γk + k
m , k = 1, . . . , m − 1 in the

transmutation T = ϕ, (5.6.15). Then, it reduces to the Sonine-Dimovski transformation
(3.5.52′) related to the hyper-Bessel operators

L =
xβ

βm I
(γk),(1)

β,m ; B = x−β
m∏

k=1

(
x

d

dx
+ βγk

)
,

so that

ϕL =
(

m

β

)m

lmϕ in Cα, α = max
k

[−β (γk + 1)] .

The Laplace type G-transform (5.6.16) is then :

L{ϕf(x); z} =
√

m(2π)1−mz−mγm

∞∫

0

G
2m−1,0
m−1,2m−1




( z

m

)m
xβ

∣∣∣∣∣∣

(
γk + k

m

)m−1

1

(γk)m1 ,
(
γk + k

m

)m−1

1




× f(x)dx

=
√

m(2π)1−mz−mγm

∞∫

0

G
m,0
0,m

[( z

m

)m
xβ

∣∣∣ (γk)m1
]
f(x)dx

=
√

m(2π)1−mβZ−β(γm+1)−1

×
∞∫

0

G
m,0
0,m

[(
Zxβ

) ∣∣∣∣
(

γk −
1
β

+ 1
)m

1

]
f(x)dx,

(5.6.20)
i.e. up to a constant multiplier, this is the Obrechkoff integral transform (3.9.23), (3.9.34).
Formula (5.6.11) now gives its convolution (3.9.33): ϕ−1{(ϕf) ∗ (ϕg)} and Theorem
3.9.6 illustrates its properties of algebraizing the hyper-Bessel differential and integral
operators.

Example 3. In particular, for m = β = 2, γ1,2 = ±ν
2
, then (5.6.16), respectively (5.6.20),

turns into the Meijer transformation (3.10.a), due to relation (3.10.a′).
Needless to say, if all the λk’s in transmutations T (5.6.7), (5.6.15) are taken to be

zero, then T are the identity operators and the H-, G-transformations of Laplace type
(5.6.10), (5.6.16) are nothing but the Laplace transform.

303



Note also, that Weyl type generalized fractional integrals of the form T ∗ =

xλ0W
(γk),(λk)
(βk),m

can also be taken as transmutations, generating new integral transforms

with G- and H-functions in the kernels. The most commonly used transmutations are the
two-dimensional Riemann-Liouville and Erdélyi-Kober fractional integrals, see: Raina
[384]-[388], Raina and Kalla [389], Raina and Kiryakova [390], Raina and Koul [391]-
[393]; Saxena and Kiryakova [438], Saxena, Kiryakova and Davie [439], Saxena and Ram
[441]-[442], etc.

5.7. Miscellaneous

We can hardly mention all the possible applications of fractional calculus and thus, the
possible ones of the present generalized fractional calculus. We refer to the handbook of
Samko, Kilbas and Marichev [434]. Nevertheless, let us describe a few topics.

Summation of series

There is a series of papers showing how some interesting results for series summation
and the ψ-function can be established by means of fractional calculus. Their idea was
initiated by Ross [408]. His paper discussed the general problem for “serendipity in
mathematics” (i.e. the course of a mathematical discovery), by means of an excellent
example of how fractional operators can simplify the solutions of complicated functional
equations. In particular, Ross’ result [408] showed “how one is led to discover that

∞∑
n=1

1.3.5. . . . .(2n− 1)
n2nn!

=
1
2

+
3
16

+
15
144

+ · · · = ln r”. (5.7.1)

This idea was extended by Ross and Kalla [409], Kalla and Al-Saqabi [166], [168],
etc. In the famous Cambridge Tract entitled “The General Theory of Dirichlet’s Series”,
Hardy and Riesz showed implicity that the concept of the Riemann-Liouville fractional
integral was a very useful expedient for the summation of the series of so-called typical(
Rµk

)
-means. Later, Mikolas (1960-1975) succeeded in clarifying the role of fractional

integrals for general summation theory. After numerous more special results, in [304] he
discussed the so-called (M)-method for arbitrary function series and some of its applica-
tions.

Statistics and related topics

First of all, the special functions (in general, the G- and H-functions) used as kernel-
functions for generalized fractional integrals (0.10), (0.11), (5.1.6) and generalized frac-
tional transformations (5.6.3), (5.6.4) find also wide applications in statistical distribution
theory, multivariate statistical analysis, generalized probability laws, queuing theory and
related stochastic processes, spares provisioning, generalized birth and death processes,
etc. One can see: Mathai and Saxena [286]-[287], Srivastava and Kashyap [468], etc. It
is interesting to note that Kabe [153] seems to be the first to use Meijer’s G

m,0
m,m-function

304



(the kernel-function of our generalized fractional integrals (1.1.6), (1.1.9)) as density
functions of a random variable:

f(U) =
m∏

j=1

Γ
(

1
2
(M − j)

)

Γ
(

1
2
(p− j)

) G
m,0
m,m

[
U

∣∣∣∣
a1, . . . , am

b1, . . . , bm

]
, (5.7.2)

the special cases m = 1, m = 2 giving the so-called “beta- and Gauss-distributions”.

On the other hand, fractional calculus finds its own use in the above topics. Examples
of applications of fractional differintegral operators and prospects for future use of their
generalizations can be found, for example, in Laurent (in [404, p. 256-266]), Saigo and
Raina [424], Ignatov and Kaishev [144]-[145], Kaishev [154], etc.

Radiation integrals

Applications of the Gauss hypergeometric function (the kernel-function of our 2-tuple
Erdélyi-Kober fractional integrals (1.1.18), (1.1.19)) and some fractional integrals of spe-
cial functions are shown to be useful in the environmental sciences and protection from
accidental radiations. For example, the radiation field arising from a plane isotropic
rectangular source can be presented by the integral (called the Hubbell integral):

f(a, b) =

b∫

0

arctg
(

a√
1 + x2

)
dx√

1 + x2
, 0 < a ≤ b < ∞, (5.7.3)

investigated in detail in a series of fundamental papers by Hubbell ([142]-[143], etc.) for
its various applications. Several generalizations of (5.7.3) have been given by authors
like Bach and Lamkin, Glasser, Andrews, Saigo and R. Srivastava, etc.

Recently, the following generalized radiation integral has been investigated:

I

[
a, b, p, λ, µ

α, β, γ

]
=

σa

4π

b∫

0

xλ (
x2 + p

)−α
(

1− x2

b2

)µ

2F1

(
α, β; γ;− a2

x2 + p

)
dx (5.7.4)

by Kalla, Al-Saqabi and Conde [169], Kalla, Conde and Hubbell [170], Kalla, Galue
and Kiryakova [172], Galue and Kiryakova [118] etc, which is suitable for dealing also
with radiation fields with specific configuration of source, barrier and detector. Series
expansions and representations of (5.7.4) by means of Appell’s double hypergeometric
functions have been found in [169], [170], especially when µ = 0, and these results have
been generalized in [172], [118] by introducing the above integral with arbitrary µ > −1.
In the latter papers, radiation integrals (5.7.4) are considered also as Erdélyi-Kober ope-
rators (1.1.17) of the Gauss function.

Fractional powers of operators and Mellin multipliers

As shown by Dimovski [65], [69], fractional powers of some linear operators L mapping a
linear space X into itself, can be defined by means of the convolutions of these operators
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(in the sense of Definition 2.1.1). In building an operational calculus for the operator L,
its powers Lλ, λ > 0, can be represented as convolutional products with corresponding
elements of the operational (quotient) field: Lλf = {lλ} ∗ f , lλ, f ∈ X as is done for the
hyper-Bessel integral operators (see Definition 3.6.2 and Theorem 3.6.3).

To represent the fractional powers of the same hyper-Bessel operators, McBride [289],
[291, p. 99-139] has used another approach, based on Mellin transform theory and
extendable to fractional powers of the so-called Mellin multiplier transforms, see also
Rooney [402]. This approach provides a rigorous framework for the development of a
theory of the fractional (i.e. not necessarily integer) powers Lα, α > 0, of some classes
of operators L, based on the relation

M {Lαf ; s− αγ} =
h(s− αγ)

h(s)
M{f ; s}, α > 0, (5.7.5)

g(s) := h(s−α)

h(s)
being the Mellin multiplier, γ ∈ C. The above papers, as well as McBride

[288], Lamb [243]-[245], Lamb and McBride [246], McBride and Spratt [292]-[294], etc.
propose a unified approach to fractional calculus based on a systematic use of Mellin
multipliers.

For other approach see also Komatsu [225]-[229].

Operational calculus and integral transforms

The relation of this topic with fractional calculus is so close that it is not discussed
here. The modern operational calculus is related to the name of Mikusinski ([306])
but as shown later (e.g. Dimovski [68], [70]-[71], [73]) many operational calculi can be
developed even for a single linear operator. More references can be seen, for example in
the surveys by Ditkin and Prudnikov [88] (especially relations to fractional calculus in
§24) and Brychkov, Prudnikov and Shishov [45]. Recent contributions are related also to
some trends like convolutional calculi (Dimovski [73]), convolutional representations of
commutants and multipliers (Bozhinov [38]), discrete operational calculi (e.g. Dimovski
and Kiryakova [82]), etc.

Fractional finite differences and averaged moduli of smoothness

It is well known that for a n-times differentiable function, the following formula

f (n)(x) = lim
h→0

(
∆n

hf
)
(x)

hn , n = 1, 2, . . . (5.7.6)

holds, where
(
∆n

hf
)
(x) denotes the finite difference of integer order n. This equality can

be used for an alternative definition of the fractional derivatives of order α > 0, via the
generalized differences of fractional order

(
∆α

hf
)
(x) =

∞∑

k=0

(−1)k
(

α

k

)
f(x− kh), α > 0, (5.7.7)
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namely:

Dαf(x) = lim
h→+0

(
∆α

hf
)
(x)

hα , α > 0, (5.7.8)

the so-called Grünwald-Letnikov fractional derivatives, originated by Liouville (1835),
Gründwald (1867), Letnikov (1868), Mikolas (1963), etc. Recently, this approach to the
fractional calculus has again attracted the attention of mathematicians, due to Butzer
and Westphal [47] and Butzer, Dychkoff, Gorlich and Stens [46]. Their approach, from the
point of view of the contemporary theory of functions, relates several classical problems
of fractional calculus with the problems of functional analysis and gives also a way of
dealing with generalized functions. Differences of fractional order (5.7.7) have been used
to introduce moduli of continuity of fractional order:

ωα(f, h) = ωα,X (f, h) = sup
|t|<h

‖∆α
t f‖X ,

X being a Banach space; fractional averaged moduli of smoothness; spaces of functions
of generalized smoothness; Hausdorff approximation; etc. Related results can be seen
in Timan [487], Sendov [445]-[447], Sendov and Popov [448], Popov [364], Ivanov [149],
Dryanov [93]-[95], Kaljabin [179]-[181], Kaljabin and Lizorkin [182], etc.

Open problem 5.7.1. Find an appropriate discrete definition of the generalized (multiple)
Erdélyi-Kober fractional differintegrals (1.1.6), (1.5.19), analogous to (5.7.8) and based
on some “fractional multiorder differences”, generalizing (5.7.7) and related to the G-
functions.

Fractal Hausdorff dimensions and fractal geometry

Fractals are geometrical objects: points, curves, planes, cubes, etc. but unlike more
familiar objects, they cannot be “measured” by conventional methods. The notion was
introduced by Mandelbrot [273] who discovered that many irregular shapes in the Nature
that are not just random but can result from simple formulas, based on certain shapes
nesting inside others. His observation of the existence of a “Geometry of Nature” has
developed into a new kind of geometry, fractal geometry. Whereas classical geometry is
used to describe the form and structure of man-made objects the fractals are models of
both physical and non physical structures such as clouds, coastlines, plants, snowflakes,
etc. Recently, fractal theory has been developed intensively towards applications in
geometry, analysis, graph theory, etc. See Barnsley [27], Kuyosying [242] and the series
of papers of Lapidus [247]-[251].

In addition, the question of a possible relation between fractals and fractional calculus
(not only semantically) remains foggy but needs to be clarified. A fractal set consisting
of one-dimensional parts in a two-dimensional setting, is adopted to have a dimension
between 1 and 2, i.e. a fractal dimension. It is based on the idea of the Hausdorff
“measure” of a compact region in an n-dimensional space, where n can be a fraction.
Then, we need a constructive interpretation of a fractional measure. By analogy, an
integral of order 11

2
can be considered as a measure of a body’s volume in a 11

2
-dimensional

307



space. Since the integer-dimensional spaces are Cartesian products of one-dimensional
spaces (lines) with a continuum cardinality, to construct a 11

2
-dimensional space as a

product of one-dimensional and 1
2
-dimensional spaces, we need a solution to the following

problem.

Open problem 5.7.2. Give a constructive description of a set whose cardinality is a part
of the continuum, for example a half of it?

Another positive answer is suggested by some results in Takev [486]. Namely, one
can consider the graph G(f) of a continuous function as a fractal set with Hausdorff
dimension D (G(f)). Suppose also that the fractional derivative Dαf exists but Dα+εf

does not exist for any ε > 0. Then,

ωp(f ; δ) ≤ Cδα ‖Dαf‖p
(

1
α

> p > 1
)

;

D (G(f)) ≤ 2− α, 0 < α < 1,

(5.7.9)

where ωp(f ; δ) denotes the average modulus of continuity and a problem arises: If
for Lipschitz functions of order α, can the “≤” sign be replaced by “=” in the latter
inequality?

In view of the above-mentioned, we would like to hope that fractal geometry might
give at last a positive answer to a long standing open question, a challenge to fractional
analysts. It was posed subsequently in [404], [291], [329], still without answer, as follows
([329, p. 283]): “Is there a geometrical representation of a fractional derivative? If not,
can one prove that a graphical representation of a fractional derivative does not exist? (by
B. Ross) . . . . The consensus of experts . . . is that there is, in general, NO geometrical
interpretation of a derivative of fractional order . . . It can be asked, however at least
for a geometrical meaning or a physical phenomena that can be represented by means of
equations involving a derivative of a particular order such as 1

2
. . .”

Let us hope that the above conjecture will fail, so we pose the question again (and
even generalize it).

Open problem 5.7.3. Find geometrical or physical meanings for the generalized Erdélyi-
Kober fractional differintegrals, or at least for the classical fractional operators. The
answer seems to be hidden, probably, in our fractal world.

— || —

The main results of Chapter 5 have been published in: Kiryakova [196], [199], [201], [203]-
[205], [207], Kalla and Kiryakova [174]-[175], Galue, Kiryakova and Kalla [119], Kiryakova
and Srivastava [214], Raina and Kiryakova [390], Saxena and Kiryakova [438], Saxena,
Kiryakova and Davie [439].
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Appendix: Definitions, examples
and properties of the special
functions used in this book

The notation, definitions and properties of the special functions used or mentioned in
this book are scattered over a number of manuals, monographs and papers, published
at different times, and in different languages and places. To make our presentation self-
contained and convenient for the reader, we have tried to gather the main facts about the
generalized hypergeometric functions having an essential use here. Most of these facts are
well-known and can be found in the books by Erdélyi et al. [106], [108], Luke [272], Mathai
and Saxena [286]-[287], Marichev [276], Srivastava and Kashyap [468], Srivastava, Gupta
and Goyal [467], Prudnikov, Brychkov and Marichev [368]-[370] as well as in many other
lecture notes, papers, reprints, etc. To avoid overloading our presentation, usually we
do not indicate the corresponding sources. On the other hand, some of the results listed
below are not so well known or have been found recently. In these cases we mention their
origin. In any case, the reader interested in more detailed information on the generalized
hypergeometric functions and various special cases is referred to the books and papers
cited.

A. Definitions and basic properties of the generalized hypergeometric func-
tions and Meijer’s G-functions

In recent decades Meijer’s G-function has found various applications in different areas
close to applied mathematics like: mathematical physics (hydrodynamics, theory of elas-
ticity, potential theory, etc), theoretical physics, mathematical statistics, queuing theory,
optimization theory, sinusoidal signals, generalized birth and death processes, etc. Due
to the interesting and important properties of the G-functions, it became possible to rep-
resent the solutions of many problems in these fields in terms of these functions. Stated
in this way, the problems gain a much more general character, due to the great freedom
of choice of the orders m,n, p, q and parameters of the G-functions, in comparison with
the other special functions. Simultaneously, the calculations become simpler and moore
unified. Evidence for the importance of the G-function is given by the fact that the
basic elementary functions and most of the special functions of mathematical physics,
including the generalized hypergeometric functions, follow as its particular cases. There-
fore, each result concerning the G-function becomes a key leading to numerous particular
results for the Bessel functions, confluent hypergeometric functions, classical orthogonal
polynomials, etc. Here we give a brief sketch of the results used repeatedly in this book.
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A.i. Definitions

Since Meijer’s G-functions are natural extensions of the generalized hypergeometric func-
tions pFq, we first draw our attention to them. Concerning the more general notion of a
function of hypergeometric type, Marichev [276,p. 46] wrote: “The author failed to find
an accurate definition of this notion in the literature. Therefore, for convenience, further
we shall base ourselves on the following definition including all the linear combinations
of functions mentioned in §12, except for the functions J

µ
ν,λ(x), Eρ(x, µ) for irrational µ

and ρ.”

Definition A.1. (Marichev [276]) By a function of hypergeometric type of the variable
z we mean each function u(z) representable in a neighbourhood of the point z = 0 in the
form of a linear combination of functions

E((ak), (bl), α)zα
p Fq((ak); (bl);hzv),

(where E((a), (b), α) is a function of the parameters (a), (b), α, v > 0, h =const) as well
as each function that can be obtained continuously by a limiting process with respect to
these parameters.

Examples

The functions zα exp hz, (1 − z)−a, ln(1 + z), ln z, arcsin z, arctan z, (1 +
√

1− z)−a

and linear combinations of them are functions of hypergeometric type. The fact that
the function u(z) = ln(z) belongs to this class follows easily from the equality ln z =
lim
α→0

(zα − 1)α−1 and the second part of the definition. Naturally, all the pFq-functions
and their particular cases are functions of hypergeometric type.

In general, functions of hypergeometric type are functions whose Mellin transforms
have the form

const .
∏

i,j,k,l

Γ(ai + s)Γ(bj − s)
Γ(ck + s)Γ(dl − s)

and therefore, these functions are Mellin-Barnes type integrals of the form

1
2πi

∫

L

∏

i,j,k,l

Γ(ai + s)Γ(bj − s)
Γ(ck + s)Γ(dl − s)

z−sds,

or linear combinations of such integrals (here L denotes a certain contour in the complex
plane). In fact, the transition from the Mellin images to the originals u(z) is performed
by means of Slater’s theorem based upon the theory of residues (see Slater [450]).

The generalized hypergeometric function pFq was known in the time of Euler and its
long history was described in a number of books and articles, e.g. in Slater [450].

Let p and q be arbitrary natural numbers such that p ≤ q+1 and a1, . . . , ap; b1, . . . , bq
be some complex parameters. In general, the variable z is supposed to be complex too.

310



Definition A.2. The generalized hypergeometric series pFq(z) is defined by the sum of
the power series

pFq((ak); (bl); z) = pFq(a1, . . . , ap; b1, . . . , bq; z)

= pFq

[
a1, . . . , ap

b1, . . . , bq

∣∣∣∣ z

]
=

∞∑

i=0

(a1)i . . . (ap)i
(b1)i . . . (bq)i

zi

i!
,

(A.1)

in the domain of its convergence, namely: |z| < ∞ for p ≤ q and |z| < 1 for p = q + 1,
where (a)i stands for Pohhamer’s symbol

(a)0 = 1, (a)i =
Γ(a + i)

Γ(a)
, i = 1, 2, . . . .

By a generalized hypergeometric function pFq(z) we mean the sum of the series (A.1) in
these domains; or, in the case p = q + 1, also its analytical continuation in |z| ≥ 1.

The ak’s and bk’s are called numerator and denominator parameters, respectively. The
pFq-function is symmetric in its numerator parameters, and likewise in its denominator
parameters. If at least one of the parameters b1, . . . , bq is zero or a negative integer, then
(A.1) has no meaning at all, since the denominator of the general term vanishes for a
sufficiently large index. That is why we suppose that

bl 6= −j, l = 1, . . . , q, j = 1, 2, . . . (A.2)

Under this condition, if some of the numerator parameters are negative integers or
zero, then the series terminates and turns into a hypergeometric polynomial of the fol-
lowing form (see for example Luke [272, I, p. 142] or Srivastava and Kashyap [468, p.
33]) with n = 0, 1, 2, . . . :

p+1Fq

[ −n; α1, . . . , αp

β1, . . . , βq

∣∣∣∣ z

]
=

n∑

k=0

(−n)k(α1)k . . . (αp)k
(β1)k . . . (βq)k

.
zk

k!
(A.3)

=
(α1)n . . . (αp)n
(β1)n . . . (βq)n

(−z)n q+1Fp

[ −n, 1− β1 − n, . . . , 1− βq − n

1− α1 − n, . . . , 1− αp − n

∣∣∣∣
(−1)p+q

2

]
.

If we suppose that none of the numerator parameters is zero or a negative integer
(otherwise the question of convergence will not arise), and with the usual restriction
(A.2), the pFq-series in (A.1):

converges for |z| < ∞, if p ≤ q,

converges for |z| < 1, if p = q + 1,

diverges for all z, z 6= 0, if p > q + 1.

Furthermore, if we set

ω =
q∑

l=1

bl −
p∑

k=1

ak, (A.4)
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it is known that the pFq-series with p = q + 1 is :

absolutely convergent for |z| = 1, if R(ω) > 0,

conditionally convergent for |z| = 1, z 6= 1, if − 1 < R(ω) ≤ 0,

divergent for |z| = 1, if R(ω) ≤ −1.

Therefore the generalized hypergeometric function pFq is defined by the (absolutely)
convergent series (A.1) whenever:

p ≤ q and |z| < ∞, or p = q + 1 and |z| < 1.

As in the case of the Gauss 2F1-function, the pFq-function with p = q+1 can be continued
analytically to the domain | arg(1− z)| < π, that is, to the plane cut along the real axis
from z = 1 to z = ∞, by using (A.1) in conjunction with the Mellin-Barnes contour
integral representation:

pFq ((ak), (bl), z) =
Γ(b1) . . . Γ(bq)
Γ(a1) . . . Γ(ap)

.
1

2πi

+i∞∫

−i∞

Γ(a1 + s) . . . Γ(ap + s)Γ(−s)
Γ(b1 + s) . . . Γ(bq + s)

.(−z)sds,

ak 6= 0,−1,−2, . . . ; k = 1, . . . , p; | arg(1− zi)| < π.
(A.5)

Here the path of integration is the imaginary axis (in the complex s-plane) which can be
distorted, if necessary, in order to separate the poles of Γ(ak + s), k = 1, . . . , p, from
those of Γ(−s).

Another integral representation of the pFq-function for p = q+1 providing an analytic
continuation to the domain | arg(1 − z)| < π, is obtained in Chapter 4, see (4.2.30)-
(4.2.30′) and Corollary 4.2.12.

Since Meijer’s G-function considered below is a generalization of the pFq-function ,
the basic properties and operational rules concerning the latter can be derived as easily
seen special cases of those for the G-function. For the same reason we shall list some of
the most familiar special cases of the pFq-functions in Section C.

Meijer’s G-function arises in mathematical analysis in attempts to give meaning to
the symbols pFq in the case p > q + 1. The first of Meijer’s definitions ([295]) coincides,
in essence, with the definition of the so-called E-function, introduced independently
by McRobert in 1937-1938 (see [106, I, §5.2]). The basic idea consists in considering,
instead of the senseless pFq with p ≥ q + 1, the finite series of well defined generalized
hypergeometric functions q+1Fp−1 with q + 1 ≤ (p− 1) + 1, namely:

E(p; ak : q; bl : z) =
p∑

k=1

[ p∏

l=1

∗Γ(al − ak)
q∏

i=1

Γ−1(bi − ak)

]

× Γ(ak)zak q+1Fp−1

[
ak, ak − b1 + 1, . . . , ak − bq + 1
ak − a1, . . . , ∗, . . . , ak − ap + 1

∣∣∣∣ (−1)p+qz

]
,

(A.6)

where |z| < 1 if p = q + 1. The asteriks in the product mean omission of the factor
Γ(ak − ak), while in F they mean omitting of the parameter (ak − ak + 1).
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Later on, Meijer [296]-[297] replaced this definition by one in terms of a Mellin-Barnes
type integral. The latter allows a greater freedom of choice of the values of p and q and
uses the powerful tools of complex analysis, especially the theory of contour integration
and the residue theorem. More about the history of Meijer’s G-functions can be seen in
Braaksma [41].

Definition A.3. By a Meijer G-function we mean a Mellin-Barnes type integral of the
form

G
m,n
p,q (z) = G

m,n
p,q

[
z

∣∣∣∣
a1, . . . , ap

b1, . . . , bq

]
= G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]
=

1
2πi

∫

L
Gm,n

p,q (s)zsds, (A.7)

where L is a suitably chosen contour, z 6= 0 is a complex variable, zs := exp[s ln |z| +
i arg z] with a single valued branch of arg z and the integrand is defined as follows

Gm,n
p,q (s) =

∏m
k=1 Γ(bk − s)

∏n
j=1 Γ(1− aj + s)∏q

k=m+1
Γ(1− bk + s)

∏p
j=n+1

Γ(aj − s)
. (A.8)

Here an empty product is interpreted as unity, the integers m, n, p and q (known as orders
of the G-function, or as components of the order (m,n; p, q)) are such that 0 ≤ m ≤ q,
0 ≤ n ≤ p; the parameters aj , j = 1, . . . , p, and bk, k = 1, . . . , q, are complex numbers
for which

aj − bk 6= 0, 1, 2, 3, . . . ; j = 1, . . . , n, k = 1, . . . , m (A.9)

is satisfied. The latter condition ensures that none of the poles of the functions Γ(bk − s),
k = 1, . . . ,m, namely, sk,l = bk + l, l = 0, 1, 2, . . . , coincide with a pole s′j,l′ = aj − l′ −
1, l′ = 0, 1, 2, . . . of the other Γ-functions in the numerator: Γ(1− aj + s), j = 1, . . . , n

and that these groups of poles could be separated by a contour L.

Denote

δ = m + n− 1
2
(p + q), ν =

q∑

k=1

bk −
p∑

j=1

aj . (A.10)

Then, the paths of integration L in the complex plane C can be of the following three
types:

i) L = L−i∞,+i∞ chosen in a manner to go from −i∞ to + i∞ leaving to the
right all the poles sk,l = bk+l, l = 0, 1, 2, ... of the functions Γ(bk−s), k = 1, . . . , m and to
the left the poles s′j,l′ = aj−l′−1, l′ = 0, 1, 2, . . . of the functions Γ(1−aj +s), j = 1, ..., n.

Integral (A.7) is convergent for δ > 0, | arg z| < πδ. The possibility | arg z| = πδ, δ ≥ 0, is
also considered. Then, the integral converges absolutely when p = q, if R(ν) < −1; and
when p 6= q, if (q − p)R(s) > R(ν) + 1− 1

2
(q − p) as Im(s) → ±∞.

ii) L = L+∞ is a loop beginning and ending at +∞ and encirling once in
the negative direction all the poles of Γ(bk − s), k = 1, ..., m, but none of the poles of
Γ(1− aj + s), j = 1, ..., n. Integral (A.7) converges if q ≥ 1 and either p < q or p = q and
|z| < 1.

313



iii) L = L−∞ is a loop beginning and ending at −∞, encircling in the positive
direction all the poles of Γ(1′−aj+s), j = 1, . . . , n, but none of the poles of Γ(bk−s), k =
1, . . . , m The integral is convergent if p ≥ 1 and either p > q or p = q and |z| > 1.

Here we give an illustration of what these contours can be like (cf. Marichev [276, p.
52]). It is supposed that the parameters aj , bk and the variable z are such that at least
one of the definitions with contours i)-iii) has meaning. When more than one of these
definitions make sense, they lead to the same results, so no confusion can arise.

Meijer’s G-function is an analytic (many-valued) function of z with a branch point
at the origin. More exactly, it is representable by a function analytic in the sector
|argz| < πδ. For δ > 0, p = q, the functions defined by ii) and iii) are analytical conti-
nuations of each other through the circle |z| = 1 in this sector. In the case δ ≤ 0 there is
no sector of analycitity but if p = q both above mentioned functions which are analytic
in |z| < 1 and respectively in |z| > 1, have the same limit as z → 1 along the ray
{argz = 0}, if R(ν) < 0, δ = 0. Further details on the situation, depending on the values
of the orders m,n, p, q and of the numbers δ, ν in (A.10) can be seen in the books by
Marichev [276, p. 46-59], Prudnikov, Brychkov and Marichev [370, p. 618, 626], see also
Marichev [280].

If we use, for example, the path of integration ii), then integral (A.7) can be evaluated
as a sum of residues. So, if no two of the parameters bk, k = 1, ..., m, differ by an integer
or zero, all the poles of the integrand are simple and a representation in the form (A.6)
is obtained, namely:

G
m,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]
=

m∑

h=1

m∏
k=1

∗Γ (bk − bh)
n∏

j=1

Γ
(
1 + bh − aj

)

q∏
k=m+1

Γ (1 + bh − bk)
p∏

j=n+1

Γ
(
aj − ah

) .zbh

× pFq−1

[
(1 + bh − aj)
(1 + bh − bk)∗

∣∣∣∣ (−1)p−m−nz

]
for p < q or p = q, |z| < 1.

(A.11)
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If m = 0 and we use ii), the integrand is analytic on and within the contour and so,

G
0,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]
≡ 0 for p < q or p = q, |z| < 1. (A.12)

Analogously, if no two of the aj , j = 1, . . . , n, differ by an integer or zero, and we use
the contour iii), we obtain

G
m,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]
= summ

h=1

n∏
j=1

∗Γ(ah − aj)
m∏

k=1

Γ (bk − ah + 1)

p∏
j=n+1

Γ(aj − ah + 1)
q∏

k=m+1

Γ(ah − bk)

× zah−1
qFp−1

[
z

∣∣∣∣
(1 + bk − ah)
(1 + aj − ah)∗

]
for p > q or p = q, |z| > 1,

(A.11′)

and for n = 0:

G
m,0
p,q

[
z

∣∣∣∣
(aj)
(bk)

]
≡ 0 for p > q or p = q, |z| > 1. (A.12′)

A.ii. Some basic properties of the G-functions

The G-function is symmetric in the groups of parameters (a1, . . . , an), (an+1, . . . , ap),
(b1, . . . , bm), (bm+1, . . . , bq). If one of the aj ’s, j = 1, . . . , n, is equal to some of the bk’s,
k = m + 1, . . . , q, then the G-function reduces to one of Lower order. For example, if
n, p, q ≥ 1,

G
m,n
p,q

[
z

∣∣∣∣
a1, . . . , ap

b1, . . . , bq−1, a1

]
= G

m,n−1
p−1,q−1

[
z

∣∣∣∣
a2, . . . , ap

b1, . . . , bq−1

]
. (A.13)

Similary, if one of the aj ’s, j = n + 1, . . . , p, is equal to some of the bk’s, k = 1, . . . , m,
the function has its orders m, p, q reduced by 1, for example, if m, p, q ≥ 1,

G
m,n
p,q

[
z

∣∣∣∣
a1, . . . , ap−1, b1

b1, b2, . . . , bq

]
= G

m−1,n
p−1,q−1

[
z

∣∣∣∣
a1, . . . , ap−1

b2, . . . , bq

]
. (A.13′)

A change of variable in the integral (A.7) leads to the properties:

zσG
m,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]
= G

m,n
p,q

[
z

∣∣∣∣
(aj + σ)
(bk + σ)

]
, (A.14)

G
m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]
= G

n,m
q,p

[
1
z

∣∣∣∣
(1− bk)q1
(1− aj)

p
1

]
. (A.15)

The latter property allows us to transform a function with p ≥ q into a function with
p ≤ q. So, without any loss of generality, we can consider only the case of G-functions
with p ≤ q. We use this property also when passing from the domain |z| < 1 to domain
|z| > 1 and vice versa.
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If in the integrand of (A.7) we replace s by ks, k being a positive integer, and use the
Gauss-Legendre multiplication formula for Γ-functions (see [106, I, §1.2], [272, I, p. 11],
etc.), then the following useful multiplication formula is obtained:

G
m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]
= (2π)ukvG

mk,nk
pk,qk

[
zk

kk(q−p)

∣∣∣∣
c1k, . . . , cpk
d1k, . . . , dqk

]
, (A.16)

where

u = (k − 1)
[
1
2
(p + q)− (m + n)

]
, v =

q∑

k=1

bk −
p∑

j=1

aj +
1
2
(p− q) + 1

and ch,k, di,k stand respectively for the set of parameters

ch,k = ∆ (k, ah) =
{

ah

k
,
ah + 1

k
, . . . ,

ah + k − 1
k

}
, h = 1, . . . , p,

di,k = ∆ (k, di) =
{

bi
k

,
bi + 1

k
, . . . ,

bi + k − 1
k

}
, i = 1, . . . , q.

A.iii. Differential equations and asymptotics
Many differential relations are known for the Meijer’s G-function. We list only a few of
them that are in use in the book, for instance:

d

dz

{
z−biG

m,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]}
= εiz

−1−biG
m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

b1, . . . , bi−1, bi + 1, bi+1, . . . , bq

]
,

with εi =
{ −1 i = 1, 2, . . . , m

+1 i = m + 1, . . . , q,
(A.17)

d

dz

{
z1−ahG

m,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]}
= ε′hz−ahG

m,n
p,q

[
z

∣∣∣∣
a1, . . . , ah−1, ah + 1, ah+1, . . . , ap

(bk)q1

]
,

with ε′i =
{

+1 h = 1, 2, . . . , n

−1 h = n + 1, . . . , p,
(A.17′)

and

zl dl

dzl

{
G

m,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]}
= G

m,n+1
p+1,q+1

[
z

∣∣∣∣
0, (aj)
(bk), 0

]
, l = 1, 2, . . . (A.18)

See also [106, I, §5.3], [272, I, p.151-152], [286, p. 8-9], [370, p. 620-621].
Using these relations or directly definition (A.7), one can establish that Meijer’s

G-function y(z) = G
m,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]
satisfies the linear ordinary differential equation of

generalized hypergeometric type:

(−1)p−m−nz

p∏

j=1

(
z

d

dz
− aj + 1

)
−

q∏

k=1

(
z

d

dz
− bk

)
 y(z) = 0, (A.19)
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whose order is equal to max(p, q). Due to property (A.15), only the case p ≤ q need be
considered only. For fixed p, q and parameters a1, . . . , ap; b1, . . . , bq the same differential
equation is satisfied also by all the (p + 1)(q + 1) functions G

m,n
p,q [(−1)m+nz] with 0 ≤

m ≤ q, 0 ≤ n ≤ p.

Equation (A.19) has two (if p 6= q) or three (if p = q) singular points. If p < q, then
z = 0 is a regular singular point and z = ∞ is an irregular one. For p > q these two points
change their roles. In the first case the fundamental system of q linearly independent
solutions (f.s.s.) in the vicinity of z = 0 consists of the G-functions (h = 1, 2, . . . , q):

G
1,p
p,q

[
z.e(p−m−n−1)πi

∣∣∣∣
(aj)
bh, b1, . . . , bh1

, bh+1, . . . , bq

]
, (A.20)

being respectively O
(
|z|bh

)
as z → 0 (according to (A.21) below). Near the irregular

singular point z = ∞ the variable z should be considered in a sector only. The corre-
sponding f.s.s. is described by Meijer [297], cf. [106, I, §5.4], [279], [370, p. 621-622].

The case p = q is more peculiar. Then equation (A.19) and the G
m,n
p,q -function

have three regular singular points, namely, z = 0, z = (−1)p−m−n and z = ∞. The
behaviour of the G-function in the vicinity of the new singular point (−1)p−m−n is
rather complicated and as one can read in [106, I, §5.4], [272, p. 181]: “No fundamental
system for the neighbourhood of this point has been given in the literature”. Fortunately,
Marichev has recently solved this problem both for the pFp−1- and G

m,n
p,q -functions (see

[279]-[280], [370, p. 621-622]).

The asymptotic behaviour of the G-function near the points z = 0, z = ∞ has been
studied yet by Meijer [297]. It is well known that

G
m,n
p,q

[
z

∣∣∣∣
(aj)
(bk)

]
= O

(
|z|β

)
, (A.21)

where p ≤ q and β = min
k

Rbk, k = 1, . . . , m. Since z = ∞ is an irregular singular

point for equation (A.19) (if p 6= q), the behaviour of G(z) as |z| → ∞ has a more
complicated character: it can increase or decrease algebraically, or tend exponentially
to zero or to infinity, depending of the values of m,n, p, q and arg z (see [106, I, §5.4],
[272, I, p. 181-182], [370, §8.2], [286, §1.4], etc.). The behaviour of the G-function near
the third singular point (−1)p−m−n, when p = q, is found by Marichev [279]-[280]. For
example, Meijer’s G

m,0
m,m-function used as a kernel of our generalized fractional integrals

I
(γk),(δk)

β,m , has the following asymptotics:

G
m,0
m,m

[
z

∣∣∣∣
(ak)ma
(bk)m1

]
∼ (1− z)ν

∗
m

Γ(ν∗m + 1)
as z → 1, |z| < 1,

where ν∗m =
m∑

k=1

(ak − bk)− 1 = −ν − 1 6= 0,±1,±2, . . .

(A.22)
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In this case m + n− p = 0, and according to Marichev [280], the G
m,0
m,m-function is not a

function analytic simultaneously inside and outside the unit disk, since it is representable
by means of different analytic formulas. Indeed, we have

G
m,0
m,m(z) ≡ 0 for |z| > 1,

according to (A.12′), while in |z| < 1:Gm,0
m,m(z) is continuous as z → 1, provided Rν∗m > 0;

it is bounded near z = 1 if Rν∗m = 0 but ν∗m 6= 0; in the other cases (ν∗m = 0, Rν∗m < 0)
it has, in general, a logarithmic singularity or a singularity of the power order (−ν∗m).

A.iv. Integrals involving Meijer’s G-functions

Here we list only the formulas useful in our considerations. For more extensive lists of
various integrals involving Meijer’s G-functions one can see, for example, [106, I, §5.5)],
[272, I, §5.6], [286, Ch. III], [370, §2.24], etc.

Riemann-Liouville integrals of fractional order α, Rα > 0

Rα {
G

m,n
p,q (ηz)

}
=

1
Γ(α)

z∫

0

(z − ζ)α−1G
m,n
p,q

[
ηζ

∣∣∣∣
(aj)
(bk)

]
dζ

= zα

1∫

0

(1− σ)α−1

Γ(α)
G

m,n
p,q

[
ηzσ

∣∣∣∣
(aj)
(bk)

]
dσ = zαG

m,n+1
p+1,q+1

[
ηz

∣∣∣∣
0, (aj)
(bk),−α

]
,

(A.23)
provided Rbk > −1, k = 1, . . . , m and p ≤ q. If p = q, then the formula is valid for
|ηz| < 1. For p + q < 2(m + n) we require that | arg(ηz)| <

(
m + n− p+q

2

)
τ (see [107,

II, p. 200, (96)-(97)]).

Weyl integral of fractional order α, Rα > 0

Wα {
G

m,n
p,q (ηz)

}
=

1
Γ(α)

∞∫

z

(ζ − z)α−1G
m,n
p,q

[
ηζ

∣∣∣∣
(aj)
(bk)

]
dζ

= zα

∞∫

1

(σ − 1)α−1

Γ(α)
G

m,n
p,q

[
ηzσ

∣∣∣∣
(aj)
(bk)

]
dσ = zαG

m+1,n
p+1,q+1

[
ηz

∣∣∣∣
(aj), 0
−α, (bk)

]
,

(A.24)
provided 0 < Rα < 1 − Raj , j = 1, . . . , n and p ≥ q. For p = q the condition
|ηz| > 1 is required additionally, and for p + q < 2(m + n) the corresponding condition
is | arg(ηz)| < (

m + n− p+q
2

)
π.

Mellin transform

One of the most useful integral transforms involving Meijer’s G-function is the Mellin
transform. This is due to the fact that it transforms the G-function into the coefficient
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}m,n
p,q (s) associated with the factor zs in the integrand of (A.7). Thus,

M
{
G

m,n
p,q (ηt)

}
=

∞∫

0

ts−1G
m,n
p,q

[
ηt

∣∣∣∣
(aj)
(bk)

]
dt

= η−sGm,n
p,q (−s) = η−s

m∏
k=1

Γ(bk + s)
n∏

j=1

Γ(1− aj − s)

q∏
k=m+1

Γ(1− bk − s)
p∏

j=n+1

Γ(aj + s)

(A.25)

if, for example, 1 ≤ n ≤ p < q, 1 ≤ m ≤ q, η 6= 0, δ > 0, | arg η| < δπ, − min
1≤k≤m

Rbk <

Rs < 1 − max
1≤j≤n

Raj . For other conditions under which formula (A.25) holds true, see

[272, I, p. 157-159], [286, p. 79, (3.2.1)], etc.

Let us consider a special case of the situation p = q, for instance, m = p = q, n = 0,
that is: δ = 0. Then, the corresponding result has the form

∞∫

0

ts−1G
m,0
m,m

[
ηt

∣∣∣∣
(ak)
(bk)

]
dt =

m∏

k=1

Γ(bk + s)
Γ(ak + s)

, (A.26)

provided η 6= 0, 2(λ − 1)π < arg η < 2λπ with some arbitrary λ (for λ1 = 1 we obtain
the condition 0 < arg η < 2π and for λ2 = 1

2
: −π < arg η < π) and − min

1≤k≤m
Rbk < Rs <

1− max
1≤j≤m

Rak (see [272, I, p. 159, Case 7]).

Laplace transform

The image of the G-function under the Laplace transform can be obtained from the more
general formula (cf. [106, I, §5.5, (8)], [286, p. 87, (3.3.12)], [272, p. 166, (1)]):

∞∫

0

tσ−1e−stG
m,n
p,q

[
ηt

∣∣∣∣
(aj)
(bk)

]
dt = s−σG

m,n+1
p+1,q

[
η

s

∣∣∣∣
1− σ, (aj)
(bk)

]
, (A.27)

valid, for example, if R

(
σ + min

1≤k≤m
bk

)
> 0 , Rs > 0 , δ > 0 , | arg η| < δπ. This

integral is convergent also for δ = 0, under some additional conditions (see e.g. [272, I,
p. 166-169]).

Most of the other classical integral transforms and like the Hankel, Meijer, Laguerre
and Stieltjes transforms, are defined by means of integrals whose kernels (e.g. Bessel
functions of first and third kind) are quite special cases of Meijer’s G-functions . So the
images of the G-function under these transforms can be evaluated as integrals of products
of two G-functions , according to a formula given in almost all of the mentioned books.
Since we use this result repeatedly, we cite it below even with a sketch of its proof.
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Integral of the product of two G-functions

The general formula has the form

∞∫

0

zγ−1G
m,n
p,q

[
ηz

∣∣∣∣
(ai)
(bj)

]
G

µ,ν
σ,τ

[
ωz

k
l

∣∣∣∣
(cα)
(dβ)

]
dz = η−γ(2π)δ(1−k)+ρ(1−l)kU+γ(q−p−1)lV

×G
lµ+kn,lν+km
lσ+kq,lτ+kp

[
W

∣∣∣∣
∆(l, c1), . . . , ∆(l, cν); ∆(k, 1− bj − γ)|q1 ; ∆(l, cν+1), . . . , ∆(l, cσ)
∆(l, d1), . . . , ∆(l, dµ);∆(k, 1− ai − γ)|p1 ; ∆(l, dµ+1), . . . , ∆(l, dτ )

]
,

(A.28)
where k, l > 0 are integers, η 6= 0, ω 6= 0, δ = m + n − p+q

2
, ρ = µ + ν − σ+τ

2
,

U =
q∑
1

bj −
p∑
1

aj + p−q
2

+1, V =
τ∑
1

dβ −
σ∑
1

cα + σ−τ
2

+1, W = ωlll(σ−τ )

ηkkk(p−q)
and the symbol

∆(k, c) stands for the sequence of the k numbers: c
k , c+1

k , . . . , c+k−1
k .

The main conditions under which (A.28) is valid can be found in [272, p. 159-164],
[286, p. 80-82]. The first source contains also the manner of establishing (A.28) in some
of the more specific cases. For an extensive list of conditions we recommend also the
book [370, p. 346-347, 1)-35)]. Here we shall demonstrate the evaluation of the integral
(A.28) in a special case to which the general one is easily reduced (by using properties
(A.14), (A.16)):

∞∫

0

G
m,n
p,q

[
ηz

∣∣∣∣
(ai)
(bj)

]
G

µ,ν
σ,τ

[
ωz

∣∣∣∣
(cα)
(dβ)

]
dz

=
1
η
G

n+µ,m+ν
q+σ,p+τ

[
ω

η

∣∣∣∣
−b1, . . . ,−bm; (cα)σ1 ;−bm+1, . . . ,−bq
−a1, . . . ,−an; (dβ)τ1 ;−an+1, . . . ,−ap

]

=
1
ω

G
m+ν,n+µ
p+τ,q+σ

[
η

ω

∣∣∣∣
a1, . . . , an; (−dβ)τ1 ; an+1, . . . , ap

b1, . . . , bm; (−cα)σ1 ; bm+1, . . . , bq

]
,

(A.29)

provided 1 ≤ n ≤ p ≤ q, 1 ≤ m ≤ q, 1 ≤ ν ≤ σ ≤ τ , 1 ≤ µ ≤ τ , η 6= 0, ω 6= 0 and the
following conditions are fulfilled also:

R
(
bj + dβ

)
> −1, j = 1, . . . , m; β = 1, . . . , µ,

R (ai + cα) > −1, i = 1, . . . , n; α = 1, . . . , ν,(
ai − bj

)
is not a positive integer for i = 1, . . . , n; j = 1, . . . , m,(

cα − dβ

)
is not a positive integer for α = 1, . . . , ν; β = 1, . . . , µ,

δ > 0, | arg η| < δπ, ρ > 0, | arg ω| < ρπ.

(A.30)

Among the many other situations, the case δ = 0, | arg η| = 0 (or ρ = 0, arg ω = 0) is
possible too, under some additional conditions (see [272, I, p. 164]).

To prove (A.29) we replace one of the F -functions, say G
µ,ν
σ,τ , by its definition (A.7)
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through a contour integral, namely:

L.H.S. of (A.29) =

∞∫

0

G
m,n
p,q

[
ηz

∣∣∣∣
(ai)
(bj)

]
1

2πi

∫

L
(ωz)s

×

µ∏
β=1

Γ
(
dβ − s

) ν∏
α=1

Γ (1− cα + s)

τ∏
β=µ+1

Γ
(
1− dβ + s

) σ∏
α=ν+1

Γ (cα − s)
ds =

1
2πi

∫

L

µ∏
β=1

Γ
(
dβ − s

) ν∏
α=1

Γ (1− cα + s)

τ∏
β=µ+1

Γ
(
1− dβ + s

) σ∏
α=ν+1

Γ (cα − s)

×ωsds

∞∫

0

zsG
m,n
p,q

[
ηz

∣∣∣∣
(ai)
(bj)

]
dz,

where, due to the absolute convergence of both integrals under conditions (A.30), the
change of their order is permissible and the inner integral in the last line is denoted, in
what follows, by I. Then I can be evaluated as a Mellin transformation of the G

m,n
p,q -

function according to formula (A.25), viz.:

I =

η−(s+1)
m∏

j=1

Γ
(
bj + s + 1

) n∏
i=1

Γ
(
1− aj − s− 1

)

q∏
j=m+1

Γ
(
1− bj − s− 1

) p∏
i=n+1

Γ
(
aj + s + 1

)

=
η−s

η

n∏
i=1

Γ
(−aj − s

) m∏
j=1

Γ
(
1− (−bj

)
+ s

)

p∏
i=n+1

Γ (1− (−ai) + s)
q∏

j=m+1

Γ
(−bj − s

) .

Thus, we obtain that

the L.H.S. of (A.29) =
1
η

1
2πi

∫

L

(
ω

η

)s

×

n∏
i=1

Γ
((−aj

)− s
) µ∏

i=1

Γ (di − s)
m∏

j=1

Γ
(
1− (−bj

)
+ s

) ν∏
j=1

Γ
(
1− cj + s

)

τ∏
i=µ+1

Γ (1− di + s)
p∏

i=n+1

Γ (1− (−ai) + s)
σ∏

j=ν+1

Γ
(−cj − s

) q∏
j=m+1

Γ
((−bj

)− s
)

=
1
η
G

n+µ,m+ν
q+σ,p+τ

[
ω

η

∣∣∣∣
−b1, . . . ,−bm; c1, . . . , cσ; −bm+1, . . . ,−bq
−a1, . . . ,−an; d1, . . . , dτ ; −an+1, . . . ,−ap

]
,

which is the second line of (A.29). The third line of this formula follows by using property
(A.15).

By specializing the parameters in (A.28), (A.29) we can obtain many important
integrals involving the various special functions of mathematical physics, among which
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the Stieltjes, Hankel, Y -, K- and other integral transforms of the G- and pFq-functions
(see e.g. Luke [272, I, p. 164-166]). More results about integral transforms involving
generalized hypergeometric functions, asymptotics of their kernels, invertibility of the
defining Mellin-Barnes type integrals can be seen in Marichev [275]-[278].

B. Some other auxiliary results for the G-functions

Here we give some results on the G-functions which cannot be encountered in the manuals
on the special functions, or at least in the form we use them in our considerations.

It is well known that the Gauss hypergeometric function 2F1(a, b; c; z) with c 6=
0,−1,−2, . . . , R(c − a − b) > 0 is defined by means of the absolutely convergent hy-
pergeometric series on the unit circle |z| = 1. Moreover, its value at the point z = 1 can
by expressed by the Euler formula (cf. [106, I, 2.1.3, (10)]):

2F1(a, b; c; z) =
Γ(c)

Γ(a) Γ(c− b)

1∫

0

tb−1(1− t)c−b−1

(1− tz)a
dt, (B.1)

giving for z = 1, Rc > Rb > 0, R(c− a− b) > 0:

2F1(a, b; c; z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

. (B.2)

For the generalized q+1Fq-function with an arbitrary q > 1 expressions for its
value at the point z = 1 have been found only for some particular values of the
parameters a0, a1, . . . , aq and b1, . . . , bq satisfyng the general convergence condition

R

(
q∑

k=1

bk −
q∑

j=0

aj

)
> 0. These representations are known as the theorems of Saalschütz,

Dixon, Watson, Whipple, Dougall, etc., concerning the cases with q = 2, 3, 4, 6 (see [106,
I, §4.4]). They lead also to expressions for the values of G

q+1,1
q+1,q+1-functions on the unit

circle (especially at the point z = −1) but only for the corresponding particular choice
of the order q and the other parameters of these functions.

An analogous problem stands also for another class of G-functions having singularities

on the unit circle, say at z = 1. Let us consider the function G
q,1
q+1,q+1

[
z

∣∣∣∣
a0, a1, . . . , aq

b1, . . . , bq, bq+1

]

with a0 − bq+1 = 1. As is pointed out by Marichev [280, p. 396], this is a G
m,n
p,q -function

with m + n− p = 0 and for ν∗ =
q∑
1

(ak − bk) > 0 it is continuous at the singular point

z = 1 but “in the general case such a problem (i.e. to find the limit value of G
q,1
q+1,q+1(z)

at z = 1) . . . is not solved”. Here we propose a formula expressing the required value in
terms of Γ-functions, under the above conditions, as is usual for these special cases.

Lemma B.1. Let a0 = bq+1 + 1 = α with an arbitrary α and let the other parameters of
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the G
q,1
q+1,q+1-function satisfy the conditions: Rak > Rbk > Rα− 1, k = 1, . . . , q. Then,

G
q,1
q+1,q+1

[
1

∣∣∣∣
α,

(
aj

)q
1

(bk)q1 , α− 1

]
=

q∏

k=1

Γ (bk − α + 1)
Γ (ak − α + 1)

. (B.3)

Proof. According to definition (A.7),

G
q,1
q+1,q+1

[
1

∣∣∣∣
α,

(
aj

)q
1

(bk)q1 , α− 1

]
=

1
2πi

∫

L

( q∏

k=1

Γ (bk − s)
Γ (ak − s)

)
Γ(1− α + s)

Γ(1 + (1− α + s))
ds,

where L = L−i∞,i∞ = {s : Rs = σ} is the path of integration i) with a suitably chosen
σ such that Rbk > σ > Rα − 1, k = 1, . . . , q. This integral is absolutely convergent

since: δ = 0, arg z = arg 1 = 0, q + 1 = 0 + 1 and Rν = R(
q+1∑

1

bk −
q∑
0

aj) = R
q∑
1

(bk −
ak) + α− 1− α < 0− 1 = −1. The choice of the abscissa σ ensures that L leaves to the
right all the poles of Γ(bk − s), k = 1, . . . , q, and to the left all the poles of Γ(1 + α + s).
Indeed, the condition Rbk > σ > Rα− 1 implies that R(bk + l) > σ > R(α− 1− l′) for

l = 0, 1, 2, . . . , l = 0, 1, 2, . . . , k = 1, . . . , q. Since
Γ(1− α + s)

Γ(1 + (1− α + s))
= 1

1−α+s , then

G[1] =
1

2πi

∫

L

( q∏

k=1

Γ(bk − s)
Γ(ak − s)

)
ds

1− α + s
.

If we denote λk = ak − bk > 0, k = 1, . . . , q, we obtain

Γ(bk − s)
Γ(ak − s)

=
1

Γ(λk)
Γ(bk − s)Γ(λk)

Γ(ak − s)
=

1
Γ(λk)

B(λk, bk − s)

=

1∫

0

(1− tk)λk−1

Γ(λk)
t
(bk−s)−1

k dtk.

We replace this result in the contour integral for G[1] and get

G[1] =
1

2πi

σ+i∞∫

σ−i∞




q∏

k=1

1∫

0

(1− tk)λk−1

Γ(λk)
t
(bk−s)−1

k dtk


 ds

1− α + s

=
q∏
1

1∫

0

(1− tk)λk−1

Γ(λk)
t
bk−α
k dtk

1
2πi

σ+i∞∫

σ−i∞

(
q∏

k=1

tk

)−1+α−s

1− α + s
ds,

where the change of the order of the integrals is permissible due to the absolute con-
vergence of the contour integrals and the uniform convergence of the B-integrals for
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Rak > Rbk > σ. After the substitution t =
q∏

k=1

tk, 0 ≤ t ≤ 1, the inner integral takes the

form

1
2πi

σ+i∞∫

σ−i∞

t−(1−α+s)

1− α + s
ds =

1
2πi

σ0+i∞∫

σ0−i∞

t−s′

s′ ds′ = 1
2πi

σ0+i∞∫

σ0−i∞

Γ(s′)
Γ(s′ + 1)

t−s′ds′,

where s′ = s + 1 − α and σ0 = σ + 1 − α > 0. According to [276, p. 130, 1 (1)],
M(s′) = Γ(s′)

Γ(s′+1)
is the Mellin transform of the Heaviside function

ϕ(t) = H(1− t) =
{

0, t > 1,

1, t ≤ 1
.

Therefore, by virtue of the inversion formula for the Mellin transform:

ϕ(t) =
1

2πi

σ0+i∞∫

σ0−i∞
M

(
s′

)
t−s′ds′,

the inner integral gives, for 0 ≤ t ≤ 1, nothing but ϕ(t) ≡ 1. So, finally we have

G
q,1
q+1,q+1

[
1

∣∣∣∣
α, (aj)

q
1

(bk)q1 , α− 1

]
=

q∏

k=1

1∫

0

(1− tk)λk−1

Γ(λk)
t
bk−α
k dtk

=
q∏

k=1

Γ(λk)Γ(bk − α + 1)
Γ(λk)Γ(ak − α + 1)

=
q∏

k=1

Γ(bk − α + 1)
Γ(ak − α + 1)

,

what was to be proved.

In particular, if α = 0, then

G
q,1
q+1,q+1

[
1

∣∣∣∣
0, (aj)

q
1

(bk)q1 ,−1

]
=

q∏

k=1

Γ(bk + 1)
Γ(ak + 1)

, (B.3′)

provided Rak > Rbk > −1, k = 1, . . . , q.

As a consequence of this formula we obtain the following integral.

Lemma B.2. If Rak > Rbk > −1, k = 1, . . . , q, then the following integral formula
holds:

1∫

0

G
q,0
q,q

[
ζ

∣∣∣∣
(aj)

q
1

(bk)q1

]
dζ =

q∏

k=1

Γ(bk + 1)
Γ(ak + 1)

. (B.4)
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Proof. Formally, formula (B.4) can be derived from the Riemann-Liouville integral
(A.23) when m = n = p, n = 0, α = 1, under the conditions Rbk > −1, k = 1, . . . , q,

z∫

0

G
q,0
q,q

[
ωz

∣∣∣∣
(aj)
(bk)

]
dζ = zG

q,1
q+1,q+1

[
ωz

∣∣∣∣
0, (aj)
(bk),−1

]

=
1
ω

G
q,1
q+1,q+1

[
ωz

∣∣∣∣
1, (aj + 1)q1
(bk + 1)q1 , 0

]
, (B.5)

namely, if we take ω = z = 1. Unfortunately (B.5), as a corollary of (A.23), is valid only
for |ωz| < 1.

Therefore we shall use another approach.
First we apply to the function G

q,0
q,q(ζ) one of the so-called multiplication theorems

(theorems concerning expansions of G-functions in series, see [106, I, §5.5, (4)]). To this
end, we set

ζ = λη, where λ = 2, η =
ζ

2
.

Then, n = 0 < p = q and Rλ = 2 > 1
2

and the above-mentioned formula is valid, namely:

G
q,0
q,q(ζ) =G

q,0
q,q

[
λη

∣∣∣∣
(aj)

q
1

(bk)q1

]

= λaq−1

∞∑

j=0

1
j!

(
1
λ
− 1

)j

G
q,0
q,q

[
ζ

2

∣∣∣∣
a1, . . . , aq−1, aq − j

(bk)q1

]
.

After a term-by-term integration of this absolutely convergent series in limits from 0 to
1, using formula (B.5) for ω = 1

2
, z = 1 (that is, for |ωz| < 1) we find:

1∫

0

G
q,0
q,q

[
ζ

∣∣∣∣
(aj)

q
1

(bk)q1

]
dζ = λaq−1

∞∑

j=0

1
j!

(
1
λ
− 1

)j
1∫

0

G
q,0
q,q

[
ωζ

∣∣∣∣
(aj)

q−1
1 , aq − j

(bk)q1

]
dζ

= λaq−1

∞∑

j=0

1
j!

(
1
λ
− 1

)j

λG
q,1
q+1,q+1

[
ω

∣∣∣∣
1; (aj + 1)q−1

1 ; aq − j + 1
(bk + 1)q1 ; 0

]

= λ(aq+1)−1

∞∑

j=0

1
j!

(
1
λ
− 1

)j

λG
q,1
q+1,q+1

[
ω

∣∣∣∣
1; (aj + 1)q−1

1 ; aq − j + 1
(bk + 1)q1 ; 0

]

= G
q,1
q+1,q+1

[
λω

∣∣∣∣
1, (aj + 1)q1
(bk + 1)q1 , 0

]
=

= G
q,1
q+1,q+1

[
1

∣∣∣∣
1, (aj + 1)q1
(bk + 1)q1 , 0

]
= G

q,1
q+1,q+1

[
1

∣∣∣∣
0, (aj)

q
1

(bk + 1)q1 ,−1

]
,

where the same multiplication formula is applied once again. Thus the final result follows
from Lemma B.1.
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The next results present some new differential formulae for Meijer’s G-function .

Lemma B.3. (Kiryakova [196], [202]). Let η1 ≥ 0, η2 ≥ 0, . . . , ηq ≥ 0 be arbitrary inte-
ger numbers. Consider the differential operator D(η), defined by means of the following
polynomial of the Euler differential operator δ = z d

dz :

D(η) =

[ q∏

i=1

Dηi

]
=

[ q∏

i=1

ηi−1∏
s=0

(
z

d

dz
− bi − s

)]
. (B.6)

Then, Meijer’s G
m,n
p,q -function (q ≥ 1) satisfies the differential relation

D(η) = G
m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]
=

( q∏

i=1

ε
ηi
i

)
G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk + ηk)q1

]
, (B.7)

where z 6= 0 is a complex variable,

εi =
{ −1, i = 1, . . . ,m

+1, i = m + 1, . . . , q

and if some ηi, i = 1, . . . , q, are equal to zero, then the corresponding factors Dηi are
lacking in the differential operator D(η), (B.6).

Proof. The following formulas or slight generalizations of them can be found in
different variants in the literature (see e.g. [106, I], [272, I, p. 151], [286, p. 9], [370, p.
621]):

d
dz

{
z−b1G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]}
= −z−1−b1G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

b1 + 1, b2, . . . , bq

]
, m ≥ 1,

d
dz

{
z−bqG

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]}
= −z−1−bqG

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

b1, . . . , bq−1, bq + 1

]
, m < q.

Formula (A.17) is a concise form of them. Taking into account that zbi+1 d
dzz−bi =

(z d
dz − bi) and the symmetry of the G-function with respect to the parameters b1, . . . , bm

and to bm+1, . . . , bq, we can rewrite these formulas in the form
(

z
d

dz
− bi

)
G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]
= εiG

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

b1, . . . , bi−1, bi + 1, bi+1, . . . , bq

]

for each i = 1 . . . , q. Analoguosly,
[
z

d

dz
− (bi + 1)

](
z

d

dz
− bi

)
G

m,n
p,q [z]

= εi

[
z

d

dz
− (bi + 1)

]
G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

b1, . . . , bi−1, bi + 1, bi+1, . . . , bq

]

= ε2
iG

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

b1, . . . , bi−1, bi + 2, bi+1, . . . , bq

]
.
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Operating in this manner (ηi − 1)-times (for ηi > 1), we obtain:

DηiG
m,n
p,q [z] =

[
z

d

dz
− (bi + ηi − 1)

]
. . .

[
z

d

dz
− (bi + 1)

](
z

d

dz
− bi

)
G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]

= ε
ηi
i G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

b1, . . . , bi−1, bi + ηi, bi+1, . . . , bq

]
.

This procedure can be repeated subsequently for each i = 1, . . . , q and this leads to the
differential relation

{ q∏

i=1

ηi−1∏
s=0

(
z

d

dz
− bi − s

)}
G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]
=

( q∏

i=1

ε
ηi
i

)
G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk + ηk)q1

]
,

that is, (B.7). Note also, that operators Dηi can be written in the form

Dηi = zbi+ηi

(
d

dz

)ηi

z−bi .

The proof is over.
In other words, this lemma shows that applying the differential operator

D(η)

[ q∏

i=1

ηi−1∏
s=0

(
z

d

dz
− bi − s

)]
=

q∏

i=1

[
zbi+ηi

(
d

dz

)ηi

z−bi

]
(B.6′)

of Bessel type (see Chapter 3) to the G-function, we are able to increase each of its param-
eters b1, . . . , bq by an arbitrary integer ηi ≥ 0, i = 1, . . . , q. Similar considerations based
on formula (A.17′) and concerning the possibility for decreasing each of the parameters
a1, . . . , ap by given natural numbers µ1, . . . , µp, are valid too, namely:

Lemma B.4. (Kiryakova [202]). Let p ≥ 1, µ1 ≥ 0, . . . , µp ≥ 0 be arbitrary integers and

D′(µ) =

[ p∏

i=1

D′
µi

]
=

[ p∏

i=1

µi−1∏
s=0

(
z

d

dz
+ 1− ai + s

)]
. (B.8)

Then, the following differential relation holds:

D′(µ)
G

m,n
p,q

[
z

∣∣∣∣
(aj)

p
1

(bk)q1

]
=

( p∏

i=1

ε′i

)
G

m,n
p,q

[
z

∣∣∣∣
(aj − µj)

p
1

(bk)q1

]
(B.9)

for z 6= 0 and

ε′i =
{

+1, i = 1, . . . , n

−1, i = n + 1, . . . , p.

Differential formulas (B.7), (B.9) have a series of useful applications, some of which
we shall discuss briefly now.
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Corollary B.5. Let m = q ≥ 1, n = p = 0 and η1 = · · · = ηq = η ≥ 0. Then, for the
function G(z) = G

q,0
0,q

[
z|(bk)q1

]
formula (B.7) gives:

{ q∏

i=1

(
z

d

dz
− bi − η + 1

)
. . .

(
z

d

dz
− bi − 1

)(
z

d

dz
− bi

)}
G(z)

= (−1)qGq,0
0,q

[
z|(bk + η)q1

]
= (−1)qzηG(z). (B.10)

A quite special case of (B.10), when η = 1 and bq = 0, is the following differential
formula for the function Φ(z) = G[z|b1, . . . , bq−1, 0], viz.:

B∗Φ(z) = (−1)qzΦ(z), (B.11)

where

B∗ =

[ q∏

i=1

(
z

d

dz
− bi

)]
= z

d

dz
zbq−1+1 d

dz
. . . z−b2+b1+1 d

dz
z−b1.

According to [75], [196], [201], etc., the G-function Φ(z) coincides with the kernel-function
of the so-called Obrechkoff integral transform (cf. Section 3.9; also [66]-[69], [74]-[76]).
So, formula (B.11) is nothing but the differential equation for this kernel-function, found
by Obrechkoff himself in another way (see [339]).

Corollary B.6. ( Kiryakova [196]). For the Meijer’s G-function with m = p = q ≥ 1,
n = 0 and z−1 =

( t
x

)β, β > 0, Lemma B.3 gives the differential relation

G
m,0
m,m

[
1
z

∣∣∣∣
(ak)m1
(bk)m1

]
=




m∏

i=1

λi−1∏

j=0

(
z

d

dz
+ ai + j

)
 G

m,o
m,m

[
1
z

∣∣∣∣
(ak + λk)m1
(bk)m1

]
(B.12)

with some integers λ1 ≥ 0,. . . , λm ≥ 0.

Thus, with the application of a suitable differential operator, we are able to increase
the upper parameters of a G

m,0
m,m-function. This property turns to be quite useful solving

the problem of inverting the generalized fractional integrals, introduced in Chapter 1.
Namely, the formal inversion formula leads to an integral whose kernel is a G

m,0
m,m-function

with upper parameters ak less than or equal to the corresponding lower parameters bk,
k = 1, . . . , m. To make this integral convergent, it is necessary to replace this kernel
by another G

m,0
m,m-function whose upper parameters exceed the lower ones, i.e. with

a′k = ak + λk ≥ bk, k = 1, . . . , m. This can be done successfully, if one uses formula
(B.12) with the λk’s depending on the differences δk = bk − ak ≥ 0, k = 1, . . . , m, in the
following manner:

λk =
{

[δk] + 1, if δk is not integer,
δk, if δk is integer, k = 1, . . . ,m.

For more details see Section 1.5.
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Corollary B.7. (Kiryakova [198], [202]). Another special case of (B.7) is a differential
relation concerning the generalized hypergeometric functions

pFq(a1, . . . , ap; b1, . . . , bq;−z) =

q∏
k=1

Γ(bk)

p∏
j=1

Γ(aj)
G

1,p
p,q+1

[
z

∣∣∣∣
(1− aj)

p
1

0, (1− bk)q1

]
.

In particular, for the hyper-Bessel functions 0Fq(−z) of order q ≥ 1 (for more details see
Section C), we obtain




q∏

i=1

ηi∏

j=1

(z
d

dz
+ bi + j − 1)




0Fq
(
(bk + ηk)q1 ;−z

)
=

[ q∏

i=1

Γ(bi + ηi)
Γ(bi)

]
0Fq

(
(bk)q1 ;−z

)

(B.13)
for integers ηi ≥ 0, i = 1, . . . , q.

For an application see Corollary 4.1.7.

C. Examples of generalized hypergeometric functions and Meijer’s G-function

First of all, let us note that the generalized hypergeometric function (A.1) can be expressed
in terms of Meijer’s G-function in the following way (see [106, I, §5.6]):

pFq(a1, . . . , ap; b1, . . . , bq; z) =

q∏
j=1

Γ(bj)

p∏
j=1

Γ(aj)
G

1,p
p,q+1

[
−z

∣∣∣∣
1− a1, . . . , 1− ap

0, 1− b1, . . . , 1− bq

]

=

q∏
j=1

Γ(bj)

p∏
j=1

Γ(aj)
G

p,1
q+1,p

[
− 1

z

∣∣∣∣
1, b1, . . . , bq
a1, . . . , ap

]
. (C.1)

So, all the particular cases of pFq-functions, mentioned below, have analogous repre-
sentations by means of the G-functions too. We start with the following three simplest
and well known examples.

Gauss Hypergeometric Function

F (a, b; c; z) = 2F1(a, b; c; z) =
∞∑

k=0

(a)k(b)k
(c)k

.
zk

k!

=
Γ(c)

Γ(a)Γ(b)
G

1,2
2,2

[
−z

∣∣∣∣
1− a, 1− b

0, 1− c

]
(C.2)

(c 6= 0,−1,−2, . . . ; |z| < 1, or: z = 1 and R(c − a − b) > 0, or |z| = 1, z 6= 1 and
0 ≥ R(c− a− b) > −1).
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Confluent Hypergeometric Functions

Kummer function

Φ(a; c; z) = 1F1(a; c; z) =
∞∑

k=0

(a)k
(c)k

zk

k!

=
Γ(c)
Γ(a)

G
1,1
1,2

[
−z

∣∣∣∣
1− a

0, 1− c

]
, c 6= 0,−1,−2, . . . ; (C.3)

Tricomi function

Ψ(a, c; z) = z−a
2F0

(
a, a + 1− c,−1

z

)
=

1
Γ(a)Γ(a + 1− c)

G
2,1
1,2

[
z

∣∣∣∣
1− a

0, 1− c

]
,(C.4)

z ∈ C\{−∞, 0};

Whittaker function

Wk,µ(z) = exp
(
−z

2

)
zµ+ 1

2 Ψ
(

1
2
− k + µ, 2µ + 1; z

)

=
exp

(−z
2

)

Γ
(

1
2
− k + µ

)
Γ

(
1
2
− k − µ

)G
2,1
1,2

[
z

∣∣∣∣
1 + k
1
2

+ µ, 1
2
− µ

]
= Wk,−µ(z);

(C.5)

Bessel Functions

Bessel functions (of first kind and order ν)

Jν(z) =
z
2

Γ(ν + 1) 0F1

(
ν + 1;−z2

4

)
=

∞∑

k=0

(−1)k
(z

2

)2k+ν

k!Γ(ν + k + 1)

=
(z

2

)
G

1,0
0,2

[
z2

4

∣∣∣∣ 0,−ν

]
; (C.6)

Modified Bessel function of first kind

Iν(z) =
z
2

Γ(ν + 1) 0F1

(
ν + 1;

z2

4

)
=

(z

2

)
G

1,0
0,2

[
−z2

4

∣∣∣∣ 0,−ν

]
; (C.7)

Lommel function sµ,ν(z) and Struve function Hν(z)

sµ,ν(z) =
zµ+1

(µ− ν + 1) (µ + ν + 1)1F2

(
1;

µ− ν + 3
2

,
µ + ν + 3

2
;−z2

4

)

= 2µ−1Γ
(

µ− ν + 1
2

)
Γ
(

µ + ν + 1
2

)
G

1,1
1,3

[
z2

4

∣∣∣∣
(µ+1)

2
µ+1

2
, ν

2
,−ν

2

]
,

(C.8)
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Hν(z) =
sν,ν(z)

π2ν−1
(

1
2

)
ν

=
2√

πΓ
(
ν + 3

2

)
(z

2

)ν+1

1F2

(
1;

3
2

+ ν,
3
2
;−z2

4

)

= G
1,1
1,3

[
z2

4

∣∣∣∣
(ν+1)

2
ν+1

2
, ν

2
,−ν

2

]
.

(C.8′)

Also, the following

Elementary Functions

can be considered as pFq- or G-functions, namely:

(1± z)−α = 0F1(α; ;∓z) = 2F1(α, β; β;∓z) =
1

Γ(α)
G

1,1
1,1

[
∓z

∣∣∣∣
1− α

0

]
,

(C.9)
|z| < 1, Rα > 0,

while

(1± z)−α = (1± z)δ−1 = Γ(δ)G1,0
1,1

[
∓z

∣∣∣∣
δ

0

]
, |z| < 1 (C.9)

for Rα < −1, δ = 1− α, that is, Rδ > 0.

More generally,

zγ(1− z)δ−1 = Γ(δ) G
1,0
1,1

[
z

∣∣∣∣
γ + δ

γ

]
(C.10)

|z| < 1, Rδ > 0,

which includes the power functions (δ = 1)

zγ = zγH(1− z) = G
1,0
1,1

[
z

∣∣∣∣
γ + 1
γ

]
, |z| < 1, (C.11)

with H(z) standing for the Heaviside unit function;

zγ

1 + azα = a−
γ
α G

1,1
1,1

[
azα

∣∣∣∣
γ
α
γ
α

]
. (C.12)

Let us mention the exponential function:

ez = 0F0(/, /, z) = 1F1(α, α, z) = G
1,0
0,1 [−z|0] ,

and more generally,

zβe−ηzα
= η−

β
α G

1,0
0,1

[
ηzα| β

α

]
; (C.13)
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the trigonometric functions

sin z = z 0F1

(
/;

3
2
;− z2

4

)
=
√

πG
1,0
0,2

[
z2

4

∣∣∣∣
1
2
, 0

]
(C.14)

cos z = 0F1

(
/;

1
2
;− z2

4

)
=
√

πG
1,0
0,2

[
z2

4

∣∣∣∣ 0,
1
2

]
; (C.15)

the logarithmic functions

ln(1 + z) = z 2F1(1, 1; 2;−z) = G
1,2
2,2

[
z

∣∣∣∣
1, 1
1, 0

]
, |z| < 1, (C.16)

ln
(

1 + z

1− z

)
= 2z 2F1

(
1
2
, 1;

3
2
; z2

)
= G

1,2
2,2

[
−z2

∣∣∣∣
1, 1

2
1
2
, 0

]
, |z| < 1,

and some other elemenary functions, like:

arcsin z = z 2F1

(
1
2
,
1
2
;
3
2
; z2

)
=

1
2
√

π
G

1,2
2,2

[
−z2

∣∣∣∣
1, 1
1
2
, 0

]
, |z| < 1, (C.17)

arctan z = z 2F1

(
1
2
, 1;

3
2
;−z2

)
=

1
2
G

1,2
2,2

[
z2

∣∣∣∣
1, 1

2
1
2
, 0

]
,

[
1
2

(
1 +

√
1− z

)]1−2a

=2 F1

(
a, a− 1

2
; 2a; z

)
=

(2a− 1)√
π22−2aG

1,2
2,2

[
−z

∣∣∣∣
1− a, 3

2
− a

0, 1− 2a

]
,

(
1 +

√
z
)−2a +

(
1 +

√
z
)−2a = 2 2F1

(
a, a +

1
2
;
1
2
; z

)
=

22a

Γ(2a)
G

1,2
2,2

[
−z

∣∣∣∣
1− a, 1

2
− a

0, 1
2

]
.

Many other elementary functions can be shown to be special cases of the G-functions
(for details see [370, 8.4], [272], [286], etc.).

Most of the classical orthogonal polynomials should be listed here as special cases of
the pFq-functions and therefore of the G-functions. Here is a partial list of them:

Laguerre polynomials

L
(α)
n (z) =

ez

zαn!
dn

dzn

{
e−zzn+α}

=
(1 + α)n

n! 1F1(−n; a + α; z)

=
(

n + α

n

)
1F1(−n; 1 + α; z), (C.18)

L
(0)
n (z) = Ln(z); α > −1; n = 0, 1, 2, . . .

Jacobi Polynomials

P
α,β
n (z) =

(−1)n

2nn!
(1− z)−α(1 + z)−β dn

dzn

[
(1− z)n+α(1 + z)n+β

]
=

=
(

n + α

n

)
2F1

(
−n, n + α + β + 1; α + 1;

1− z

2

)
(C.19)
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Ultraspherical (Gegenbauer) polynomials

(
P

(α,β)
n with α = β = ν − 1

2

)

Cν
n(z) =

(−2)n(ν)n
n! (2ν + n)n

(1− z2)
1
2
−ν d

dzn

{
(1− z)ν+n− 1

2

}

=
22n(ν)n

(2ν + n)n
P

(ν− 1
2
,ν− 1

2
)

n (z), (C.20)

|z| < 1; ν > −1
2
; n = 0, 1, 2, . . .

Legendre Polynomials and Functions

(
P

(α,β)
n with α = β = 0; Cν

n with ν = 1
2

)

Pn(z) =
1

2nn!
dn

dzn

{
(z2 − 1)n

}
= (−1)nP

(0,0)
n (z)

=
(−1)n(2n)!Γ

(
n + 1

2

)

n!2−2n
√

π
C

1
2
n (z) (C.21)

= (−1)n 2F1

(
−n, n + 1; 1;

1− z

2

)
; |z| < 1, n = −0, 1, 2, . . . ;

more generally, the (generalized ) Legendre functions are defined as

P
µ
ν (z) =

1
Γ(1− µ)

(
z + 1
z − 1

)µ
2

2F1

(
−ν, ν + 1; 1− µ;

1− z

2

)
,

P 0
ν (z) = Pν(z), z ∈ C\{−1 < z < 1} (C.21′)

Tchebisheff Polynomials

(
P

(α,β)
n with α = β = −1

2
; Cν

n with ν = 0
)

Tn(z) = cos(n arccos x) =
n

2
C0

n(z) =
n!
√

π

Γ(n + 1
2
)
P

(− 1
2
,− 1

2)
n (z)

= 2F1

(
−n, n;

1
2
;
1− z

2

)
, n = 0, 1, 2, . . . (C.22)

Bessel polynomials

Yn(z, a, b) =
n∑

k=0

(−n)k(a + n− 1)k
k!

(
−z

b

)k

= 2F0

(
−n, a + n− 1; ;−z

b

)
, n = 0, 1, 2, . . . (C.23)

Hermite polynomials

Hn(z) = (−1)n exp(z2)
dn

dzn

{
exp(−z2)

}
= 2

n
2 exp

(
z2

2

)
Dn(z

√
2), (C.24)

where Dν stands for the
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Parabolic Cylinder Functions

Dν(z) = 2
ν
2 exp

(
−z2

4

)
Ψ

(
−ν

2
,
1
2
;
z2

2

)

=
2

ν
2 exp

(
−z2

4

)

Γ
(−ν

2

)
Γ

(−ν
2

+ 1
2

)G
2,1
1,2

[
z

∣∣∣∣
1 + ν

2

0, 1
2

]
. (C.25)

Among the other special functions, represented by pFq and G-functions are: the expo-
nential integrals and related functions, elliptic functions and complete elliptic integrals,
incomplete cylindrical functions, etc. (recent results on the latter functions can be seen
in e.g. in Al-Saqabi [7], Al-Saqabi and Kalla [8], Kalla [165], Kalla et al. [166]-[173]).

Let us mention also the special functions:

Incomplete Gamma- and Beta-Functions:

γ(a, z) =

z∫

0

e−tzα−1dz =
za

a
1F1(a; a + 1;−z) (C.26)

Bz(p, q) =

z∫

0

tp−1(1− t)q−1dt =
zp

p
2F1(p, 1− q; p + 1; z) (C.27)

Error Functions

Erf(z) =
2√
π

z∫

0

e−t2dt =
2z√
π

1F1

(
1
2
;
z

2
;−z2

)
(C.28)

and a number of other functions, related to them.
The following function has arisen (1937-1938), similarly to Meijer’s G-function, in

attempts to give meaning to the symbol pFq when p > q + 1:

MacRobert’s E-function

E
(
p, a1, . . . , ap; q; b1, . . . , bq : z

)
= G

p,1
q+1,p

[
z

∣∣∣∣
1, b1, . . . , bq
a1, . . . , ap

]
. (C.29)

Other special functions, not being generalized hypergeometric pFq-functions (A.1), can
be represented by Meijer’s G-functions too:

Modified Bessel functions

zµYν(z) = (−1)m2µG
2,0
1,3

[
z2

4

∣∣∣∣
1
2
(µ− ν − 1)−m

1
2
(µ + ν) , 1

2
(µ− ν) , 1

2
(µ− ν − 1)−m

]
, (C.30)

for m = 0,±1,±2, . . . ;
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Modified Bessel function of third kind (Macdonald’s function)

Kν(z) =
π

2 sin(νπ)
[I−ν(z)− Iν(z)] =

1
2
G

2,0
0,2

[
z2

4

∣∣∣∣
ν

2
,
−ν

2

]
; (C.31)

Airy functions (of the first and second kind)

Ai(z) =
1
π

√
z

3
K 1

3

(
2
3
z

3
2

)
=

1
2π 6
√

3
G

2,0
0,2

[
z3

9

∣∣∣∣ 0,
1
3

]
, (C.32)

Bi(z) =
√

z

3

[
I− 1

3

(
2
3
z

3
2

)
+ I 1

3

(
2
3
z

3
2

)]

= e
πi
6 Ai

(
e

2πi
3 z

)
+ e−

πi
6 Ai

(
e−

2πi
3 z

)
=

2π
6
√

3
G

2,0
2,4

[
z3

9

∣∣∣∣
1
6
, 2

3

0, 1
3
, 1

6
, 2

3

]
;

(C.33)

also, products like

zµKν(z), zµYµ(z)Yν(z), zωJν(z)Kµ(z), zωIν(z)Kµ(z) etc.;

are representable as G-functions (see [106, I], [286], [370]).

Whittaker function

Wk,n(z) = exp
(z

2

)
G

2,0
1,2

[
z

∣∣∣∣
1− k
1
2

+ m, 1
2
−m

]
. (C.34)

Various other generalizations of the Bessel functions towards the number of indices,
like Bessel-Maitland functions, di-, n-, hyper-Bessel functions, etc. are G-functions under
some additional conditions and will be considered in Sections D and E below.
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D. Generalizations of the Bessel functions

Let us mention first the so-called

Bessel-Clifford functions

Cν(z) = z−
ν
2 Jν

(
2
√

z
)

=
∞∑
r=0

(−1)rzr

ν!Γ(ν + r + 1)
(D.1)

which are entire functions of z. For their properties and related functions Dν(z), Eν(z),
A

(i)
ν (z) = Cν(z)±iDν(z), i = 1, 2, . . ., one can consult the handbooks on special functions

and the detailed study of Hayek [126].
Generalizations of the Bessel functions Jν(z) with one more additional index µ have

been misnamed in the literature as Bessel-Maitland functions (in the name of E. M.
(Maitland) Wright [511]-[512]) see also Stankovich [484]-[485], Gajic and Stankovich [117],
Krätzel [239], Pathak [358]-[360] and the books on special functions (e.g. [276], [468],
[369]), namely:

Bessel-Maitland, or Wright functions

J
(µ)
ν (z) =

∞∑

k=0

(−z)k

k!Γ (1 + ν + µk)
, µ > −1. (D.2)

In general, J
(µ)
ν (z) are not G-functions but the more general H-functions of Fox (see

Section E). However, for rational µ = p
q , according to Pathak [360, p. 49], these functions

reduce to Meijer’s G-functions, viz.

J
(µ)
ν (z) = (2π)

p−q
2 q

1
2 p−ν− 1

2

×G
q,0
0,p+q

[
zq

qqpp

∣∣∣∣ 0,
1
q
,
2
q
, . . . ,

q − 1
q

;
(

1− 1 + ν

p

)(
1− 2 + ν

p

)
, . . . ,

(
1− p + ν

p

)]
.

D.i. Hyper-Bessel functions and generalized trigonometric functions
In 1953 Delerue [60] introduced for the first time generalizations of the Bessel functions
Jν(z) with a vector index ν = (ν1, . . . , νn). Later, these functions were investigated also
by Klucantcev [218]-[219], Marichev [276], Adamchik [1], Adamchik and Lizarev [3]-[4],
Adamchik and Marichev [5], Dimovski and Kiryakova [80]-[81], Kiryakova [196]-[198],
[210], Kiryakova and Spirova [213], etc.

Definition D.1. The function

J
(n)
ν1,...,νn(z) =

(
z

n+1

)ν1+···+νn

Γ (ν1 + 1) . . . Γ (νn + 1) 0Fn

(
(νk + 1)n1 ;−

(
z

n + 1

)n+1)

(D.3)

=

( z
n+1

)ν1+···+νn

Γ (ν1 + 1) . . . Γ (νn + 1)
j
(n)
ν1,...,νn(z),
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where

j
(n)
ν1,...,νn(z) = 0Fn

(
(νk + 1)n1 ;−

(
z

n + 1

)n+1)

=
∞∑

k=1

(−1)k
( z

n+1

)k(n+1)

(1 + ν1)k . . . (1 + νn)k k!
, |z| < ∞,

(D.4)

is said to be a hyper-Bessel function of order n with indices ν1, . . . , νn (multiindex ν =
(ν1, . . . , νn)).

Analogously,

I
(n)
ν1,...,νn(z) =

( z
n+1

)ν1+···+νn

Γ (ν1 + 1) . . . Γ (νn + 1)
i
(n)
ν1,...,νn (D.5)

with

i
(n)
ν1,...,νn(z) = 0Fn

(
(νk + 1)n1 ;

(
z

n + 1

)n+1)
(D.6)

is called the modified hyper-Bessel function of order n.

When n = 1, we obtain the classical Bessel functions, namely:

J
(1)
ν (z) = Jν(z) =

(
z
2

)ν

Γ(ν + 1) 0F1

(
ν + 1;−

(z

2

)2
)

,

I
(1)
ν (z) = Iν(z) =

(z
2

)ν

Γ(ν + 1) 0F1

(
ν + 1;

(z

2

)2
)

.

Sometimes, it is more convenient to deal with the generalized hypergeometric functions
0Fn(z) only, whose values at the origin z = 0 are 1. Following Klucantcev [218] we
call these functions j(z) = j

(n)
ν1,...,νn(z) and i(z) = i

(n)
ν1,...,νn(z), defined by (D.4) and

(D.6), normalized hyper-Bessel functions. They satisfy the following initial conditions,
respectively:

j(0) = 1, j′(0) = · · · = j(n−1)(0) = 0,

i(0) = 1, i′(0) = · · · = i(n−1)(0) = 0.
(D.7)

Also, the so-called Bessel-Clifford functions of n-th order, closely related to (D.4),
(D.6), have been introduced and investigated recently by Hayek and Hernandez [127]-
[129]:

C
(n)

λ1,λ2,...,λn
(z) =

1
Γ (λ1 + 1) . . . Γ (λn + 1)0Fn ((λk + 1)n1 ;−z)

= z−
λ1+···+λn

n+1 J
(n)

λ1,...,λn

[
(n + 1)z

1
n+1

]

=
∞∑

k=0

(−1)kzk

Γ (λ1 + k + 1) . . . Γ (λn + k + 1) k!
.

(D.8)

These entire functions ([129]) generalize the Bessel-Clifford functions (D.1) and the
Bessel-Clifford functions of third order (satisfying a third order differential equation of
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Bessel type and following from (D.8) for n = 2), see Hayek and Hernandez [127]-[128]:

Cµ,ν(z) =
1

Γ (µ + 1) Γ (ν + 1)0F2 (µ + 1, ν + 1;−z) .

The following generalizations of the usual trigonometric functions cos z, sin z, ch z,
sh z are also hyper-Bessel functions.

Definition D.2. For integer n ≥ 1, the functions

k1,n(z) = cosn(z) =
∞∑

j=0

(−1)jznj

(nj)!
= 0Fn−1

((
k

n

)n−1

1

;−
( z

n

)n
)

(D.9)

and

ki,n(z) = sinn,n−i+1(z) =
∞∑

j=0

(−1)jznj+i−1

(nj + i− 1)!
, i = 2, . . . , n, (D.10)

are said to be (generalized) trigonometric functions of order n. In particular, cosn(z) is a
cosine-function of order n and sinn,1(z), . . . , sinn,n−1(z) are the generalized sine-functions.

It is interesting to note that when n = 1 functions (D.9), (D.10) reduce to the
exponential function: k1,1(z) = exp(−z). For n = 2 we obtain the usual trigonometric
functions:

k1,2(z) = cos2(z) = cos(z); k2,2(z) = sin2,1(z) = sin(z).

Some properties of the generalized trigonometric functions, analogous to the rules of
trigonometry, can be found in Erdélyi at al. [108], Klucantcev [218] and other recent
papers. We state here a few results, characterizing functions (D.9), (D.10) as solutions
of special cases hyper-Bessel differential equations.

Lemma D.3. The functions y(z) = ki,n(z), i = 1, . . . , n, are solutions of the ordinary
differential equations of n-th order:

dn

dzny(z) = −y(z), (D.11)

satisfying the initial conditions

d(l−1)y

dzl−1
(0) = δi,l =

{
1, i = l

0, i 6= l
, l = 1, 2, . . . , n. (D.12)

Definition D.4. The n functions

hi,n(z) =
∞∑

j=0

znj+i−1

(nj + i− 1)!
, i = 1, . . . , n (D.13)
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are said to be (generalized) hyperbolic functions of order n. In particular,

hn(z) = h1,n(z) =
∞∑

j=0

znj

(nj)!

= 0Fn−1

((
k

n

)n−1

1

;
( z

n

)n
) (D.14)

is the hyperbolic analogue of the cosn(z) function (D.9).

For
n = 1 : h1,1(z) = exp z,

n = 2 : h1,2(z) = ch z, h2,2(z) = sh z.

Lemma D.5. The generalized hyperbolic functions y(z) = hi,n(z) are solutions of the
initial value problem

dn

dzny(z) = y(z),

dl−1y

dzl−1
(0) = δi,l =

{
1, i = l

0, i 6= l
, l = 1, 2, . . . , n.

(D.15)

It is seen from the series representations (D.9), (D.10), (D.13) that the generalized
trigonometric and hyperbolic functions are hypergeometric series 0Fn−1 with particularly
chosen parameters, i.e. they are special cases of the hyper-Bessel functions (D.4), (D.6)
of order (n− 1). This is like the situation where the usual cos(z) and sin(z) are special
cases of the so-called spherical Bessel functions (with index ν = n + 1

2
, where n is an

integer).

For instance:

Lemma D.6. The cosine function (D.9) of order n ≥ 2 is a normalized hyper-Bessel
function of order (n− 1) ≥ 1 with indices νk = −k

n , k = 1, . . . , n− 1, namely:

cosn(z) = j− 1
n ,− 2

n ,...,−n−1
n

(z)

= 0Fn−1

((
k

n

)n−1

1

;−
( z

n

)n
)

.
(D.16)
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Proof.

0Fn−1

((
k

n

)n−1

1

;−
( z

n

)n
)

=
∞∑

j=0

1
n−1∏
k=1

(
k
n

)
j

.
(−1)jznj

nnjj!

=
∞∑

j=0

Γ(j)
n−1∏
k=1

Γ
(

k
n

)

n−1∏
i=0

Γ
(
j + i

n

) .
(−1)jznj

j!nnj
.

Since by the Gauss-Legendre multiplication formula (see [106, I]):

n−1∏

i=0

Γ
(

j +
i

n

)
= (2π)

n−1

2 n
1
2
−njΓ (nj) ,

n−1∏

k=1

Γ
(

k

n

)
= (2π)

n−1
2 n−

1
2 ,

then,

0Fn−1

((
k

n

)n−1

1

;−
( z

n

)n
)

=
∞∑

j=0

(j − 1)!
j!n

.
(−1)jznj

(nj − 1)!

=
∞∑

j=0

(−1)jznj

(nj)!
= cosn(z).

There is an interesting generalization of the well-known assertion that the Bessel
functions are reduced to elementary functions (or linear combinations of them) if and
only if their indeces ν are “semi-integer”, i.e. ν = n + 1

2
, n = 0,±1,±2, . . . . These are

the so-called spherical Bessel functions.

Lemma D.7. (Klucantcev [218]) The hyper-Bessel functions (D.3), (D.4):

J
(n−1)
ν1,...,νn−1

(z), j
(n−1)
ν1,...,νn−1

(z)

can be reduced to linear combinations of elementary functions if and only if their multi-
indeces are “semi-integer”, i.e. of the form

(ν1, ν2, . . . , νn−1) =
(

η1 +
1
n

, η2 +
2
n

, . . . , ηn−1 +
n− 1

n

)
(D.17)

with some integers η1, η2, . . . , ηn−1.
The proof follows from the fact that the (generalized) trigonometric functions (D.9),

(D.10) of order n are elementary functions. Lemma D.7 gives us motivation for the
following dfiniiton.
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Definition D.8. (Kiryakova [196]) The hyper-Bessel functions (D.3), (D.4) with multi-
indices as in (D.17) are said to be spherical hyper-Bessel functions:

J
(n−1)

η1+ 1
n ,η2+ 2

n ,...,ηn−1+
n−1
n

(z). (D.18)

In Chapter 4 (Section 4.3.i) we establish generalized Rodrigues formulas, representing
functions (D.18) by means of differential operators (polynomials of x d

dx) of the generalized
cosine functions. These new formulas are analogues of the representations of Jn+ 1

2
(z) by

means of dn

(dz2)n

{
cos z
z

}
, n = 0, 1, 2, . . . (see (4.0.2) and [106, II]).

D.ii. Di- and n-Bessel functions

In 1980 Exton [111] generalized the Bessel function Jν(z) in the following way

Definition D.9. The function

Aν(z) = Aν,2(z) =
∞∑

j=0

(−1)j

{j!}2 {Γ(ν + 1 + j)}2

(z

2

)ν+2j

=
(z

2

)ν
∞∑

j=0

1
{Γ (ν + 1 + j)}2 j!

.

(
−(z

2

)2
)j

j!

(D.19)

is said to be a di-Bessel function of Exton.

He studied the corresponding generating functions, relations to the generalized hyper-
geometric functions, calculated some integrals of Aν(z) and proved that as solutions of
self-adjoint differential equations, these functions are orthogonal with respect to weight
xν , ν > 0. Recent results related to (D.19) belong also to Sarabia [435] and Gonzalez
[121]-[122].

Later, in 1984 Agarwal [6] further generalized the functions Jν(z) and (D.19) to
(2n− 1)-tuple indeces and studied the properties analogous to those in [111].

Definition D.10. For n ≥ 2, the function

Aν,n(z) =
∞∑

j=0

(−1)j

{j!}n {Γ (ν + 1 + j)}n
(z

2

)ν+2j

=
(z

2

)ν
∞∑

j=0

1
{Γ (ν + 1 + j)}n (j!)n−1

.

(
−(z

2

)2
)j

j!

(D.20)

is said to be an n-Bessel function of Agarwal.

It should be noted that some of the authors recently working with the n-Bessel func-
tions have not observed their relation with the hyper-Bessel functions of Delerue of 1953.
That is why, we explicitly give this obvious relation here.
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Lemma D.11. (Kiryakova [196]). The n-Bessel functions (D.20) are nothing but
Delerue’s hyper-Bessel functions of odd order (2n−1) (up to a substitution x = 2

n−1
n nz

1
n ),

viz.

Aν,n(z) = J
(2n−1)

ν, ν, . . . , ν︸ ︷︷ ︸
n

,0, . . . , 0︸ ︷︷ ︸
n−1

(x) = J
(2n−1)

ν, ν, . . . , ν︸ ︷︷ ︸
n

,0, . . . , 0︸ ︷︷ ︸
n−1

(
2

n−1

n nz
1
n

)
. (D.21)

Proof. Obviously,

Aν,n(z) =

(z
2

)ν

{Γ(ν + 1)}n 0F2n−1


ν + 1, . . . , ν + 1︸ ︷︷ ︸

n times

, 1, 1, . . . , 1︸ ︷︷ ︸
(n−1) times

; −
(z

2

)2




=

( x
2n

)nν+(n−1)0

{Γ(ν + 1)}n {Γ(1)}n−1 0F2n−1


ν + 1, . . . , ν + 1︸ ︷︷ ︸

n times

, 1, 1, . . . , 1︸ ︷︷ ︸
(n−1) times

; −
( x

2n

)2n




= J
(2n−1)

ν, . . . , ν︸ ︷︷ ︸
n times

,1, 1, . . . , 1︸ ︷︷ ︸
(n−1) times

(
n2

n−1
n z

1
n

)

=

(
z
2

)ν

{Γ(ν + 1)}n j
(2n−1)

ν, . . . , ν︸ ︷︷ ︸
n times

,1, 1, . . . , 1︸ ︷︷ ︸
(n−1) times

(
n2

n−1

n z
1
n

)
.

In particular, the di-Bessel functions are:

Aν(z) = Aν,2(z) = J
(3)
ν,ν,0(x) = J

(3)
ν,ν,0

(
2

3
2

√
z
)

(D.22)

and the tri-Bessel functions:

Aν,3(z) = J
(5)
ν,ν,ν,0,0(x) = J

(5)
ν,ν,ν,0,0

(
2

2
3 3 z

1
3

)
, (D.23)

etc.
From Lemmas D.7, D.11 one obtains the following corollary.

Corollary D.12. The n-Bessel functions are not spherical hyper-Bessel functions and
therefore, they cannot be represented by linear combinations or (purely) differential oper-
ators of elementary functions.

Due to (D.21), a series of results for the n-Bessel functions can be obtained from
these on the hyper-Bessel functions; see Chapters 3 and 4.

Concerning the recent theory of Bessel functions and hyper-Bessel operators (for the
earlier history see Watson [507]), it is interesting to mention some articles and books
from the point of view of Galois groups (e.g. Duval [97]), of operator algorithms and of
matrix calculus (see Bondarenko [34]), etc. Bessel functions for purely imaginary order
have been considered also (e.g. Dunster [96]).
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E. Fox’s H-functions and special cases

Though the pFq and G-functions are quite general in nature, there still exist exam-
ples of special functions which do not form their particular cases. Such functions
are: Wright’s generalized hypergeometric functions, Wright’s generalized Bessel (Bessel-
Maitland) functions, Mittag-Leffler functions, generalized parabolic cylinder functions
etc. (see Section E.ii). The H-functions generalize the G-functions in quite a natural
way and possess almost similar properties. More details, integrals and integral equations
involving H-functions, their multivariable analogues and their relations to the existing el-
ementary and special functions can be seen in: Fox [113], Braaksma [40] and in the books:
Mathai and Saxena [287], Srivastava, Gupta and Goyal [467], Srivastava and Kashyap
[468], Prudnikov, Brychkov and Marichev [370], Srivastava and Bushman [464]-[465], etc.

Here we propose only some basic definitions, properties and examples of the H-
functions, having in mind that their proofs and further extensions can be obtained in a
way quite similar to that used for the G-functions.

E.i. Definition and basic properties of the H-functions

Like the G-functions, the H-functions are defined and investigated mainly via their rep-
resentations by Mellin-Barnes type integrals

f(z) =
1

2πi

γ+i∞∫

γ−i∞

Γ (a1 + A1s) . . . Γ (am + Ams) Γ (b1 −B1s) . . . Γ (bn −Bns)
Γ (c1 + C1s) . . . Γ

(
cp + Cps

)
Γ (d1 −D1s) . . . Γ

(
dq −Dqs

) zsds,

(E.1)
the latter being studied first by Pincherle (1888), Barnes (1908) and Mellin (1910). Their
asymptotic expansions can be found also in Dixon and Ferrar (1936), Erdélyi et al. [106,
I, 1.19].

In an attempt to unify and extend the existing results on symmetrical Fourier kernels,
Fox [113] has defined the H-function in terms of a general Mellin-Barnes integral (E.1).
He has also investigated the most general Fourier kernel associated with this function
and obtained its asymptotic behaviour for large values of z. Later, ss the most general
special function, this kernel was found to be very useful in the characterization of prob-
ability density functions and for obtaining solutions of certain dual integral equations,
in fractional calculus and integral transforms, in queuing theory and related stohastic
proceses in various problems of mathematical physics, etc.

Definition E.1. By Fox’s H-function we mean a generalized hypergeometric function,
represented by the Mellin-Barnes type integral

H
m,n
p,q (z) = H

m,n
p,q

[
z

∣∣∣∣
(a1, A1) , . . . ,

(
ap, Ap

)
(b1, B1) , . . . ,

(
bq, Bq

)
]

= H
m,n
p,q

[
z

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
=

1
2πi

∫

L

Hm,n
p,q (s)zsds,

(E.2)
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where L is a suitable contour in C (as for example i), ii), iii) in (A.7)); orders (m,n; p, q)
are non negative integers such that 0 ≤ m ≤ q, 0 ≤ n ≤ q; parameters Aj , j = 1, . . . , p,
and Bk, k = 1, . . . , q, are positive and aj , j = 1, . . . , p; bk, k = 1, . . . , q, are arbitrary
complex numbers such that

Aj (bk + l) 6= Bk

(
aj − l′ − 1

)
; l, l′ = 0, 1, 2, . . . ; j = 1, . . . , p, k = 1, . . . , q,

and the integrand in (E.2) has the form

Hm,n
p,q (s) =

m∏
k=1

Γ (bk −Bks)
n∏

j=1

Γ
(
1− aj + Ajs

)

m∏
k=1

Γ (1− bk + Bks)
n∏

j=1

Γ
(
aj −Ajs

) . (E.3)

Further, the following notation is used (cf. (A.10)):

ρ =
p∏

j=1

A
−Aj

j

q∏

k=1

B
Bk
k ,

∆ =
q∑

k=1

Bk −
p∑

j=1

Aj , δ = m + n− p + q

2

Ω =
n∑

j=1

Aj −
p∑

j=n+1

Aj +
m∑

k=1

Bk −
q∑

k=m+1

Bk,

ν∗ =
q∑

k=1

bk −
p∑

j=1

aj +
p− q

2
+ 1 = ν +

p− q

2
+ 1.

(E.4)

In general, Braaksma [40] has shown that the H-function makes sense and defines an
analytic function of z in both cases:

∆ > 0, 0 < |z| < ∞; or ∆ = 0, 0 < |z| < ρ (E.5)

and this does not depend on the choice of L. More exactly, nowadays one can state the
following conditions, each one of them combined with a suitable contour L, ensuring the
convergence of integral (E.2) (e.g. [370, 8.3]):

i) L = Lγ−i∞,γ+i∞; Ω > 0, | arg z| < Ωπ
2
; or Ω ≥ 0, | arg z| = Ωπ

2
, γ∆ < −Rν∗;

ii) L = L+∞; ∆ > 0, 0 < |z| < ∞; or ∆ = 0, 0 < |z| < ρ;
or ∆ = 0, Ω ≥ 0, |z| = ρ, Rν∗ < 0;

iii) L = L−∞; ∆ < 0, 0 < |z| < ∞; or ∆ = 0, |z| > ρ;
or ∆ = 0, Ω ≥ 0, |z| = ρ, Rν∗ < 0;

(E.5′)
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It is easy to observe that the H-function reduces to a G-function (A.7) if all Aj =
Bk = 1:

H
m,n
p,q

[
z

∣∣∣∣
(
aj , 1

)p
1

(bk, 1)q1

]
= G

m,n
p,q

[
z

∣∣∣∣
(
aj

)p
1

(bk)q1

]
(E.6)

and also, if Aj = Bk = c, j = 1, . . . , p; k = 1, . . . , q:

H
m,n
p,q

[
z

∣∣∣∣
(a1, c) , . . . ,

(
ap, c

)
(b1, c) , . . . ,

(
bq, c

)
]

=
1
c
G

m,n
p,q

[
z

1
c

∣∣∣∣
(
aj

)p
1

(bk)q1

]
. (E.6′)

More generally the same reduction holds if all the Aj and Bk are positive rational num-

bers. Then, H
m,n
p,q (z) is representable as G

M,N
P,Q (γzr), where r is the L.C.M. of the Aj ’s,

Bk’s, namely (see e.g. [360, (2.2)], [370, 8.3.2, (22)]):

H
m,n
p,q

[
z

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
=





r(2π)
1
2

(
2m+2n−p−q−

m∑
1

βk−
n∑
1

αj+

q∑
m+1

βk+

p∑
n+1

αj

)



×
q∏

k=1

β
bk− 1

2

k

p∏

j=1

α
1
2
−aj

j G
M,N
P,Q

[
γzr

∣∣∣∣
e1, . . . , ep

f1, . . . , fq

]
,

(E.7)

where: αj = rAj , βk = rBk; γ =
q∏

k=1

β
−βk
k

p∏
j=1

α
αj

j ;

M =
m∑
1

βk, N =
n∑
1

αj , P =
p∑
1

αj , Q =
q∑
1

βk;

ej =
{(

1− 1− aj

αj

)
, . . . ,

(
1− αj − aj

αj

)}n

j=1

,

{
aj

αj
, . . . ,

aj + αj − 1
αj

}p

j=n+1

fk =
{

bk
βk

, . . . ,
bk + βk − 1

βk

}m

k=1

,

{(
1− 1− bk

βk

)
, . . . ,

(
1− βk − bk

βk

)}q

k=m+1

.

Basic properties:
The H-function is symmetric in the pairs (a1, A1), . . ., (an, An), likewise in (an+1, An+1),
. . .,

(
ap, Ap

)
; (b1, B1), . . ., (bm, Bm) or (bm+1, Bm+1), . . .,

(
bq, Bq

)
. Reduction formulas

similar to (A.13), (A.13′) hold, for example, if n ≥ 1, q > m:

H
m,n
p,q

[
z

∣∣∣∣
(a1, A1) , (α2, A2) , . . . ,

(
ap, Ap

)
(b1, B1) , . . . ,

(
bq−1, Bq−1

)
, (a1, A1)

]

= H
m,n−1
p−1,q−1

[
z

∣∣∣∣
(a2, A2) , . . . ,

(
ap, Ap

)
(b1, B1) , . . . ,

(
bq−1, Bq−1

)
]

.

(E.8)

Also, similarly to (A.14)-(A.15):

zσH
m,n
p,q

[
z

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
= H

m,n
p,q

[
z

∣∣∣∣
(
aj + σAj , Aj

)p
1

(bk + σBk, Bk)q1

]
, (E.9)
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H
m,n
p,q

[
z

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
= H

n,m
q,p

[
1
z

∣∣∣∣
(1− bk, Bk)q1(
1− aj , Aj

)p
1

]
. (E.10)

A generalization of the multiplication formula (A.16) (see [287, p. 5, (1.2.7)] or [370,
8.3.2, (12)]) holds in the form (see denotations in (E.4) and (A.16)):

H
m,n
p,q

[
z

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
= (2π)−(k−1)δkν∗Hkm,kn

kp,kq

[(
zk−∆

)k
∣∣∣∣
(
∆

(
k, aj

)
, Aj

)p
1

(∆ (k, bk) , Bk)q1

]
. (E.11)

Fox’s H-function can be represented also by means of a power series ([370, 8.3.2,
(3)-(4)]) or by a series of the form (A.11).

The same properties as (A.12), (A.12′) hold, for example, for m = 0 and under
conditions i), ii):

H
0,n
p,q

[
zk

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
≡ 0, (E.12)

(see [370, 8.3.2, (2)]) and similarly for n = 0, i), iii). In particular, for the H
m,0
m,m-function,

frequently used in Chapter 5 as a kernel-function, the latter property takes the form:

H
m,0
m,m

[
z

∣∣∣∣
(ak, Ck)m1
(bk, Ck)m1

]
≡ 0 in |z| > 1, (E.13)

since Ak = Bk = Ck, k = 1, . . . ,m, Ω = ∆ = δ = 0, ρ = 1, ν∗ = ν + 1 and condition iii)
is satisfied with L = L+∞ : ∆ = 0, |z| > 1.

Several differential formulas of the form (A.17)-(A.18) can be found in the literature
as well as the following formula ([287, p. 6, (1.3.5)], [370, 8.3.2, (20)]):

η∏

j=1

(
z

d

dz
− cj

)
zαH

m,n
p,q

[
zσω

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]

= zαH
m,n+η
p+η,q+η

[
zσω

∣∣∣∣
(ci − d, σ)η1 ,

(
aj , Aj

)p
1

(bk, Bk)q1 (ci − α + 1, σ)1 η

]
, σ > 0,

(E.14)

used in Chapter 5.
Unlike the case with the G-function and the differential equation (A.19), there does

not exist a differential equation satisfied by the H-function in the general case. However,
in view of relation (E.7), one can write down the corresponding differential equation
satisfied by an H-function (E.2) with rational parameters Aj = αj

r , Bk = βk
r , where αj ,

βk and r are positive integers, j = 1, . . . , p, k = 1, . . . , q and the same notation is used
as in (E.7) (see [360, (3.2)]):


(−1)P−M−Nγzr

P∏

j=1

(
1
r
z

d

dz
− ej + 1

)
−

Q∏

k=1

(
1
r
z

d

dz
− fk

)
 H(z) = 0. (E.15)

Therefore, from (E.15) we can derive the linear differential equations satisfied by
special cases of H-functions with rational additional parameters Aj , Bk.
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Asymptotic expansions. According to Braaksma [40, p. 278], if ∆ > 0:

H
m,n
p,q (z) = O (|z|γ) , |z| → 0 (E.16)

with γ = min
1≤k≤m

R
(

bk
Bk

)
; and

H
m,n
p,q (z) = O

(
|z|γ∗

)
, |z| → ∞ (E.17)

with γ∗ = min
1≤j≤m

R
(

aj−1

Aj

)
; also the H-function can vanish exponentially for large values

of z, if for example,

∆ > 0, ε = ∆ +
p− q

2
> 0, | arg z| < ε

π

2
,

and then,

H
m,n
p,q (z) = O

(
exp

[
−∆

( |z|
ρ

) 1
∆

]
|z|

ε+
1
2

∆

)
, |z| → ∞. (E.17′)

It is interesting to note that in the case p = q, the H-function like the G-function
has along with the singular points z = 0,∞ also a third singularity at the point z =
(−ρ)p−m−n. The asymptotic behaviour as |z| → ρ (through values |z| < ρ or |z| > ρ)
seems to have not been established explicitly in the general case.

However, following Marichev’s approach ([279]-[280], also see [370, 8.2.2, (60)-(61)]),
in special cases one can find an explicit asymptotic formula for |z| → ρ. In particular,
the H-function (E.12) with n = 0, p = q, Aj = Bj = Cj , j = 1, . . . , m ⇒ ρ = 1, has
three regular singular points z = 0, 1,∞ and near the third singularity z = 1 we can
evaluate its behaviour as follows:

H
m,0
m,m

[
z

∣∣∣∣
(
aj , Cj

)m
1(

bj , Cj
)m
1

]
∼ (1− z)−ν∗

Γ (1− ν∗) , as z → 1, |z| < 1, (E.18)

where according to (E.4):

−ν∗ =
m∑

j=1

(
bj − aj

)− 1 < −1, if aj > bj , j = 1, . . . ,m.

Integrals of H-functions

The Riemann-Liouville fractional integral of order α > 0:

Rα
{

zλH
m,n
p,q

[
ηzh

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]}
= zλ+αH

m,n+1
p+1,q+1

[
ηzh

∣∣∣∣
(−λ, h) ,

(
aj , Aj

)p
1

(bk, Bk)q1 , (−λ− α, h)

]
;

(E.19)
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The Mellin transform

∞∫

0

zs−1H
m,n
p,q

[
ηz

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
ds = η−sHm,n

p,q (−s), (E.20)

see (E.3).
If we formally put s = 1 in (E.20), or more precisely follow the proof of Lemma B.2,

we obtain an auxiliary integral for H-function (E.13), quite similar to (B.4) and useful
for the considerations in Chapter 5, viz.:

Auxiliary integral

1∫

0

H
m,0
m,m

[
ζ

∣∣∣∣
(ak, Ck)m1
(bk, Ck)m1

]
dζ =

m∏

k=1

Γ (bk + Ck)
Γ (ak + Ck)

, (E.21)

if Rak > Rbk > −Ck, k = 1, . . . ,m. The above integral is a special case of a more
general integral formula, involving a product of two H-functions and analogous to integral
formulas (A.28)-(A.29), namely ([370, 2.25, (1)]):

∞∫

0

xα−1H
s,t
u,v

[
σx

∣∣∣∣
(ci, Ci)

u
1

(dl, Dl)
v
1

]
H

m,n
p,q

[
ωxr

∣∣∣∣
(
aj , Aj

)p
1

(bk, Bk)q1

]
dx

= σ−αH
m+t,n+s
p+v,q+n

[
ω

σr

∣∣∣∣
(
aj , Aj

)n
1

, (1− dl − αDl, rDl)
v
1 ,

(
aj , Aj

)p
n+1

(bk, Bk)m1 , (1− ci − αCi, rCi)
u
1 , (bk, Bk)qm+1

]
.

(E.21′)

The Laplace transform and other integrals of the H-function can follow from the above
formula as a special case.

Detailed study of convolutional integral equations involving H-functions as kernels
can be found in Srivastava [459], Srivastava and Bushman [463]-[465]. For H-functions
of several variables and related integral equations and transforms see Srivastava and
Goyal [466], Srivastava, Gupta and Goyal [467], Nguen and Yakubovich [317].

E.ii. Special cases of the H-functions: functions of Mittag-Leffler and Bessel-
Maitland (Wright) functions, Wright’s generalized hypergeometric functions

Naturally, all the elementary and special functions mentioned in Section C, being Meijer’s
G-functions, are special cases of the H-functions too. Other examples are:

Mittag-Leffler function and some generalizations

One of the best-known examples for an entire function of order ρ > 0 and type 1 is
the Mittag-Leffler function

Eα(z) =
∞∑

k=0

zk

Γ(1 + kα)
, α > 0,

(
ρ :=

1
α

)
, (E.22)
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or alternatively denoted by

Eρ(z; 1) =
∞∑

k=0

zk

Γ
(
1 + k

ρ

) , ρ > 0. (E.22′)

This is also a typical example of a commonly used special function which does not
follow as a particular case of the G-functions (except for the case of rational ρ = 1

α > 0)
but is an H-function ([468, p. 42]):

Eα(z) = H
1,1
1,2

[
−z

∣∣∣∣
(0, 1)
(0, 1), (0, α)

]
. (E.23)

The useful properties of functions (E.22)-(E.22′) are easily transferred to its genera-
lization Eρ(z; µ) with an arbitrary complex parameter µ, allowing greater freedom and
applications.

Definition E.2. The entire function defined by means of the power series

Eρ(z; µ) =
∞∑

k=0

zk

Γ
(
µ + k

ρ

) , ρ > 0, µ ∈ C, (E.24)

is said to be a Mittag-Leffler type function, or briefly a Mittag-Leffler (M.-L.) function.

Now, we have the representation ([468, p. 42]):

Eρ(z; µ) = zρ(µ+1)H1,1
1,2

[
−z

∣∣∣∣
(0, 1)
(0, 1),

(
1− µ, 1

ρ

)
]

, (E.25)

following from the contour integral representation (see [276, p. 101]):

Eρ(z; µ) =
1

2πi

∫

L

Γ(s)Γ(1− s)

Γ
(
µ− s

ρ

) (−z)−sds. (E.26)

It is seen then, that only for rational ρ = m
n > 0 can the Mittag-Leffler function be

represented by means of a G-function (cf. (E.7)):

Em
n

(z; µ) = mn
1
2
−µ(2π)

n+1
2
−mz

m
n (µ−1)G

1,1
1,2

[
(−z)m

nn

∣∣∣∣∣

(
1− k

m

)m

1(
k−1
m

)m

1
,
(
1 + 1−µ−k

n

)n

1

]
.

(E.25′)
Function (E.24) has been studied recently in detail by Džrbashjan [98]-[102],

Džrbashjan and Bagyan [103]. Its special cases are:

E1(z; 1) = exp z, E1(z; 2) =
ez − 1

z
, E 1

2
(z; 1) = ch

√
z, E 1

2
(z; 2) =

sh
√

z

z
, etc.
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Similarly to the differential relation

d

dz
(eαz) = αeαz, relating D =

d

dz
and ez = E1(z; 1),

the Mittag-Leffler function with arbitrary ρ, µ satisfies a more general differential relation

Dρ,µEρ(αz; µ) = αEρ(αz; µ), α 6= 0 (E.27)

where Dρ,µ is the fractional order
(

1
ρ > 0

)
differential operator (2.2.15), considered in

Section 2.2:

Dρ,µ

{ ∞∑

k=0

akzk

}
=

∞∑

k=1

ak

Γ
(
µ + k

ρ

)

Γ
(
µ + k−1

ρ

)zk−1,

which is said to be a Džrbashjan-Gelfond-Leontiev differentiation and can be written also
as a generalized Erdélyi-Kober fractional derivative (1.6.7):

Dρ,µf(z) = D
µ−1, 1

ρ
ρ

f(z)
z

=

{
z1−µ

(
d

dz

) 1
ρ

zµ−1f
(
z

1
ρ

)}

z→zρ

.

The following integral relation is important (µ > 0, α > 0, see [101, p. 120]):

1
Γ(α)

z∫

0

(z − ζ)α−1Eρ

(
λζ

1
ρ ; µ

)
ζµ−1dζ = zµ+α−1Eρ

(
λζ

1
ρ ; µ + α

)
, (E.28)

since it shows the relation between Mittag-Leffler functions with different parameters µ

and µ + α via the Riemann-Liouville integral of order α > 0. In particular,

Eρ(z; µ) = Φ
{
Eρ(z; 1)

}
, (E.29)

where the “transmutation” Φ is the Erdélyi-Kober fractional integral

Φf(z) =
1

Γ(µ− 1)

1∫

0

(1− σ)(µ−1)−1f
(
zσ

1
ρ

)
dσ = I

0,µ−1
ρ f(z).

The following convoluitonal type integral formula turned out to be very useful in

finding a convolution
(
∗

ρ,µ

)
of the Džrbashjan-Gelfond-Leontiev integration operator

lρ,µ (2.2.16)-(2.2.16′) in Dimovski and Kiryakova [77]-[78], namely:

z∫

0

ζα−1Eρ

(
λζ

1
ρ ; α

)
(z − ζ)β−1Eρ

(
µ(z − ζ)

1

β ; β
)

dζ

=
zα+β−1

λ− µ

{
λEρ

(
λz

1
ρ ; α + β

)
− µEρ

(
µz

1
ρ ; α + β

)}
.

(E.30)

350



The Laplace transform of the Mittag-Leffler function is:

L
{

zµ−1Eρ

(
z

1
ρ ; µ

)
; s

}
=

(
1− 1

s
1
ρ

)−1

. (E.31)

Then, a generalization of the Mittag-Leffler functions can be considered (see Gupta [123]):
Em

1
ρ ,λ

(z) with m > 0 integer, λ > 0, which has a more general Laplace transform:

L

{
Em

1
ρ ,λ

(
z

1
ρ

)
; s

}
=

1
sλ−1

(
1− 1

s
1
ρ

)−m

. (E.31′)

Another generalization of Eρ(z; µ) has been considered by Imanaliev and Weber [148]
together with corresponding results (integral rpresentations, asymptotic formulas, etc.)
in view of Džrbashjan’s theory, namely:

Em
ρ (z; µ) =

∞∑

k=0

Ck
k+m

zk

Γ
(
µ + k

ρ

) with Ck
k+m =

(k + m)!
k!m!

, (E.32)

where ρ > 1
2
, µ ∈ C, m = 0, 1, . . . and E0

ρ(z; µ) = Eρ(z; µ).
Just as the di-Bessel and hyper-Bessel functions generalize the Bessel functions to-

wards increasing the number of indices, similar generalizations have been studied also for
the Mittag-Leffler functions Eρ(z; µ). For example, Džrbashjan [100] introduced such a
generalization with two-dimensional indices ρ, µ:

Φρ1,ρ2
(z; µ1, µ2) =

∞∑

k=0

zk

Γ
(
µ1 + k

ρ1

)
Γ

(
µ2 + k

ρ2

) , (E.33)

where 0 < ρ1 < ∞, 0 < ρ2 < ∞ and −∞ < µ1 < +∞, −∞ < µ2 < +∞. This is an
example of an entire function of

order ρ =
ρ1ρ2

ρ1 + ρ2

and type σ =
(

ρ1

ρ

) ρ
ρ1

(
ρ2

ρ

) ρ
ρ2

.

Special cases are:
Eρ(z; µ) = Φρ,∞(z; µ, 1)

and the Bessel functions

Jν(z) =
(z

2

)ν
Φ1,1

(
−z2

4
; 1, ν + 1

)
.

Wright’s (Maitland) generalized hypergeometric and Bessel functions

The next step in generalizing the special functions is to consider functions analogous
to the pFq functions (A.1).
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Definition E.3. Wright’s generalized hypergeometric functions are defined by means of
series and represented as H-functions as follows (cf. (C.1)):

pΨq

[
(a1, A1) , . . . ,

(
ap, Ap

)
(b1, B1) , . . . ,

(
bq, Bq

) ; z
]

=
∞∑

k=0

Γ (a1 + kA1) . . . Γ
(
ap + kAp

)

Γ (b1 + kB1) . . . Γ
(
bq + kBq

) zk

k!

= H
1,p
p,q+1

[
−z

∣∣∣∣
(1− a1, A1) , . . . ,

(
1− ap, Ap

)
(1− b1, B1) , . . . ,

(
1− bq, Bq

)
]

.

(E.34)

Naturally,

pΨq

[
(a1, 1) , . . . ,

(
ap, 1

)
(b1, 1) , . . . ,

(
bq, 1

) ; z
]

=

q∏
i=1

Γ (bi)

p∏
j=1

Γ
(
aj

)pFq
(
a1, . . . , ap; b1, . . . , bq; z

)

=

q∏
i=1

Γ (bi)

p∏
j=1

Γ
(
aj

)G
1,p
p,q+1

[
−z

∣∣∣∣
1− a1, . . . , 1− ap

1− b1, . . . , 1− bq

]
.

As a special case, when p = 0, q = 1, b1 = ν + 1, B1 = µ, we obtain a generalization
of the Bessel function (C.6):

Jν(z) =
(z

2

)ν
∞∑

k=0

(
−z2

4

)k

Γ(ν + k + 1)k!
=

z
2

Γ(ν + 1)0F1

(
ν + 1;

z2

4

)
,

namely:
J

µ
ν (z) := 0Ψ1 [(ν + 1, µ); −z] = H

1,0
0,2 [z|(0, 1), (−ν, µ)] . (E.35)

This is the so-called Wright generalized Bessel function, misnamed also as the Bessel-
Maitland function ([511]-[512]; the second name of E. M. Wright is Maitland), defined
by the power series:

J
µ
ν (z) =

∞∑

k=0

(−z)k

Γ(ν + kµ + 1)k!
; J1

ν(z) = Jν(z). (E.36)

Again, if µ = p
q is a rational parameter, then J

µ
ν (z) can be represented as a G-function

and can be shown to satisfy the following differential equation of order (p + q):

(−z)qq−qp−p −

q+p∏

j=1

(
1
q
z

d

dz
− dj

)
 J

µ
ν (z) = 0,

dj =
{

j

q

}q−1

1

,

{(
1− j + ν + 1− q

p

)}q+p−1

q
.
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This equation, written in the alternative form:

(−1)qz
ν
µ J

µ
ν (z) =

(
µz

1− 1
µ

d

dz

)p

z
ν+p
µ

(
d

dz

)q

J
µ
ν (z), (E.37)

was obtained by Wright [511].

Sometimes, this function is denoted also by ϕ(µ, ν + 1; −z) = J
µ
ν (z), where

ϕ(µ, ν; z) =
∞∑

k=0

zk

Γ(ν + kµ)k!
. (E.36′)

Integral transforms of Hankel type (3.10.6) involving Wright functions J
µ
ν (z) or ϕ(µ, ν; z)

instead of Bessel functions Jν(z) have been considered by different authors, for example
Stankovic [484]-[485], Gajic and Stankovic [117], Krätzel [239].

There exist also further generalizations like the generalized Bessel-Maitland functions
(Pathak [358]-[359]):

J
µ
ν,λ(z) =

(z

2

)ν+2λ (−1)k
(z

2

)2k

Γ(ν + kµ + λ + 1)Γ(λ + k + 1)
, µ > 0. (E.38)

In particular,

J1
ν,0(z) = Jν(z); J

µ
ν,0(z) =

(z

2

)ν
J

µ
ν

(
z2

4

)
;

J1
ν,λ(z) =

22−2λ−ν

Γ(λ)Γ(ν + λ)
S2λ+ν−1,ν(z), the Lommel function (C.8).

A corresponding generalization of the Hankel transform (3.10.6) has the form (Pathak
[358]-[359])

J
µ
ν,λ {f(z); η} =

∞∫

0

√
ηzJ

µ
ν,λ(νz)f(z)dz, η > 0, (E.39)

which turns into the Hankel transform for µ = 1, λ = 0; and if ν = ±1
2
, into the cos-

Fourier (sin-Fourier) transforms (3.10.1); and for λ = 0, into the Maitland transform
involving J

µ
ν (z).

Open problem E.4. We have seen in Chapter 4 that the hyper-Bessel functions of Delerue
(D.3), (D.5) and the generalized hypergeometric functions pFq (C.1) can be represented
as generalized (multiple) fractional integrals (derivatives) of some basic elementary func-
tions. In these cases, the corresponding (differ)integral operators involve the Meijer’s
G

m,0
m,m-functions as kernels. On this basis, a new classification and properties of the

afore-mentioned functions have been derived.

Now, the same problem, yet unresolved, arises for Wright’s J
(µ)
ν - and pΨq-functions,

namely: they should be representable as generalized fractional differintegrals involving
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H
m,0
m,m-functions as kernels (in the sense of Section 5.1), of some basic elementary func-

tions. Once such a theory is developed, find suitable classifications and new useful rep-
resentations of Wright’s functions (E.34), (E.35), (E.36), (E.38).
Note. Some fractional integral relations for Wright’s hypergeometric functions can be
seen, for instance, in Dotsenko [92].

— || —

Some of the author’s results given in Appendix are published in: Kiryakova [196], [198],
[202], Dimovski and Kiryakova [80]-[81].
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[372] Raichinov, I. (1963). Sur une théorème de G. Polya. Publ. Inst. Math. Beograd 2,
141-144.

[373] Raichinov, I. (1970). On the linear operators, commuting with the operation of inte-
gration (in Russian). Mat. Analiz i ego Prilozhenia, Rostov-na-Donu 2,
63-72.

[374] Raichinov, I. (1970). Linear operators, acting in spaces of analytic functions and com-
muting with a fixed power of integration (in Bulgarian). Godishnik VTUZ.
Matematika 6, No 2, 25-32.

[375] Raichinov, I. (1970). On the character of the mapping, realized by linear operators,
commuting with a fixed power of integration (in Bulgarian). Godishnik
VTUZ. Matematika 6, No 2, 33-42.

[376] Raichinov, I. (1971). Sufficient conditions for biuniqueness of the mapping of linear
operators, commuting with the fixed power of the integration operator (in
Bulgarian). Godishnik VTUZ. Matematika 7, No 4, 7-18.

[377] Raichinov, I. (1972). On the non trivial invariant subspaces of the integration operator
(in Russian). Natura (Univ. de Plovdiv “P. Hilendarskii”) 5, No 1, 23-25.

[378] Raichinov, I. (1978). Linear operators defined in spaces of complex functions of many
variables and commuting with the operators of integration. Serdica (Bulg.
Math. Publ.) 4, 316-323.

[379] Raichinov, I. (1979). On some commutation properties of the algebra of the linear ope-
rators , acting in spaces of analytic functions, I (in Bulgarian). Godishnik
VUZ. Pril. Matematika 15, No 3, 27-40.

[380] Raichinov, I. (1981). On some commuting properties of the algebra of the linear oper-
ators, acting in spaces of analytic functions, II (in Bulgarian). Godishnik
VUZ. Pril. Matematika 17, No 1, 61-71.

[381] Raichinov, I. (1981). On the question of minimally commuting elements of the algebras
of linear operators, acting in spaces of analytic functions (in Bulgarian).
Godishnik VUZ. Pril. Matematika 17, No 4, 91-99.

[382] Raichinov, I. and Raichinov, R. (1983). On the linear operators , acting in spaces of
analytic functions and commuting with the Euler operator (in Russian).
D. R. Acad. Bulg. Sci. 36, No 8, 1025-1026.

376



[383] Raichinov, I. and Raichinov, R. (1990). On linear operators, acting in spaces of analytic
functions and commuting with the Euler operators. Pliska (Studia Math.
Bulg.). To appear.

[384] Raina, R. K. (1979). On the Weyl fractional differintegration. Indian J. Pure and Appl.
Math. 10, No 1-2, 37-41.

[385] Raina R. K. (1984). On composition of certain fractional integral operators. Indian J.
Pure and Appl. Math. 15, No 5, 509-516.

[386] Raina, R. K. (1984). On the multiple Weyl fractional integral of a general system of
polynomials. Bolletino U.M. Italia (6) 3-A, 283-287.

[387] Raina, R. K. (1984). A theorem connecting the two-dimensional Weyl operator and
H-function transform. J. Korean Math. Soc. 21, No 1, 71-78.

[388] Raina, R. K. (1985). A note on the fractional derivatives of a general system of polyno-
mials. Indian J. Pure and Appl. Math. 16, No 7, 770-774.

[389] Raina, R. K. and Kalla, S. L. (1984). On moments of probability distribution functions
and H-function transform. Rev. Téc. Ing., Univ. Zulia 7, No 1, 59-62.

[390] Raina, R. K. and Kiryakova, V. S. (1983). On the Weyl fractional operator of two
dimensions. C. R. Acad. Bulg. Sci. 36, No 10, 1273-1276.

[391] Raina, R. K. and Koul, C. L. (1977). Fractional derivatives of the H-functions. Jñanabha
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transforms in terms of Erdélyi-Kober operators . Math. Balkanica (N.S.)
6, No 2, 133-140.

[439] Saxena, R. K., Kiryakova, V. S. and Davie, O. P. (1993). A unified approach to certain
fractional integration operators . Math. Balkanica (N. S.) 7. To appear.

[440] Saxena, R. K. and Kumbhat, R. K. (1974). Integral operators involving H-functions.
Indian J. Pure Appl. Math. 5, 1-6.

[441] Saxena, R. K. and Ram, J. (1990). On the two-dimensional Whittaker transform. Serdica
(Bulg. Math. Publ.) 16, 27-30.

[442] Saxena, R. K. and Ram, J. (1990). On certain multidimensional generalized Kober
operators. Collectanea Math. 41, No 1, 27-34.

[443] Sekine, T. (1990). On distortion theorems of fractional calculus. In: Fractional Calculus
and Its Appl-s (Proc. Intern. Conf. Held in Tokyo, 1989), Nihon Univ.,
1990; 232-237.

[444] Sekine, T., Owa, S. and Nishimoto, K.(1986). An application of the fractional calculus.
J. Coll. Eng. Nihon Univ. Ser. B-27, 31-37.

[445] Sendov, B. (1967). Approximation with Respect to the Hausdorff Distance (in Russian).
Dr. Sci. Thesis, Mat. Institut AN SSSR, Moscow.

[446] Sendov, B. (1982). On the constants of Whitney. C. R. Acad. Bulg. Sci. 35, No 4,
431-434.

[447] Sendov, B. (1983). A modified Steklov function (in Russian). C. R. Acad. Bulg. Sci.
36, No 3, 315-317.

[448] Sendov, B. and Popov, V. (1983,1988). Averaged Moduli of Smoothness (in Bulgarian).
Publ. House BAS, Sofia. [in English; A Wiley Intersci. Publ. Series of
Texas, Monographs and Tracts. Chichester, New York, Brisbane, Toronto,
Singapore].

[449] Shulev, K. Z. (1976). On the operator of fractional integration and differentiation of an
analytic function (in Bulgarian). Godishnik VUZ. Pril. Matematika 12,
No 3, 97-109.

[450] Slater, I. J. (1966). Generalized Hypergeometric Functions. Cambridge Univ. Press,
London and New York.

[451] Sneddon, I. N. (1951). Fourier Transforms. McGraw-Hill, New York.
[452] Sneddon, I. N. (1966). Mixed Boundary Value Problem in Potential Theory. North-

Holand Publ. Co., Amsterdam.
[453] Sneddon, I. N. (1972). The Use of Integral Transforms. McGraw-Hill, New York.
[454] Sneddon, I. N. (1975). The use in mathematical analysis of Erdélyi-Kober operators and
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